O, how to prepare for numcs in 20 mins X

Alle Videos Bilder News Maps Shopping

12
34
Numerical Methods for CS

| This and many more summaries can be found on https://n.ethz.ch/~dcamenisch. Feel free to
leave a comment in the document if you spot any mistakes! As always no guarantees for
completeness or correctness are made.
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1. Computing with Matrices and Vectors

1.2.1 Eigen

The method .block(int i, int 5, int m, int n) returns a sub-matrix starting at the top left corner (, j) with
size m, n.

1.2.3 Dense Matrix Storage Formats

All numerical libraries store the entries of a dense matrix A € K™ in a linear array of length mn.

A:

N &~ =
co Ot N

3
6
9
Row major: [1, 2, 3, 4, 5,6, 7, 8, 9]
Column major: [1, 4, 7, 2, 5, 8, 3, 6, 9]

1.4 Computational Effort

1.4.2 Cost of Basic Linear-Algebra Operations

Performing elementary operations through simple (nested) loops, we arrive at the following complexity
bounds:

Computational Cost of Basic Operations

Operation Description asymptotic complexity
dot product r € R,y € R") — zfy o(n)
z e R™ y e R?) — zy O(mn)
zeR", A eR™) — Az O(mn)

AeR™™ B e R") - AB 0O(mnk)

tensor product

matrix * vector

~ o~ o~ o~

matrix product

1.4.3 The Kronecker product
Definition: The Kronecker product A ® B of two matrices A € K™" and B € K'* is the (ml) x (nk)-

matrix
[(A)HB (A)12B - (A)lnB]
(A)uB  (A)pB --- (A)nB -
A®B = . : EK s
(DB (A)2B - (A)nB

1.5 Machine Arithmetic and Consequences

1.5.2 Machine Numbers

Computers are finite automatons, which therefore can only handle finitely many number, not R.
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The set of machine numbers M cannot be close under elementary arithmetic
operations +, —, -, /, that is, when adding, multiplying, etc. This leads to the
fact, that roundoff errors are inevitable.

1.5.3 Roundoff Errors

Definition: Let Z € K be an approximation of € K. Then the absolute error is given by
€abs = |T — Z|,

and its relative error is defined as

The number of correct digits of an approximation Z of x € K is defined through the relative error: If
€1 < 107%, then Z has I correct digits, I € Ny.

1.5.4 Cancellation

We define the term cancellation as the subtraction of almost equal numbers (with both having some
relative error), which leads to an extreme amplification of the relative errors. It is important to see that
cancellation only happens if we have substraction, therefore it is advisable to avoid it or have it at the
innermost part of an equation.

A important formula to avoide cancelation is given by:

Further the logarithmic formulas can be useful.

2. Direct Methods for Square Linear Systems of
Equations

2.1 Introduction: Linear Systems of Equations (LSE)
The problem: solving a linear system
We are given the following input and are looking for the output as shown below:
o Input/data: square matrix A € K™", vector b € K"
« Output/result: solution vector z € K", such that Az = b
We call A the system matrix or coefficient matrix and b the right hand side vector

Definition: The rank of a matrix M € K"™", denoted by rank (M), is the maximal number of linearly
independent rows/columns of M. Equivalently, rank(M) = dimR(A).

Theorem: A square matrix A € K™" is invertible/regular if one of the following
equivalent conditions is satisfied:
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1.dBe K" : BA=AB=1

2. the columns or rows of A are linearly independent
3.det(A) =0

4.rank(A) =n

2.3 Gaussian Elimination (GE)

2.3.1 Basic Algorithm
Az =b= Az =1V, if A =TA, b =Tb.

The computational cost of Gaussian elimination is given by
« forward elimination: n(n — 1)(3n + %) ~ n® Ops.
« backward elimination: 1> Ops.

which yields a total asymptotic complexity for GE without pivoting for a generic LSE of O(n;}).

2.3.2 LU-Decomposition
A matrix factorization expresses a general matrix A as the product of two special matrices.

We can perform LU-Decomposition by performing the known Gaussian elimination algorithm, but keeping
track of the negative multipliers and let them take the places of matrix entries mate to vanish.

After performing the above Gaussian elimination, we get the following decomposition

1 1 0 1 0 011 1 0
A=LU= (2 1 -1|=12 1 0f|0 -1 -1
3 -1 -1 3 4 1{|0 O 3

Definition: Given a square matrix A € K™", an upper triangular matrix U € K™" and a normalized
lower triangular matrix L form an LU-decomposition of A, if A = LU.

The asymptotic complexity for LU-factorization of A € R™" is given by O(n3) if n — 00. But if we
once solve the decomposition, we can reuse it with an asymptotic complexity of O(n2).

| If we give a matrix to the .solve() function, each column gets threated like a vector, meaning we
solve n systems of linear equation. Therefore we get a runtime of O(nS) for the backwards
substitution.

2.3.3 Pivoting

When doing pivoting in numerical methods we usually choose the relatively largest pivot.

Lemma: For any regular A € K™" there is a permutation matrix P € K™", a
normalized lower triangular matrix L € KK™", and a regular upper triangular matrix

U € K™" suchthat PA = LU.
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2.6 Exploiting Structure when Solving Linear Systems

By structure of a linear system we mean prior knowledge that
« either certain entries of the systems vanish,

« or the system matrix is generated by a particular formula.

System matrix: coefficient matrix of an linear system of equations

Triangular linear systems

Triangular linear systems are linear systems of equations whose system matrix is a triangular matrix. They
can be solved by backward/forward elimination within O (n?) compared to O(n?) for a generic dense
matrix.

Linear Systems with arrow matrices

Fromn € N, a diagonal matrix D € K™", ¢ € K", b € K", and a € K, we can build an (n + 1) X
(n + 1) arrow matrix

In this case we have that

w-[¢ oI

n—b'D 1y 1
= = — = _D — .
¢ a_t'D 1o’ ™ (= <e)

This yields an asymptotic complexity for solving arrow systems of O(n) forn — o0.
Solving LSE subject to low-rank modification of system matrix

Given a regular matrix A € K™", let us assume that at some point we are in a position to solve any linear
system Ax = b "fast” because

« either A has a favorable structure, eg. triangular,
« or an LU-decomposition of A is already available

Now, a A is obtained by changing a single entry of A. This modification represent so-called rank-1-
modification of A. A generic rank-1-modification reads

Ac K" - A=A+ w, u,ve K
We consider the block partitioned linear system
A wul|z| |b
o 1| [¢| T |o]”

The Schur complement system after elimination of ¢ reads (A + uv )z = b & A& = b. We do block
elimination again, now getting rid of Z first, which yields the other Schur complement system
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(1+v7 A ) =0T A
wv A1

Ar=b— ——b.
— Az =b 1+vHA_1ub

2.7 Sparse Linear Systems

Notion: A € K™", m,n € Nis said to be sparse, if

nnz(A) := #{(3,5) € {1,...,m} x {1,...,n} : a; # 0} << mn.
The matrix is said to be dense otherwise.

2.7.1 Sparse Matrix Storage Formats

Sparse matrix storage formats for storing a sparse matrix A € K™ are designed to achieve two
objectives:

1. Amount of memory required is only slightly more than nnz(A) scalars.

2. Computational effort for matrix X vector multiplication is proportional to nnz(A).
Triplet/coordinate list (COO) format
This format stores triplets (¢, j, @), 1 <i<m, 1 <j<n:

The vector of triplets in @ Triptetvatrix  has size > nnz(A). We write > because repetitions of index
pairs (4, j) are allowed. The matrix entry (A);; is defined to be the sum of all values a;; associated with
the index pair (2, 7).

Compressed row-storage (CRS) format

The CRS format for a sparse matrix A € K™" keeps the data in three contiguous arrays:
o stdiivector<scalar_t> val — size nnz(A)
e std::vector<size t> col_ind — Size nnz(A)

® std:vector<size t> row_ptr — size m + 1 and row_ptr[m] = IlIlZ(A) + 1

val e
,T\
col_ind q ']
row_ptr / beginning of data for i-th row
i
[10 0 0 0 —2 O] val-vector:
3900 0 3| [10]-2[3]9]3[7[8][7]3..9[13[4][2]-1]
0 787 0 0 col_ind-array:
A=13087 5 of [1[5[1]2]6[2]3]4[1..5]6]2[5]6 |
0 809 9 13 row_ptr-array:
(0400 2 —1] [1]3]6]9]13]1720]
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3. Direct Methods for Linear Least Squares Problems

Overdetermined (OD) linear systems of equations, a linear system with a "tall* rectangular system matrix:

Az =0z e R, beR", AecR™, m>n

ey T

Al |z| = |b

3.1 Least Squares Solution Concepts

Recall from linear algebra that Az = b has a solution, if and only if the right hand side vector b lies in the
image of the matrix A:

JzeR": Az =b< be R(A).

Following the notation for important subspaces associated with a matrix A € K™™:
o image/range: R(A) := {Az, z € K"} C K™,
o kernel/nullspace: N(A) := {z € K" : Az = 0}.

3.1.1 Least Squares Solutions: Definitions

Definition: For a given A € R™", b € R™ the vector x € R" is a least squares solution of the linear
system of Az = b, if

z € argmin, p. || Ay — b|f3

We write 1sq( 4, b) for the set of least squares solutions of the linear system of equations Az = b, A €
R™"™ be R™:

Isq(4,b) := {x € R" : z is a least squares solution of Az = b} C R".

Theorem: For any A € R™", b € R™ a least squares solution of Az = b exists.

3.1.2 Normal Equations

Theorem: The vector z € R" is a least squares solution of the linear system of equations Az = b, if and
only if it solves the normal equations

AT Az = ATb.

Theorem: For A € R™", m > n, holds

N (AT A) = N(4),
R(AT A) = R(AT).

Lemma: For any matrix A € K™ holds
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N(A) = R(A)*
N(A)* = R(AH).

Corollary: If m > nand N (A) = {0}, then the linear system of equations Az = b, A € R™", b e
R™, has a unique least squares solution

z = (AT A1 ATb,
that can be obtained by solving the normal equations.

3.1.3 Moore-Penrose Pseudoinverse

Theorem: Given A € R"™", b € R™, the generalized solution z! of the linear system of equations
Az = bis given by

et =v(vTATAV)L(vT ATp),
where V' is any matrix whose columns form a basis ofN(A)L.

The matrix AT := V(VT AT AV)~1VT AT € R™™ is called the Moore-Penrose pseudoinverse of A.
Note, that the Moore-Penrose pseudoinverse does not depend on the choice of V.

3.2 Normal Equation Methods

We can give a simple algorithm for the normal equation method for solving full-rank least squares
problems Az = b:

1. Compute regular matrix C' := AT A € R™". O(n*m)
2. Compute right hand side vector ¢ := ATb. O(nm)
3. Solve symmetric positive definite (s.p.d.) linear system of equations Cx = c. O(n3)

The asymptotic complexity of the normal equation method is given by O(an + 77,3) form,n — oo.

3.3 Orthogonal Transformation Methods

3.3.1 Transformation Idea

In this chapter we consider the full-rank linear least squares problem A € R™", b € R™ given and we
try to find £ = argmin, cg. [| Ay — b||2. We furthermore know that m > n and A has full rank:
rank(4) = n.

The idea is that if we have a transformation matrix ' € R"™ satisfying ||Ty||2 = ||y||]2 Yy € R™, then
axgmin, .z || Ay — bl = argmin, czo |y — 5,
where A = T' A and b = Tb.

3.3.2 Orthogonal/Unitary Matrices

Definition: Unitary and orthogonal matrices
e QK™ neN,isunitary, if Q! = Q¥
e« Q e K™, neN,isorthogonal, if Q' = QT

Numerical Methods for CS



Theorem: A matrix is unitary/orthogonal, if and only if the associated linear mapping preserves the 2-
norm:

Q € K™" unitary < ||Qz||z = ||z||]2 Vz € K".

From the above theorem we can directly state the following conclusions. If a matrix ) € K™" is
unitary/orthogonal, then

« all rows/columns have Euclidean norm = 1

« all rows/columns are pairwise orthogonal

o |detQ| =1, ||Q||2 = 1, and all eigenvalues € {z € C: |z| = 1}
o ||QA]|]2 = ||A]|2 for any matrix A € K™™

3.3.3 QR-Decomposition
3.3.3.1 QR-Decomposition: Theory

Theorem: If {al, ..,a"} C R™ is linearly independent, then the Gram-Schmidt algorithm computes
orthogonal vectors ¢!, ...q" € R™ satisfying

Span{q', ...,¢'} = Span{dl, ...,a'},
foralll € {1,...,n}.

Theorem: For any matrix A € K™* with rank(A) = k there exists
1. a unique matrix Qg € R™F that satisfies le Qo = I, and a unique upper triangular Matrix Ry €
K** with (R);; > 0, i € {1,...,k}, such that
A = Qo - Ry ("economical” QR-decomposition)

2. a unitary Matrix Q € KK™" and a unique upper triangular matrix R € K™* with (R); > 0, i €
{1,...,n}, such that

A = @ - R (full QR-decomposition)

If K = IR, all matrices will be real and @ is then orthogonal.
3.3.3.2 Computation of QR-Decomposition
Corollary: The product of two orthogonal/unitary matrices of the same size is again orthogonal/unitary.

The following so called Householder matrices (HHM) effect the reflection of a vector into a multiple of the
first unit vector with the same length:

T
Q= H(v):= I -2 withv = a+ ||a|jyes
Vv

where e is the first Cartesian basis vector.

Suitable successive Householder transformations determined by the left most column of shrinking
bottom right matrix blocks can be used to achieve upper triangular form R. Writing (); for the Householder
matrix used in the [-th factorization yields for the QR-decomposition of A € C™", A = QR :

Numerical Methods for CS
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anl'Qn72"'QlA:RandQ:: Q{ Zfl'

The following orthogonal transformation, a Givens rotation, annihilates the k-th component of a vector
a = lay,...,a,]T € R™. Here v stands for cos ¢ and o for sin ¢, ¢ the angle of rotation:

¥ cee o - 0 a; a;

le(al,ak)a = |- - v .- Of-lax| =10 ,
0 o0 -1 a, a,
- Tap - Rat®

7= 2 2’ g 2 2
Ve + |ax| Ve + |ax|

The QR-decomposition by successive Householder transformations has asymptotic complexity O(mn2)
form,n — oo.

3.3.4 QR-Based Solver for Linear Least Squares Problems

We consider the full-rank linear least squares problem: Given A € R™" m > n, rank(A) = n, seek
x € R" such that || Az — b||» — min. We assume that we are given a QR-decomposition: A =
QR, QQ € R™™ orthogonal, R € R™"™ regular upper triangular matrix.

We then apply the orthogonal 2-norm preserving transformation encoded in Q to Az — b:
|4z — bll> = [|QRz — bl; = [|Q(Rz — Q"b)[]2 = ||Rz — b||>, b:= Q"®.
| Normal equations vs. orthogonal transformations methods

« Use orthogonal transformation methods for least squares problems, whenever A € R™" is dense
and n is small.

 Use normal equations in the expanded form, when A € R"" is sparse and m,, n are big.

3.4 Singular Value Decomposition (SVD)

3.4.1 SVD: Definition and Theory

For any A € K™" there are unitary/orthogonal matrices U € K™, V € K™" and a generalized
diagonal matrix ¥ = diag(o1,...,05) € R™", p := min{m,n}, oy > o3 > --- > g, > 0 such that

A=UXVH.

Definition: The decomposition A = ULV ¥ is called the singular value decomposition (SVD) of A.
The diagonal entries of o; of X are the singular values of A. The columns of U/V are the left/right
singular vectors of A.

Remark: As in the case of QR-decomposition we can also drop the bottom zero rows of X2 and the
corresponding columns of U in the case of m > n. Thus we end up with an economical singular value
decomposition, also called thin SVD in literature.

Lemma: The squares af of the non-zero singular values of A are the non-zero eigenvalues of
AR A AAH with associated eigenvectors (V). 1, ..., (V).p, (U): 1, ..., (U). p respectively.
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Lemma: If, for some 1 < r < p := min{m,n}, the singular values of A € K"™" satisfy oy > --- >
oy > 0pp1 = ---0, = 0,then

. ra,nk(A) = r (the number of non-zero singular values)
. N(A) = Span{(v):,wrla ey (V)yn}
. R(A) = Span{(U):,17 ey (U)lﬂ'}

3.4.2 SVD in Eigen

The asymptotic complexity for the economical SVD is O (min{m, n}? - max{m,n})

3.4.3 Solving General Least-Squares Problems by SVD

In this chapter we consider the most general setting
Az =b e R™ with A € R™", rank(A4) = r < min{m, n}.

We can use the invariance of the 2-norm of a vector with respect to multiplication with U := [U1 U2]
together with the fact that U is unitary:

|| Az — bl|y = H[U1 Us] [20 8] {Kg] w"’HQ B H {ET?T:E} - [g;;ﬂ H2

With this equation we arrive at the generalized solution

2l = VS, MUTD, ||r|l2 = ||UF bl|s.

Theorem: If A € K™" has the SVD decomposition A = USV# then its Moore-Penrose pseudoinverse
is given by AT = V1 S 1UH

r

3.4.4 SVD-Based Optimization and Approximation
3.4.4.1 Norm-Constrained Extrema of Quadratic Forms
We consider the following problem of finding the extrema of quadratic forms on the Euclidean unit sphere
{z e K" : ||z|]s = 1}:
given A € K™", m > n, find z € K", ||z|]s =1, ||Az||2 — min.

This problem can be solved with SVD with the minimizer z* = Ve,, = (V). ,, from which we can obtain
the minimal value || Az*||s = ;.

Lemma: If A € K™" has singular values o7 > 03 > - -+ > 0, > 0, p := min{m, n}, thenits
Euclidean matrix norm is given by ||A||s = o1 (A). If m = n and A is regular/invertible, then its 2-norm
condition number is condy (A4) = o1 /0y,.

3.4.4.2 Best Low-Rank Approximation

TLDR: for the best k-rank approximation you turn the sigma into & X k matrix (cut everything else away)
then you take away the columns in U and V accordingly.

Solving Linear Systems of Equations Overview

Numerical Methods for CS
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Given Az = b, A € R™", there are 6 different cases we have to differentiate:

Case1.1l: m =n & rank(4) =n
Algorithm: We use LU-Decomposition with Gauss elimination to solve this LSE.

Alternatively we could use QR-Decomposition.
Runtime: O(n?)

Case1.2: m =n & rank(4) < n

Algorithm: We use SVD to compute a LSQ solution.
Runtime: O(n?)

Case2.1: m > n & rank(4) =n

Algorithm: We use QR-Decomposition to get the LSQ.
Alternatively we could use the normal equation with LU-Decomposition.

Runtime: O(mn? + n?) = O(mn?) 1 O(mn? + n?) = O(mn?)

Case2.2: m > n & rank(4) <n

Algorithm: We use SVD to compute a LSQ solution.
Runtime: O (mn?)

Case3.1: m < n & rank(4) =m

Algorithm: We use SVD to compute a LSQ solution.
Runtime: O(m?n)

Case3.2: m < n & rank(A4) < m

Algorithm: We use SVD to compute a LSQ solution.
Runtime: O(m?n)

4. Filtering Algorithms

4.1 Filters and Convolutions

4.1.1 Discrete Finite Linear Time-Invariant Casual Channels/Filters

Mathematically speaking, a discrete channel / filter is a function or mapping F' : [*°(Z) — 1*(Z) from
the vector space [*(Z) of bounded input sequences {z; } ez,

1°(Z) == {(z;)jez : sup|z;| < oo},

to the vector space [*°(Z) of bounded output sequences (y; )jcz.

Numerical Methods for CS
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Fig. 106

Channelfilter:  F:(%(Z) - (°(Z) , (yf)jez = F((x]-)].ez) . (4.1.1.1)

Definition: A channelffilter F' : 1> — 1*°(Z) is called finite, if every input signal of finite duration
produces an output signal of finite duration,

{IMeN:|j|>M=2; =0} ==3IN e N:|k| >N = (F((xj)jez))r =0

Since it should not matter when exactly signals are fed into a channel, we introduce the time shift
operator for signals. For m € 7Z:

Sm :1(Z) = 12(Z), Sm((%))jez) = (@j-m)jcz-
Hence, by applying S, we delay a signal by |m/| - At.

Definition: A filter is called time-invariant (TI), if shifting the input time leads to the same output shifted in
time by the same amount:

V(z;)jecz € 1°(2), Vm € Z: F(Sm((x5)jez)) = Sm(F((z;)jc2))-
Definition: A filter F' : [°°(Z) — 1°°(Z) is called causal, if the output does not start before the input:

VM € N : (wj)jeZ € loo(Z), Ty = 0Vj<M= F((a)j)jez)k =0 Vk < M.

With the above definitions we can state the following acronym:

¢ LT-FIR: finite, linear, time-invariant, and causal filter

4.1.2 LT-FIR Linear Mappings

We aim for a precise mathematical description of the impact of a finite, time-invariant, linear, causal filter
on an input signal: Let (..., 0, hg, h1, ..., hy_1, 0, ...), » € N, be the impulse responses of that LT-FIR
F:1%°(Z) = 1=(Z):

F((aj,O)jGZ) = (, 0, ho, hl, ceey hn — ]., 0, )

In compact notation we can write the non-zero components of the output signal (yj )jez as

m—1

Yp = F((xj)jez)k = Z hk,jCL‘j, k=0,..,m+n—2
=0
(hj :==0forj < 0andj > n).

Superposition of impulse responses: The output (..., Yo, Y1, Y2, -..) of a LT-FIR for finite length input
= (.., 0, 20,..., Tn_1, 0,...) € I°(Z) is a superposition of x;-weighted j At time-shifted impulse

Numerical Methods for CS
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responses.

Definition: Given two sequences (hy)kez, (Zk)rez, at least one of which is finite or decays sufficiently
fast, their convolution is another sequence (yk)kez, defined as

Y = th,jmj, keZ.
JEZL

If well-defined, the convolution of sequences commutes
Y = (@r) * (hr) = (hi) * ()

4.1.3 Discrete Convolutions

Given = [z, ..., Tm_1|7 € K™, h = [hg, ..., hy_1]T € K", their discrete convolution is the vector
y € K™™"~1 with components

m—1
Yy = th,ja:j, k=0,..,n+m—1,
j=0
where we have adopted the convention h; := 0 for j < 0 or j > n. We denote a discrete convolution by

y=hxz.

4.1.4 Periodic Convolutions

An n-periodic signal, n € N, is a sequence (z;);cz € [*°(Z) satisfying

Tjtn = Tj Vi e Z.
Though infinite, an n-periodic signal (mj ) jez Is uniquely determined by the finitely many values
g, ... Tn—1 and can be associated with a vector z = [z, ..., :I:n,l]T € R"™.

The discrete periodic convolution of two n-periodic sequences (P, )kez, (Zk)kez, yields the n-periodic
sequence

n—1 n—1
(ue) == (Pi) * (), wn = Zpkfjxj = Zxk,jpj, ke Z.
j=0 j=0

We denote a discrete periodic convolution by (pg) *,, (x ).
Definition: A matrix C = [c;;]7;_; € K™" is circulant if

3(px )rez m-periodic sequence: ¢;; = p;—;, 1 <1%,j<n

4.2 Discrete Fourier Transform (DFT)

4.2.1 Diagonalizing Circulant Matrices
We introduce the following notation: The n-th root of unity is defined as wy, := exp(—2X) = cos(2X) —
isin(%’r), n € N. The n-th root of unity satisfies the following properties:

. wn :w;l
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° wnzl

n
. wg/z = —1
o wh=whtn VEkeZ

We consider a general circulant matrix C' € C™"™, with Cij = (C’)iﬁj = u,;_, for an n-periodic sequence
(uk )kez, ur € C. We define the following vector:
n—

1
, k€{0,..,n—1}.

v, €EC": vy = [wnj }
Jj=0

Then it holds, that vy, is an eigenvector of C' for eigenvalue A\, = Z;:ol ulw,flk. The set
{’UO, cery vn,l} C C™ provides the so-called orthogonal trigonometric basis of C".

Definition: The matrix effecting the change of basis from the trigonometric basis to the standard basis is
called the Fourier-matrix:

-, ,0 0 0 A
LUBL UJ? wnl
e
wg wg W, ) .
n— n—
F,=["" n n = {wif] e crn
. . . 1,j=0
0 n—1 ("_1V
W, w wn

Lemma: The scaled Fourier-matrix ﬁFn is unitary: ;! = %Ff =1F..

Lemma: For any circulant matrix C' € K™", Cij = Ui—j, (Uk)keZ n-periodic sequence, holds true

CF, = F,diag(dy,..., d,), [do,..., dp_1]" = Fy[ug, .., Up_1]".

Definition: The linear map DFT,, : C* — C", DFT(y) := F,y, y € C", is called discrete Fourier
transform (DFT), i.e. for [cg, ..., ¢p—1] := DFT,(y)

n—1
cp = Zyiwﬁ], ke0,..,n—1.
j=0

Discrete Fourier transform in Eigen

The Eigen-functions for discrete Fourier transform and its inverse are given by
e DFT: ¢ = fft.fwd(y)
e inverse DFT: y = fft.inv(c)

Before using fft , remember to #include <unsupported/Eigen/FFT> .

int main() {
using Comp = complex<double>;
const VectorXd::Index n = 5;
VectorXcd y(n), c(n), x(n);
y << Comp(1, ©), Comp(2, 1), Comp(3, 2), Comp(4, 3), Comp(5, 4);
FFT<double> fft; // DFT transform object
c = fft.fwd(y); // DFT of y
x = fft.inv(c); // inverse DFT of c

cout << "y = " << y.transpose() << endl
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<< "c = " << c.transpose() << endl
<< "x = " << x.transpose() << endl;
return 0;

}

4.2.2 Discrete Convolution via Discrete Fourier Transform

Discrete periodic convolution: straightforward implementation

Eigen::VectorXd pconv(const Eigen::VectorXd &u, const Eigen::VectorXcd &x) {

const int n = x.size();
Eigen::VectorXd z = VectorXd::Zero(n);
// native two loop implementation of discrete periodic convolution
for(int k = 0; k < n; ++k) {

for(int 1 =0, 1 = k; j <= k; ++j, --1) {

z[k] += u[l] * x[j];
}

for(int j = k#1, L =n; j < n; ++j, --1) {
z[k] += u[l] * x[]j]1;

}
}

return z;

Convolution Theorem: The discrete periodic convolution *,, between n-dimensional vector © and x is
equal to the inverse DFT of the component-wise product between the DFTs of u and x, i.e.:

n-1 n—1

(u) %, (x) := [Zu(k—j) mod nmj]k:() = F,fl[(FnU)j (Faw);]i_1-
j=0

Discrete periodic convolution: DFT implementation

Eigen::VectorXcd pconvfft(const Eigen::VectorXcd &u, const Eigen::VectorXcd &x){
Eigen::FFT<double> fft;
return fft.inv(((fft.fwd(u)).cwiseProduct(fft.fwd(x))).eval());

}

4.2.5 Two-dimensional DFT

In this section we study the frequency decomposition of matrices. Due to the natural analogy
« one-dimensional data ("audio signal") - vector y € C",
« two-dimensional data ("image") — matrix Y € C™",

these techniques are of fundamental importance for image processing.

Definition: We can state the two-dimensional discrete Fourier transform of the matrix Y € C™" as
follows:

C =F,(FE,Y" =F,YF,.
We abbreviate it by DF'T,, ,, : C™" — C™". We state the inversion formula as follows:

1 — _
Y =FE,'CF,' = —F,CF,
mn
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Two-dimensional discrete Fourier transform

template <typename Scalar>
void fft2(Eigen:.MatrixXcd &C, const Eigen::MatrixBase<Scalar> &Y) {
using idx_t = Eigen::MatrixXcd: :Index;
const idx_t m = Y.rows(), n = Y.cols();
C.resize(m, n);
Eigen::MatrixXcd tmp(m, n);

Eigen::FFt<double> fft; //Helper class for DFT
// Transform rows of matrix Y
for(idx_t k = 0; k < m; k++) {
Eigen::VectorXcd tv(Y.row(k));
tmp.row(k) = fft.fwd(tv).transpose();
}

// Transform columns of temporary matrix

for(idx_t k = 0; k < n; k++) {
Eigen::VectorXcd tv(tmp.col(k));
C.col(k) = fft.fwd(tv);

3
}

Theorem: For any X,Y € C™", we have
X Y = DFT, (DFT,, ,(X) ® DFT,, ,,(Y)),
where ® stands for the entrywise mutliplciation of matrices of equal size.

This suggests the following DFT-based algorithm for evaluating the periodic convolution of matrices:

1. Compute Yy by inverse 2D DFT of Y

2. Compute Y by 2D DFT of X

3. Component-wise multiplciation of XandY :Z=XxY.

4. Compute Z through inverse 2D DFT of Z.

4.3 Fast Fourier Transform (FFT)

To understand how the discrete Fourier transform of n-vectors can be implemented with an asymptotic

computational effort smaller than O(n2) we start with an elementary manipulation for n = 2m, m € N:

n—1 m—1 m—1

— g — gk — & (2j+1)k

= yie = gpie LY g e w BT
j=0 Jj=0 Jj=0

-1
_ 2mi

m—1
ik — g — 2mi g
= Ypie ml e n E Yorr1€ 77, k € Z.
§=0

3

<.
Il
<}

This means that for even n we can compute DFT, (y) from DFTs of half the length plus ~ n additions
and multiplications.

The asymptotic complexity of the FFT algorithm for n = 2% is O(L - 2L') = O(nlog, n).

5. Data Interpolation and Data Filtering in 1D
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5.1 Abstract Interpolation

Definition: One-dimensional data interpolation
« Given: data points (t;, ¥;), 4 =0,...,n, ne N t, e ICR, y; € R
« Objective: Reconstruction of a function f : I — R
1. satisfying the n + 1 interpolation conditions (IC) f(t;) = y;, it = 0,..., n
2. and belonging to a set V' of eligible functions

The function f we find is called the interpolant of the given data set { (;, ¥;)}1" -

When we talk about interpolation schemes in 1D, we mean a mapping
IR xR 5 {f . T = RY, (L], [vi]i,) — interpolant

In the context of numerical methods, "function" should be read as "subroutine”, a piece of code that can,
forany € I, compute f(z) in finite time.

C++ data type representing a real-valued function

class Function{
private;
// various internal data describing f
public;
// Constructor: expects information for specifying the cuntion
Function(/*...*/);
// Evaluating operator
double operator() (double t) const;
}

C++ class representing an interpolant in 1D

class Interpolant {
private;
// various internal data describing f
// can be the coefficients of a basis representation
public;
// constructor: computation of coefficients c_j
Interpolant(const vector<double> &t, const vector<double> &y);
// exaluation operator for interpolant f
double operator() (double t) const;

}i

Definition: A basis {by, .., b, } of an n + 1-dimensional vector space of functions f : I C R — Ris
a cardinal basis with respect to the set {to, ..., t,} C I of nodes,

bj(tz) = 61']' = 1, ifi = j, 0 else.
We consider the setting for interpolation that the interpolant belongs to a finite-dimension space V,,, of

functions spanned by basis functions by, ..., b,,. Then the interpolation conditions imply that the basis
expansion coefficients satisfy a linear system of equations:
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f(tz) = chb](tz) =Y, 1= 0, ey N
7=0

<
bo(to) - bm(to)-| |-00-| I-y0-|

i il L

5.2 Global Polynomial Interpolation

Global polynomial interpolation, that is, interpolation into spaces of functions spanned by polynomials, is
the simplest interpolation scheme and of great importance as building block for complex algorithms.
Compared to the piecewise linear basis functions from the previous section, our functions isn’t 0 outside of
the given points.

5.2.1 Uni-Variante Polynomials

Polynomials in a single variable are familiar and simple objects:

« Notation: Vector space of the uni-variate polynomials of degree < k, k € N:
Ppi={t = art’ +ap 1t" ' + -+ ait +ag, a; € R},

e Terminology: The functions t — tk, k € Ny, are called monomials and the formula t — aktk +
ak,ltk’l + -+ -+ a1t + ap is the monomial representation of a polynomial.

Dimension of space of polynomials

dimP, = k + 1 and P, € C*(R).

Efficient evaluation of a polynomial in monomial representation is achieved through the Horner scheme as
indicated by the following representation:

p(t) = t(---t(t(ant + an-1) + an_s) + -+ a1) + ap.

This allows us to evaluate a polynomial in O(n).

Horner scheme (vectorized version)

Eigen::VectorXd horner(const Eigen::VectorXd &p, const Eigen::VectorXd &t) {
const VectorXd::Index n = t.size();
Eigen::VectorXd y{p[@] * VectorXd::Ones(n)};
for(unsigned i = 1; i < p.size(); ++i) {
y = t.cwiseProduct(y) + p[i] * VectorXd::Ones(n);
}

return y;

}

5.2.2 Polynomial Interpolation: Theory

In the previous section (5.2.1) we extended the local interpolantion (5.1) to a global interpolation. This
caused us to loose the cardinal basis property, making the computation of the coefficients ¢; (E cj) a lot
harder. Now we introduce the Lagrange polynomial which brings back this cardinal basis property.
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Lagrange Polynomial Interpolation problem (L/P)

Given the set of interpolation nodes {to, ey tn} C R, n € N, and the value yy, ..., ¥, € R compute
p € P, such that it staisfies the interpolant conditions (IC)

p(tj) =y, forj=0,..., n.

For a given set {tg, t1, ..., t,} C R of nodes consider the
n
Lagrange polynomials L;(t) := H
i=0,jzi

It is obvious that L; € P, and that L; (tj) = 5Z~j. Further Lagrange polynomials are linearly independent.

The Lagrange polynomial interpolation p for data points (ti, Y; )?:0 allows a straightforward representation
with respect to the basis of Lagrange polynomials for the node set {ti}?zo:

p(t) = uLi(t) <= p € Pyandp(t;) = y:.
=0

The general LPI problem admits a unique solution p € P, for any set of data points {(t;, v;)}?_, and
n € N.

The polynomial interpolation in the nodes 7 := {t;}_, defines a linear operator
Ir :R™™ = P, (Yo, Yn)" — interpolating polynomial p.

5.2.3 Polynomial Interpolation: Algorithms

We are given the following setting:
« Given:nodes T := {—00 <ty < t; < ... <t, < oo}, values y := {Yo, Y1, Yn}
 Notation: we write p := I (y) for the unique Lagrange polynomial interpolant.

When used in a numerical code, different demands can be made for a class that implements Lagrange
interpolants. These demands determine, which algorithm is most suitable for constructors and the
evaluation operators.

In the following part we will look at two algorithms.

5.2.3.1 Multiple evaluations

Task: For @ a fixed set {t,...,t,} of nodes,
and ® many different given data values y;, i =0, ...,n
and ©® many arguments x;, k=1,...,N, N > 1,
efficiently compute all p(x) for p € P, interpolating in (¢;,y;),i =0,...,n.

The definition of a possible interpolator data type could be as follows:

class PolyInterp {
private: // various internal data describing p
Eigen::VectorXd t;
public: // constructors taking node vector (t_0,..., t_n) as argument
PolyInterp(const Eigen::VectorXd & t);
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template <typename SeqContainer> PolyInterp(const SeqContainer &v);
// Evaluation operator for data (y_0,..., y_n);
// computes p(x_k) for x_k's passed in x
Eigen::VectorXd eval(const Eigen::VectorXd &y,
const Eigen::VectorXd &x) const;

}i

Barycentric interpolation formula

We want to precompute part of the Lagrange polynomial to reduce the asymptotic effort of cvatl . By some
simple manipulations we end up with this:

t—t; 7
. . =0 l
B> Barycentric interpolation formula  p(t) = =
) 2
izot—ti
Where A\; = (ti—to)- - -(trti,l)l(trtm)- o is independent of ¢ and y;. Therefore we can precompute

these values!

We end up with the following complexity:

4+ computation of weights A;,i = 0,...,n: cost O(n?) (only oncel),
4+ cost O(n) for every subsequent evaluation of p.

= total asymptotic complexity O(N#) + O(n?)

5.2.3.2 Single evaluation

Instead of evaluating at multiple point, we might only be interested in the evaluation at a single point x €
R.

Aitken-Neville Scheme

We are still given a list of points (tj,y]-) in a plane and want to fit a polynomial through these points. The
starting point is a recursion formula for partial Lagrange interpolants, we define:

Pk ¢ := unique interpolating polynomial of degree £ — k through (tx, yx), - .., (2, ye),

We easily find that:
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Prk(x) = yx (“constant polynomial”), k=0,...,n,
(x — ti)Prrre(x) — (x — tg)Pre—1(x)
tg — tx

x—t
= Prr1e(x) + ﬁ (Pret1,6(x) = pre—1(x)), 0<k<{l<m,

Pre(x) =

Now the values of the partial Lagrange interpolants can be computed sequentially (based on their
dependecies), expressed by the following so-called Aitken-Neville Scheme:

n—= 0 1 2 3

t =: — N N

0 | Yo=:poo(x) 3 po,1(x) /Po,z(x) /Po,s(x)
t =: — —

1 | N P11 (x) B P1,2(x) i P1,3 (x)

ty | Y2 =: p22(x) 7192,3(35)

t3 | y3 =: p33(x)

For the Aitken-Neville Scheme we get a runtime of O (n?).
5.2.3.3 Extrapolation to Zero

Extrapolation is interpolation with the evaluation point ¢ outside the interval [to, t»]. We assume ¢ = 0 and
thatt; > 0, ¢ = 0,...,n. Of course, Lagrangian polynomial interpolation can also be used for
extrapolation.

This is especially usefull, since often around 0 we encounter cancellation. To avoid this, we can compute,
for a given function g, the values g(h;) with acceptable accuracy. Then we approximate g(h) with a
polynomial and evaluate it at position 0. l.e. we fit a polynomial through the points (hi, g(hi)) and evaluate
this polynomial at the position 0. This is the exact problem we solve with Aitken-Neville.

5.2.3.4 Newton Basis and Divided Differences

This chapter we want to have an update friendly basis.

We define the Newtonbasis for P, as follows:

No(t):==1, Ni(t):=(t—ty), ... , Nu(t):= H(t—ti).

We find the coefficients for the interpolating polynomial by a method similar to the Aitken-Neville Scheme
(see the Lecture Document for more details). We end up with the following interpolating polynomial:
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p(t) =ap+ai1(t —ty) +ax(t —to)(t—t1) +---+ay ﬁ(t— i)
j=0

This polynomial representation already implies that we can use “backward evaluation” in the spirit of
Horner Scheme.

5.2.4 Polynomial Interpolation: Sensitivity

This section addresses a major shortcoming of polynomial interpolation, that small perturbations of
measurements gives huge errors in the function we construct.

For measuring the size of pertubations we need norms on data and result spaces. For the value vectors

Y := [Yo, - Yn]T € R™" we can use any vector norm, for instance the maximum norm ||y||o.. However
the result space is a vector space of continuous functions I C R — IR and so we also need norms on the
vector space of continuous functions C (I), I C R. The following norms are the most relevant:

+ supremum norm || f||z=(r) := sup{|f(t)| : t € I}
« L%norm [[f|[3.) = [; |F () dt
« L'-norm Wflliy = [; 1£(#)] dt

Now let L : X — Y be alinear problem map between two normed spaces, the data space X (with norm
|| - ||x) and the result space Y (with norm || - ||y). Thanks to linearity, pertubations of the result y :=
L(z) for the input z € X can be expressed as follows:

L(z 4 dx) = L(x) + L(éx) = y + L(dz).
Hence, the sensitivity can be measured by the operator norm

I L(0)]ly

IL]|x -y = SUPseX\(0} igzllx

Given a mesh T C R with generalized Lagrange polynomials L;, ¢ = 0, ..., n, and fixed I C R, the
norm of the interpolation operator satisfies

17 ()|~
17 o000 = SUPcgust o) g = '

[19l]0o

> ILil
i—0

117 W)llz2(r) Zn
||I7—H2%2 = SupyeRnﬂ\{O}W S ( ||L1||%2(1))
=0

‘LW(I)’

[N

Definition: We define the Lebesgue constant of T as follows:

M= || DI
=0

= ||IT||oo%oo-

‘LOO(I)
5.3 Shape-Preserving Interpolation

When reconstructing a quantitative dependence of quantities from measurements, first principles from
physics often stipulate qualitative constraints, which translate into shape properties of the function f, e.g.
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when modelling the material law for a gas:
- t; pressure values, y; densities = f positive and monotonic

Notation: given datais (¢;, %) € R%, i =0,..,n,n € N, tg < t; < ... < t,,.

5.3.1 Shape Properties of Functions and Data

Definition: The data (t;, y; ) are called monotonic wheny; > y; 1 ory; < y;_1fori =0,...,n

Definition: The data {(¢;, y;)}"_, are called convex (concave) if

Aj S(Z) Aj+1, _] = 1,..., n — 1, Aj = M, ] = 1,..., n.
tj — tj—l
5.3.2 Piecewise Linear Interpolation

There is a very simple method of achieving perfect shape preservation by means of a linear interpolation
operator into the space of continuous functions. Given the following data: (¢;, ;) € R2, 1=
0,....n,ne Nty <t <..<ty.

Then the piecewise linear interpolant s : [to, tn] — Ris defined as

s(t) = (i1 — )y + (t —t:)yina

fort e [t;, t;11].
tz’—‘,—l — ti [ () z+1]

The piecewise linear interpolant is also called a polygonal curve. It is continuous and consists of 7 line
segments.

Theorem: Let s € C([to, t,]) be the piecewise linear interpolant of (¢;, y;) € R%, i = 0, ..., n, for
every subinterval I = [t;, t] C [to, tn):

o if (¢, y;)|1 are positive / negative = s| is positive / negative

o if (¢;, y;)|1 are monotonic = s|; is monotonic

o if (ti, i )|1 are convex/concave = s|1 is convex/concave

5.3.3 Cubic Hermite Interpolation

Aim: local shape-preserving (linear) interpolation operator that fixes short-coming of piecewise linear
interpolation by ensuring C'-smoothness of the interpolant.

5.3.3.1 Definition and Algorithms

Given: Mesh points (¢, %) € R%, i = 0,...,n, to < t1 < -+ < tp.

Goal: build function f € C*([to, t»]) satisfying the interpolant conditions f(t;) = vi, @ = 0, ..., n.
Definition: Given data points (¢, ¥i) € R x R, 5 = 0, ..., n with pairwise distinct ordered notes t;,

and slopes c; € R, the piecwise cubic Hermite interpolants s : [to, tn] — R is defined by the
requirements

Sty ts) € P3yi=1,.,n,s(t) =y, st)=ci,i=0,..,n.

Locally, we can write a piecewise cubic Hermit interpolant as a linear combination of generalized cardinal
basis functions with coefficients based on y; and ¢; (representing the slope at point ).

Numerical Methods for CS



s(t) = yi—1H1(t) + yiHa(t) + c;i—1Ha(t) + c;Ha(t) , t€ [tim1, ],

The basis functions Hy, k = 1,2, 3,4 are defined as follows:

-17 | Hq(t) := ¢(ti}; t) , (5.3.3.5a)
08/ Hy(t) := ¢(t _htf‘l) , (5.3.3.5b)
= Hs(t) := —hilp(ti h_ t) , (5.3.3.5¢)
0:27 Hy(t) := h,-w(t _htf—l) , (5.3.3.5d)
ol ~_ | I’ll‘ = ti — ti—l , (5.3.3.56)
| | | ‘ ¢(t) := 31> —27°, (5.3.3.5)
- o2 oy 08 o8 ! ¥(T) =17 —7°. (5.3.3.5¢)
Local basis polynomials on [0, 1]
By some computation we find that the following holds for Hy:
H(ti1) | H) | H'(tiq) | H'(H)

H; 1 0 0 0

H»> 0 1 0 0

H, 0 0 1 0

Hy 0 0 0 1

However, the data only specifies y; and not ¢;. Thus to compute a interpolant, we need to supply a way of
computing these ¢;. One way of doing so would be to use the following linear mapping:

Aq Jfori=0,
. i —Yi-1 .
c; =< Ay ,fori=mn, , A]-::yt—’ ?’ Jg=1...,n.
tiyi—ti AL ti—ti1 AL i1 < i j— -1
ti+1_ti—l 1 ti+1_ti—1 A1+1 5 |f 1 -~ 1 < n.

5.3.3.2 Local Monotonicity-Preserving Hermite Interpolation

When choosing the slopes like above, th Hermite interpolation does not preserve monotonicity. Therefore
we introduce an alternative way of choosing the slopes, that preserves monotonicity.

Aq ifi =0,
sgn(A;)=sgn(A 3(hiy1+h;) .
gn( 1)_)g (42) o = 2h;‘+1+hli+2hi;hi+1 Jforie{1,...,n—1}, hi=t— .
A A1
An y ifi =n ’
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Theorem: If, for fixed node set {t;}7_,, n > 2, an interpolation scheme I : R"*! — C*(I) is linear as
a mapping from data values to continuous functions on the interval covered by the nodes,
and monotonicity preserving, then I(y)'(t;) = O forally € Rt and j = 1,..., n — 1.

5.4 Splines

Definition: Given an interval I := [a, b] C R and a knot sequence M := {a =ty < t; < ... <
t, = b}, n € N, the vector space Sy A of the spline functions of degree d (or order d + 1) is defined

by
Sam={s€CT(I):s; :=s|tj_1,t;] € PaVj=1,.., n}.
The dimension of a splice space can be found by a counting argument. We count the number of

"degrees of freedom" possessed by a M-piecewise polynomial of degree d, and subtract the number
of linear constraints:

dimSy = n - dimPy; — #{C?! continuity constraints} =n-(d+1) — (n—1)-d =n+d.

5.4.2 Cubic-Spline Interpolation

Task: Given a mesh M := {t) < t; < --- < t,}, n € N, "find" a cubic spline s € S3 ¢ that compiles
with the interpolation conditions

s(tj)) =y, j=0,.., n.

When comparing the cubic spline interpolation to the cubic Hermit interpolation, we find that the cubic
Hermit interpolation allows for n + 1 degrees of freedom, while the cubic spline interpolation only allows 2
degrees of freedom. This is due to the fact that the interpolant has to be in C? and not only in ct.

To saturate the remainign two degree of freedom the following three approaches are popular:
1. Complete cubic spline interpolation: s'(tg) = ¢y, §'(t,) = ¢, prescribed
2. Natural cubic spline interpolation: s (¢y) = s"(¢,) =0

3. Periodic cubic spline interpolation: s'(tg) = §'(t,), s (to) = s (tn)

https://www.youtube.com/watch?v=pLfifROQ-MM

Great video explaining cubic splines and some of their properties, including how to fix the remaining two degrees of freedom.

5.4.3 Structural Properties of Cubic Spline Interpolation
For a function f : [a, b] — R, f € C?([a, b]), the term

b
Bu(f)=3 [ 170F at

models the elastic bending energy of a rod, whose shape is described by the graph of f. We will show the
cubic spline interpolants have minimal bending energy among all C?-smooth interpolating functions.

Given: mesh M := {a =ty < t; < ... < t, = b} of [a, b] with knots t;
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Sets € 83’/\4 := natural cubic spline interpolant of data points (ti, yl-) € R2, 1=0,..., n

Theorem: The natural cubic spline interpolant s minimizes the elastic curve energy among all interpolating
functions in C?([a, b)), that is

Eya(S) < Ewa(f)Vf € C*([a, b)), f(t:) =y, i =0,.., n.

5.6 Trigonometric Interpolation

We consider time series data (¢;, ¥;), ¢ = 0, ..., n, t;,y; € R, obtained by sampling a time-dependent
scalar physical quantity ¢ — ¢(t). We know that ¢ is a T-periodic function with period 7' > 0, that is
@(t) = ¢(t + T') for all t € R. In the spirit of shape preservation an interpolant f of the time series
should also be T-periodic: f(t + T') = f(t) forallt € R.

Assumption: We assume the period T' > 0 to be known and ¢; € [0, T'[ for all interpolation nodes
tia 1= 0, ey T

In the sequel, for the case of simplicity, we consider only T' = 1.

Task: Given T > 0 and data points (¢;, ¥;), ¥; € K, t; € [0, T'[, find a T-periodic function f : R — K
(the interpolant), f(t + T') = f(t) V¢ € R, that satisfies the interpolation conditions

f(tz) =Y, 1= 0, ceey T

5.6.1 Trigonometric Polynomials

The most fundamental periodic functions are derived from the trigonometric functions sin and cos and
dilations of them. A dilation of a function t — ¢(t) is a function of the form ¢ — ¢(ct) with some ¢ > 0.

Definition: The vector space of 1-periodic trigonometric polynomials of degree 2n, n € N, is given by

Pl = Span{t — cos(2mjt), t — sin(27jt)}j = 0" C C™(R).
We can rewrite ¢ € ’Pgn given in the form

qt) = a0 + ZO[]‘ cos(2mjt) + B; sin(2wjt), «j,B; € R.

j=1
Further manipulations give us:
2n
q € PL = q(t) = e 2™ . p(e™) with p(z) = Z’szj € Pan,
§=0
5.6.2 Reduction to Lagrange Interpolation
Trigonometric interpolation through Lagrange polynomial interpolation

data points (t;,yx), k=0,...,2n through data points (e?*, ek, ), k = 0,...,2n

We can reuse the already known algorithms for Lagrange polynomial interpolation.

5.6.3 Equidistant Trigonometric Interpolation

Often timeseries data for a time-periodic quantity are measured with a constant rhythm over the entire
period of duration T' > 0, thatis, t; = jAt, At = RLH, j = 0,..., n. In this case, the formulas for
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computing coefficients of the interpolating trigonometric polynomial become special versions of
the discrete Fourier transfrom (DFT). Efficient implementation can thus harness the speed of FFT.

Now we consider trigonometric interpolation in the 1-periodic setting with 2n + 1 uniformly
distributedinterpolation nodes t;, = %, k =0,..., 2n, and associated data values y;. Existence and
unigueness of an interpolating trigonometric polynomial g € ’Pgn, q(tx) = Yk, was established earlier. We
rely on the following relation ship:

2n

q € PL = q(t) = e 2™ . p(e™) with p(z) = Z'yjzj € Pon,
7=0

to arrive at the following (2n + 1) X (2n + 1) linear system of equations for computing the unknown
coefficients 7y;:
1

Fonr1c=b, ¢ = [70,., You|T = c= Fo,.1b.
2n+1C c ['YO 72] c 2n+12+1

5.7 Least Squares Data Fitting

When looking at interpolations, we find that having a interpolating polynomial of a high degree is often not
recommendable, since it causes large fluctuations. Therefore we might want a polynomial of degree n,
that approximates m data points, where n < m. This is equivalent to a overdetermined system of
equations.

The most general task of multidimensional, vector-valued least squares data fitting can be described as
follows:

Least square data fitting
Given: data points (¢;, %), 4 € {1,..., m},m €N, t; € D C R¥ y, ¢ R4, d € N.

Objective: Find a continuous function f : D — R% in some set S C C(D) of admissible functions
satisfying

m
. 2
f € argmin g Z lg(t:) — vill2-
i=1
Such a function f is called a best least squares fit for the data in S.
Consider a special variant of the general least squares data fitting problem: The set S of admissible

continuous functions is now chosen as a finite-dimensional vector space V,, C C°(D), dimV,, =n € N

Choose a basis of V,,, V;, = Span{by, ..., b, }, b; : D — R¢ continuous.

- The best least squares fit f € V,, can be represented by a finite linear combination of the basis
functions b;:

Ft) =) ;b;(t), z; € R.
j=1

It can be furthermore be recast to the following problem:

General linear least squares fitting problem
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Given: data points (¢;, y;) € R*¥ x R?, i = 1,..., m and basis functions ; : D C R* - R, j =
1,...,n,n<m.

Sought: coefficients x; € R, j =1,..., n, such that

m n
2
— T._ :
T = [z1,..., T,| = argmin, g Z ‘ ‘ szbj (i) — i ,
i=1  j=1
Theorem: The solution [:vl, ceny mn]T € R™ of the linear least squares fitting problem is the least squares

solution of the overdetermined linear system of equations
[
=],
[AdJ L’dJ

(O1(t1))r oo (Bal(tn))r (y1)r
A, = X € R™" b, := : eR™ r=1,..,d.

Boltn))r - (Bultm))s (U)r

Lemma: The scalar one-dimensional linear least squares fitting problem with dimV,, = n, V,, the vector
space of admissible functions, has a unique solution, if and only if there are ¢;, .., ¢; such that

[bl(til) bn(til)-l

J € R™" is invertible,

with

[bl (;fin) e by (;in)

which is independent of the choice of basis of V,,.

8. Iterative Methods for Non-Linear Systems of
Equations

8.1 Introduction

Non-linear systems naturally arise in mathematical modelsof electrical circuits, once non-linear
circuitelements are introduced. A non-linear system of equations is a concept almost too abstract to be
useful, because it covers an extremely wide variety of problems.

Forafunction F': D C R™ — R, n € N, there are no general results existence and uniqueness of
solutions of F'(z) = 0.

8.2 Iterative Methods

8.2.1 Fundamental Concepts

We try to find a solution to the system F(:z:) = 0, by creating a sequence of smart guesses zt. Am-
point iterative method means that the next value in our sequence depends on the last m values. This
also means that we need m initial guesses.
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Such a sequence has the following properties,
w(kH) — ¢F(w(k), N .,w(k_mﬂ))
and
br(z*,...,2°) =2* & F(z*)=0
An iterative method converges (for fixed initial guess(es)) iff k) —*—=%) z* anqg F(z*)=0.

8.2.2 Speed of Convergence

We define the convergence as the speed that the sequence converges to £*. We measure this “speed” by
the following definition:

A convergent sequence ) with limit z* converges with order p, p > 1, if
3C > 0: [|a* V) —z*|| < C - |]z® — 2¥|P Vk € Ny,

if C' < 1andp = 1, we call it linear convergence. We can approximate the order p by the following
equation, where ¢, := ||z*) — 2*|| is the norm of the iteration error:

log €1 —loger
loger — €1 -

8.2.3 Termination Citeria /| Stopping Rule

The termination criteria is used to determine when to stop calculating new elements of our sequence zt
There are three general methods for termination:

1. A priori (number of steps)
2. Residual based (F'(z) = 0 = we stop when |F(z?)| is small)
3. Correction based (we stop when the difference between z! and 'l is small)
Often the 3rd criteria is used, since it stops as soon as we don’t make any progess anymore.

For p = 1 we have one more criteria: ||z**1) — 2*|| < £ - ||z®) — 2|, 0 < L <1

8.3 Fixed-Point Iteration

In this part we look at 1-point stationary iterations, also called fixed point iterations. \We can observe
that generally a small derivative of qS(m) is good for the convergence. A first lemma gives us a condition for
local convergence, that is at least linear.

Numerical Methods for CS

31



Lemma 8.3.2.7. Sufficient condition for local linear convergence of fixed point iteration —
[Han02, Thm. 17.2], [DR08, Cor. 5.12]

if®: U C R"— R, ®(x*) = x*,P differentiable in x*, and |D ©(x")|| < 1, then the fixed point
iteration

x*+) = p(x®)y , (8.3.1.2)
converges locally and at least linearly that is matrix norm, Def. 1.5.5.10 !

P<L<1: Hx(“” —x*

< LHx(k) —x*

vk € N,
provided that the initial guess x'*) belongs to some neighborhood of x*.

% notation: D ®(x) = Jacobian (ger.: Jacobi-Matrix) of @ atx € D — [Str09, Sect. 7.6]
A second Lemma gives us a lower bound for the order of convergence.

Lemma 8.3.2.15. Higher order local convergence of fixed point iterations

If®: U C R — Rism+ 1 times continuously differentiable, ®(x*) = x* for some x* in the
interior of U, and ) (x*) = 0 for] = 1,...,m, m > 1, then the fixed point iteration (8.3.1.2)
converges locally to x* with order > m + 1 (— Def. 8.2.2.10).

8.4 Finding Zeros of Scalar Functions

8.4.1 Bisection

This method is based on the idea of finding * by shrinking the interval in each iteration in half.

F(x)

We start of with two points a, b € R that have different signs. From there we can use the intermediate
value theorem, to conclude that in between a and b there has to be a zero value. By testing the sign at the
midpoint and shrinking the interval acordingly, we can find a z®) that is close to z*. This method is
foolproof and works without any derivatives, but the drawback is, that it is only of “linear-type”.

8.4.2 Model Funtion Methods

This is a class of methods for finding zeroes of F', based on the following idea:
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k—m-+1)

Given recent iterates m(k), noog ( , m € N, replace F' with a k-dependent model

k+1)

function F‘k Now z( := zero of F‘k

8.4.2.1 Newton Method in Scalar Case
The Newton Method is one of the most important Methods in Numerical Methods. Its formula is:

k1. ok F(z*)

v T F(ah)

We define our model function as Fy(z) := F(z®)) + F'(z®))(z — ®). This is equal to the tangent at
Finz® . z¢+1) is now equal to the zero of the tangent and we get the Newton iteration:

S o F@EY)
: Fi(z)

When investigating the convergence, we find that Newton’s method locally
converges quadratically to a zero x* of F/, if F’(:c*) Vi 0.

8.4.2.3 Multi-Point Methods

The secant method is the simplest representative of model function multi-point methods. We just
approximate the function linearly by drawing a line through the last two points we have in our
approximation sequence z*. Then we use a similar formula to the Newton method.
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F(x)

x(k_l) x(k+ x(k)

Sk o FEP)E@® -t
. F(z®) — F(z*-D)

Analysing the convergence, we find that the order of convergence is fractional, with p ~ 1.62.

Another class of multi-point methods are inverse interpolation. The approach here is, to interpolate the
inverse function. We see that we can construct an interpolant of the inverse function by interpolating the
points (y;,t;) (inverted tuple!).

p(F(a:(kfj)) =z j=0,....m—1

Where p is a polynomial of degree m — 1. Then we can evaluate the interpolate for the inverse function at
the point 0, k1) .= p(O). Which then is an approximation of the solution z* we are looking for.

F(z*)=0 < F'(0) ==z
As an example we have seen the case for m = 3:

We interpolate the points (F(x(®)), x(®)), (F(x(*=1),x*=1), (F(x*-2)),x*=2)) with a parabola
(polynomial of degree 2). Note the importance of monotonicity of F, which ensures that
F(x®)), F(x*k-1), F(x*~2)) are mutually different.

MAPLE code: p := x—> axx"2+b+x+c;
solve ({p (£0)=x0,p(f1)=x1,p (£2)=x2}, {a,b,c});
assign(%); p(0);

B kD) B3 (Fixp — Bxq) + F2(Faxg — Fyxp) + F2(Fox1 — Fixp)
Fj(F — k) +F (k- k) + F (k- F)
(F:= F(x(k_z)),Pl = F(x(k_l)),Fz = P(x(k)),xo = 20D gy = D) gy () )

Here the interpolation and evaluation is done in one explicit formula. For such quadratic inverse
interpolation, we find the fractional order of convergence to be p ~ 1.8.

8.4.3 Asymptotic Efficiency of Iterative Methods for Zero Finding
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We can compare different methods in terms of efficiency. We define efficiency as the number of digits
gained log(p), divided by the effort W to achieve the result.
Computational effort W per step

__ #{evaluations of D F} Ly #{evaluations of F'}
- step step

eg, W

Let k:(p) be the number of steps to achieve a relative reduction of the error by a factor of p (gain). Then
we have

#digits gained ~ [logp|

Efficiency = N
HIEREY = {otal work required  k(p) - W

Now we adopt an asymptotic perspective and require a large reduction of the error, thatis p << 1.

B asymptotic efficiency forp <1 (= |logp| — oo):

_logC it p=1
. P W , ’
Efficiency|,«1 = log p | log p| if

W log([logpl)

p>1.

When using this to compare the secant method with Newton's method, we find that the secant methos is
more efficient, despite having a lower order of convergence.

8.5 Newton’s Method in R"\n

8.5.1 The Newton Iteration

The Newton iteration seen in 8.4.2.1 can be generalized for R™ by using the Jaccobian of the function (We
assume that F' is continuously differentiable). This gives us the formula

B> Newtoniteration:  (generalizes (8.4.2.1) to nn > 1)

xk+D) .= x0) D F(x)1F(x®)) | , [if DF(x®)) regular]

Terminology:  — D F(x(¥))~1F(x(¥)) is called the Newton correction

Since we want to avoid calculating the inverse, we solve the LSE

DF(z®).s = F(z®)

and then compute z*+D) = 2(*) _ g The generalized Newton iteration has the same quadratic order of

convergence as the 1-D Newton iteration.
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We also looked at a special variant of the Newton iteration, where we replace the derivative of the k-th
iteration, by the derivative of the 0-th iteration. This is conveniant, since we don't have to calculate the
derivative for every step.

20D = 20 _ D)1, p(z®)

When using the same Jaccobian for all steps, we can reuse the LU-decomposition. As a drawback we end
up with only linear convergence.

Remark: This image serves as a remainder, that reading the lecture document is a worthwhile endeavour.
Especially, since it contains funny images like this.

i

dt

Alcohol and calculus
don’'t mix.
Never drink and derive.

8.5.3 Termination of Newton Iteration

In 8.5.2 we saw that Newton’s method enjoys (asymptotic) quadratic convergence, which means rapid
decrease of the relative error of the iterates, once we are close to the solution, which is exactly the point,
when we want to stop. We use the correction based termination criterion (8.2.3), to determine when to
stop.

> quit iterating as soon as Hx(k ) _ x”‘)H = HDF(x“‘)) IF(X(k))H < r“x”‘)”,
with T = tolerance

This is uneconomical, as we have one needless update, because z*) would already be accurate enough.
since DF(z*~1)) ~ DF(z™®)) during the final steps, we can use the more economical termination
criterion

Terminology: Ax®) := D F(x(k=1))~1F(x(k)) 2 simplified Newton correction

B> Economical correction based termination criterion for Newton’s method:

STOP, as soon as HAi”‘) H < Tl

x® or Al < 7

with simplified Newton correction  Ax®) := D F(x(k—1)~1F(x®)),
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8.5.4 Damped Newton Method

One big drawback of the Newton method is that it only converges locally! This can make it useless if the
guess is not already close to the exact solution. In this section we explore a method to enlargen the region
of convergence, at the expense of the quadratic convergence.

15 Diverging Newton iteration for F(x) = arctan x
- T T T T T T

6 (Fig. 305

We observe a kind of “overshooting” of the Newton correction. To try and fix this, we introduce a
dampening factor A*) €]0, 1].

20+ — 50 _ B pR(z®) 1. F(gk)

To find this dampening factor, we use the following formula:

Affine invariant damping strategy

Choice of damping factor: affine invariant natural monotonicity test (NMT) [Deut1, Ch. 3]:
- k —(a(k Al k
choose *maximal” 0 < A% < 1: ”Ax(/\( ))Hz <(1- T)”Ax( )”2 (8.5.4.4)

Ax®) .= D F(x®))~1F(x¥)) — current Newton correction ,
where
AX(AR)) := D F(x®))~1F(x¥) — A®K) Ax(K)) " tentative simplified Newton correction .

8.6 Quasi-Newton Method

Computing the Jaccobian is expensive, therefore we look at a method to replace the derivative by some
approximation of it. In the 1-D case, we can simply choose some similar method, like the secant method.
In the general case we want to do something similar.
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Idea: Rewrite (8.6.0.1) as a secant condition for an approximation
Je ~ D F(x(®), x¥) = the current iterate:

Je(x®) — x(k=1)y = F(x()) — F(x(k-1))

B> teration: x*t1) .= x(®) —]k_lF(x(k)) :

Instead of calculating J}, for every step, we want to reuse J_1. In the end we get the Broyden quasi-
Newton method.

Final form of Broyden’s quasi-Newton method for solving F(x) = 0:
x+D = x0) L Ax®), Ax®) = —]k_lF(x(k)),

F(x%+1) (Ax®)T keNp.
lax®

Jev1 =k +

To initialize Jy we can for example use the exact Jacobi matrix D F(z(®).

To improve the range of local convergence, we can use the same ideas as we used for the dampened
Newton iteration.

Instead of calculating the inverse Jk_1 in every step, we can use a faster but less stable approach. This is
further explained in the lecture document, but since it is mostly complicated formulas, | left it out of this
summary.

8.7 Non-Linear Least Squares

We want to increase our scope to include overdetermined non-linear systems of equations. For this we
reuse many concepts from linear least squares.

Given F': D C R" — R™, n,m € N, n < m, we call z* a non-linear least
squares solution of F'(z) = 0, if

z* = argmin, . p || F(z)|[3

We often write

: 2
x* € D: x* =argmin _, ®(x), D(x):= ||F(x)]; -

It has to be noted that the factor % is simply a convention.

8.7.1 (Damped) Newton Method
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We assume that F' is twice continuously differentiable. Then the non-linear least squares solution z* has
to be a zero of the derivative of z — ®(z).

-
®d(x*) =min = grad ®(x) =0, where grad®(x):= gg(x), ey gg(x) €R".
1 n

We use the Newton interation to solve the n x n sytem of equations grad <I>(:L') = (. We get the following
iteration:

x6+D) = xO _ Hp(x*))~grad d(x*)) , (8.7.1.2)
where H®(x) € R™" is the Hessian matrix of @, see Def. 8.5.1.18:
20 ] !

_ nn
H®(x) = laxiaxj € R"" .

ij=1

The compution of the gradiant and the Hessian matrix of the gradiant can be seen in the video or lecture
document.

8.7.2 Gauss-Newton Method

The Gauss-Newton method is an alternative, that is not dependent on the second derivative. It is based on
the idea of linearization.

argmin||F(x)||,  is approximated by  argmin||F(xp) + D F(xo)(x —xo)||, ,
x€R" xR

We end up with the following iterative method:

Initial guess x® eD

xEFD) = x®) 45, 5= argmin

s'eR”

‘F(x(k)) + D F(x®)s! ,

> 4
a linear least squares problem!

This can be solved with the techniques for linear least squares problems from chapter 3.

10. Additional Content

Ending this summary with one of the greatest copy pastas.

The Hiptmair knows where he is at all times. He knows this, because he knows
where he isn't.

By iterating where he isn't from where he is, or where he is from where he isn't --
whichever is the supremum -- he obtains a difference or deviation. The guidence
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subsystem uses discrete deviations to generate Piecewise Polynomial corrective
commands to drive the Hiptmair from a node set where he is to a mesh interval
where he isn't and arriving at a position where he wasn't, currently he is.
Consequently, the Chebychev Nodes that he has are now the nodes that he hadn't
and it follows that the Cardinal Basis that he computed is now the basis that he
didn't. In the event that the Fixed-Point Approximation that he derived is not
consistent with the n-th root of unity, the system has acquired a variation. The
variation being the Least Squares between where the Hiptmair is and where his
Orthogonal Complement wasn't. If the Eigenvalue of the variation is considered to
be a significant roundoff error, it too may be corrected by the Basic Linear Algebra
Subprograms(BLAS); however, the Hiptmair must also know where he was.

The Hiptmair guidence computer scenario works as follows; because a periodic
guadrature formula has modified some of the information the Hiptmair has
obtained, he is not sure just where he is; however, he is sure where he isn't (within
reason) and he knows where he was, in case the QR-Decomposition of the Cosine
Transform is regular. He now subtracts where he should be from where he wasn't,
or vice versa, and by differentiating the inverse of the Newton Correction from the
algebraic sum of where he shouldn't be and where he was, he is able to obtain the
exponential convergence and it's hermetic variation, which is called Matrix
Multiplication.
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