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We establish a precise three-term asymptotic expansion, with an optimal
estimate of the error term, for the rightmost eigenvalue of an n X n random
matrix with independent identically distributed complex entries as n tends to
infinity. All terms in the expansion are universal.

1. Introduction. Large random matrices are frequently used to model complex systems
of many degrees of freedom. Quantum Hamiltonians are naturally self-adjoint, so their con-
ventional random matrix models are Hermitian; the most common example is Wigner ma-
trices. Beyond quantum mechanics, random matrices often appear without any symmetry
condition in natural phenomenological models. For example, the time evolution of many
interacting agents w = (uq,us,...,u,) may be described by a linear system of differential
equations of the form

d
(1.1 Eu

Lacking any specific knowledge about how u; precisely influences the evolution of u;, the
simplest phenomenological model assumes that the coefficient matrix X is random. Despite
its simplicity, since the ground-breaking paper of May [57], this model has been exten-
sively used to describe the evolution of complex systems both in theoretical neuroscience,
see e.g. [61, 65] and in mathematical ecology, e.g. [3, 4], see also a recent comprehensive
review [5]. The problem is often presented in the form [65]

d
at"
where the identity matrix stands for a natural exponential decay at unit rate and the coupling
constant g > 0 explicitly expresses the strength of the random couplings. The main question
is to tune g so that the system is stable in the sense that it is neither exponentially decaying nor
exponentially increasing. The maximal growth rate of the solution of (1.2) is determined by
the maximal real part of the spectrum of the coefficient matrix —I + ¢gX. This motivates the
main task of this paper: to understand very accurately the real part of the rightmost eigenvalue
of a large non-Hermitian random matrix.

We remark that a similar optimal stability question of (1.2) for uniformly random initial
data u(0) and when the size of u(t) measured in £2-sense has been answered in [20, 58]
when the coefficients x;; are all Gaussian and in [31, 32] for more general distributions even
beyond the i.i.d. case. The rightmost eigenvalue studied in the current paper is relevant when
we consider the worst-case scenario, i.e. when we measure w(¢) in maximum norm and we
take the supremum over all initial data «(0) (see Corollary 2.4 below).

(t) = Xu(t).

(1.2) (t) = (=1 +gX)u(t),
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To be more specific, we consider n x n random matrices X with independent, identi-
cally distributed (i.i.d.) matrix elements, called the i.i.d. matrix ensemble. This is the non-
Hermitian counterpart of the Wigner ensemble. We choose the normalization such that

Tij 4 n=1/2y, forall 4, j, where y is a fixed complex centred random variable with E |y|2 = 1
and E x? = 0. This normalization guarantees that the spectrum of X remains essentially
within the unit disk, uniformly in n. We claim our result and present the proof only for the
complex case but our basic method works for the real case as well. We will comment on the
necessary modifications that we do not carry out in this paper for brevity.

More precisely, the celebrated Girko’s circular law, proven in increasing generality in [10,
43, 66], asserts that the eigenvalue density of X is uniform on the unit disk of the complex
plane. Furthermore, there are no outlier eigenvalues far away since the spectral radius p(X)
converges to 1, see [11, 15, 16, 41]. A speed of convergence of order n~1/ 2+€ for any small
e > 0, with very high probability was recently established in [6]. Nevertheless some extremal
eigenvalues do lie outside of the unit disk, hence max Re Spec(X) is slightly larger than one.
It is well known that eigenvalues genuinely fluctuate on scale n~1/2 near the boundary of the
unit disk, in fact the local eigenvalue statistics in this regime is universal [23]. Therefore we
know that

n~1? < maxReSpec(X) — 1 < n~/2+e

holds for any € > 0 with very high probability and our goal is to find a more accurate asymp-
totics. We remark that this natural question was posed in the first version on the arXiv of [16]
in Section 1.1.8. Beforehand, a leading order large deviation principle was established for
max Re Spec(X) even for the more general elliptic ensemble in [12] and the refined asymp-
totics was mentioned as an open question.

For the complex Gaussian case, i.e., when Y is a standard complex random variable (Gini-
bre ensemble), the eigenvalues form a determinantal process with an explicit correlation ker-
nel computed first by Ginibre [42]. Based upon these formulas in our companion paper [28]
we recently gave a new short proof of the exact asymptotics:

(1.3)

n 1 —5logl —log(2n*
maXReSpec(X)§1+ 7_4_ ._logn 5loglogn — log(27*)

_1 (G
4”’L 4””]/"}/” ny ’Yn * 2 )

where the random variable &,, converges to a Gumbel distribution

lim P(®, <t)=exp(—e ")

n— o0

for any fixed ¢ € R with an effective error term. We also proved a similar result for the real
Ginibre ensemble. These results without error term were first proven by Bender [14] in the
complex case and by Akemann and Phillips [2] in the real case even for the more involved
Gaussian elliptic ensembles where a sophisticated saddle point analysis for the correlation
kernel was necessary, while our proof in [28] is elementary. In particular, we obtained that
typically

logn — 5loglogn — log(27*) 0 1

8n + ( vnlogn )
for the Ginibre ensemble. In this paper we prove (1.4) for any i.i.d. matrix ensemble, in par-
ticular we show that the three-term asymptotics is universal in the sense that it is independent
of the single entry distribution y. The Gumbel fluctuation is also expected to be universal;
this is an open problem that we leave to future work. However, our result (1.4) already implies
the tightness of &,, in (1.3) even for the i.i.d. case, see Remark 2.5 below.

(1.4) max ReSpec(X) =1+ \/
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FIG 1. The figure shows the eigenvalues of complex Ginibre matrices. The eigenvalues for the left figures have
been computed for 50 independent Ginibre matrices of size 50 x 50, while for the right figure 100 independent
matrices of size 100 x 100 have been sampled. The gray box on the right right hand side indicates the high-
probability location of the eigenvalue with the largest real part.

Extreme value statistics for independent random variables are fully described by the
Fisher-Tippett-Gnedenko theorem, with the Gumbel distribution being one of the three main
universal laws. The three-term asymptotics for the scaling factor is also common, for example
the maximum of n standard Gaussian variables is given by

/2Togn — loglog n + log(4m) n 1 &

& 2¢/2logn V2logn

where &,, is again asymptotically Gumbel. While such precise asymptotics in the indepen-
dent case is a fairly simple exercise by the tail asymptotics of the individual random vari-
ables, it is remarkable that such precision can be maintained in certain weakly correlated
situations' such as max ReSpec(X). The intuition is that effectively only few rightmost
eigenvalues compete for max Re Spec(X) and these eigenvalues are typically far away from
each other, well beyond their correlation length of order n~'/2, hence they asymptotically
form a Poisson point process and are essentially independent. While this scenario could be
directly verified for the Ginibre ensemble [28] (and even for the more general Gaussian el-
liptic ensemble [2, 14], as well as for the chiral two-matrix model with complex entries [1]),
its validity for a general i.i.d. matrix is a highly nontrivial fact since explicit formulas for the
eigenvalue correlation functions are lacking.

We remark that starting with the ground-breaking paper of Fyodorov, Hiary and Keat-
ing [38], see also [39], similar three-term asymptotics have recently been investigated
for extreme values of characteristic polynomials of various random matrix ensembles,
e.g. [40, 7, 60, 21, 51], as well as for the Riemann (-function, e.g. [62, 8, 59, 44, 9]. In
a different context, the largest eigenvalues of minors have recently been shown to follow
Gumbel distribution as well [37].

We now briefly comment on the novelties of our method to prove (1.4); more details will
be given in Sections 2.2 and 2.3. The standard method to extend any result on local eigen-
value statistics from the Gaussian case to a random matrix with a general entry distribution is
the Green function comparison theorem (GFT) going back to [35], see also the related Four
moment theorem of Tao and Vu [67]. Direct application of GFT in the bulk spectral regime for

! Another such situation, introduced first in [48], is the transition between Gumbel and Tracy-Widom distribu-
tions for GUE with an independent sizeable random deformation.
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Hermitian matrices typically assumes that the third and fourth moments of the entry distribu-
tion also (almost) match, and a more sophisticated dynamical approach relying on the Dyson
Brownian motion is necessary to remove these restrictive matching conditions [34, 17, 52].
At the edge regime, however, two matching moments are sufficient for GFT [36]. Alter-
natively, at the edges the Green functions can be controlled along the Ornstein-Uhlenbeck
(OU) matrix flow for a very long time which allows one to compare a general matrix with
a Gaussian one directly. This flow idea was first used in [53, 54] (see also [64, 63]) in the
Hermitian context to investigate the Tracy-Widom edge universality and later in [23] for the
non-Hermitian situation in the edge regime of the circular law. In the latter case first one
translates the non-Hermitian eigenvalue problem to a Hermitian one via Girko’s formula

(1.5) Z f( )= /Af A(z) = /OOOImTrGZ(in)dn,

o€Spec(X
and then performs the analysis for a continuous family of Hermitized resolvents, parametrized
by an additional spectral parameter z € C, given by

(1.6)  G*(w):=(H* —w) !, HZ;:(X*O_EXO_Z>, weC\R.

Customarily one performs a cumulant expansion (see e.g. in [49, 19, 56, 45, 33] for the
random matrix context) for the time derivative of F'(Tr G¢(w)), where F' is a smooth test
function and G(w) is the Green function at time ¢. The spectral parameter w is chosen suffi-
ciently close to the real axis to detect individual eigenvalues, i.e. 7 := Im w is smaller than the
typical eigenvalue spacing, e.g. 7 < n~%/% in the Hermitian edge regime and n < n~3/* in
the non-Hermitian edge regime where the spectral density of H* develops a cusp singularity
at zero. Typically the first and second order terms in the cumulant expansion are automat-
ically cancelled by the choice of the OU process, the third and fourth order terms require
careful estimates, while terms with higher order cumulants can be estimated quite crudely.
The estimates are done via the optimal local laws that identify the leading deterministic term
of the Green functions plus an error term. In the edge regimes where 7 := Imw is typically
much larger than 1/n, the cumulant expansion can be iferated: in every step one may gain an
additional factor ¢ := 1/(nn) < 1 in the error terms from the so-called un-matched indices
(Definition 4.4), while the leading deterministic terms can be computed and the first non-
vanishing one gives the final size. We need to exploit an explicit cancellation of the leading
term after the z-integration in (1.5), forcing us to expand beyond the usual order. The itera-
tive cumulant expansion has been systematically developed in [64, 63] after several previous
works using the iterative gain from un-matched indices [36, 29] combined with cancellations
of leading deterministic terms in certain situations [55, 46, 47].

The main difference between the current work and all previous applications of sophisti-
cated cumulant expansions along a GFT proof is that now we work in a very atypical regime
which means that all natural a priori estimates from local laws are off by a large factor (of size
n'/%). Indeed, due to the curvature of the unit circle near 1, the eigenvalues that may typically
contribute to max Re Spec(X) are located in an elongated vertical box of size n~1/2 x n~1/4
(modulo logarithmic factors) with center around 1+ |/, /4n and this box contains typically
finitely many (independently of n) eigenvalues, see Fig. 1 — this was proven for the Gaussian
case in [28]. Therefore to obtain a lower and upper bound on max Re Spec(X') we will need
to use (1.5) for a smooth test functions f supported on such box and we need to control (1.5)
in expectation and variance sense.

If f in (1.5) is a smooth function supported in this box then [.|Af(2)|d?z ~ n/4 is
unusually large due to strong anisotropy of the box. The typical size of the fluctuation of
A(z) by local law is [;° n~!dn ~ O(1) (ignoring logarithmic singularities). Thus the naive
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size of the fluctuation in the rhs. of Girko’s formula in (1.5) is of order n/4 for a quantity that
is only of order one by its lhs. This overestimate has a drastic effect on the usual cumulant
expansions. Higher order terms in the cumulant expansion of F/( [ Af(2)A(z)d?z) will
involve higher powers of the problematic quantity [(Af)A whose a priori size we do not
control effectively. For smooth and bounded test functions F' the standard iterative cumulant
expansion, similar to [64, 63], is still effective but only if n'/4) =n'/*/(nn) < 1, i.e. in the
regime where 7 >> n~%/*. We circumvent this difficulty by considering only the expectation
and the variance of [(Af)A instead of a general test function F' which has the advantage
that the Taylor expansion of F' stops at first or second order. This restricted choice of F' is
the main reason why our current result is able to control only the size of max Re Spec(X)
in (1.4) but not yet its Gumbel fluctuation.

The complementary 7 < n~3/% regime is not accessible by robust expansions. In fact, the
regime 7 < n~%/4 is dominated by the smallest (in modulus) eigenvalue \* of H* (equiva-
lently, the lowest singular value of X — 2), especially by its lower tail behaviour. Two inde-
pendent special effects need to be exploited simultaneously. First, there is a level repulsion
between A\* and —\* (since the spectrum of H? is symmetric to the origin, hence —\* is
also an eigenvalue), which effectively suppresses the event that |A\*| is much smaller than its
natural scale n~3/%. Second, the density of non-Hermitian eigenvalues (of X) are suppressed
by a factor e (21=1%/2 i the regime where |z| > 1, expressing the very strong concentra-
tion of the spectral radius near 1. Heuristically, this gives an additional small factor of order
e~Z1=1)%/2 for the lower tail of \* as well. However, note that having a non-Hermitian
eigenvalue extremely close to z and A\* being unusually small is not an effectively control-
lable relation, even though z € Spec(X) is equivalent to A\* = 0. Both effects are extremely
delicate and cannot be obtained directly for a general i.i.d. ensemble, but they can be ex-
tracted from the corresponding Ginibre ensemble via explicit calculations. We therefore first
establish a very accurate lower tail estimate on A* in the Ginibre case (see Proposition 2.7
below), then via a separate GFT argument we transfer its consequence to the i.i.d. ensemble
by obtaining an improved bound on E Im Tr G*(in) (see Proposition 3.6 below). Up to an
intermediate cutoff scale 77 < n~"/8 this bound is sufficient to overcome the n'/# loss from
J |Af]|, ensuring that this small-7 regime is negligible in the expectation sense and proving
that only the n > n~7/® regime matters in (1.5).

Finally, we revisit the iterative cumulant expansion for the large-n regime and use that
we are interested only in the expectation and variance instead of a general F'. This means
that the factor [ |Af] ~ n'/* occurs at most twice which can still be compensated by the
improved estimate on E Im Tr G*(in) in the cumulant expansions. For the comparison argu-
ment we also need a variance bound on the large-n regime for the Gaussian case, which is not
available directly, but which we deduce indirectly from the variance of the lhs. of (1.5) (that is
available via the Ginibre kernels [28]) and from the vanishing variance of the small-7 regime.
The optimal variance bound for the entire 77 < n~3/4 regime would require the precise cor-
relation between \* and \*' for two different spectral parameters z, 2’ — an information that
is not available even in the Gaussian case. Nevertheless, the suboptimal estimate, ignoring
the decorrelation for large z — 2/, is still sufficient for our smaller regime 7 < n~"/8. This
is another independent reason for choosing the threshold n~7/8 for splitting the n-integral
in (1.5).

Note that we use the n~7/8 threshold to distinguish between the negligible small-7 regime
and the large-n regime requiring separate GFT comparisons, although the natural cutoff
threshold should have been at n—3/4 (the threshold n~7/8 is only a technical choice).

In summary, our proof is much more involved than a typical direct iterative GFT argument
and requires to choose an unnatural” threshold n~7/% due to two main reasons: (i) we do not
have almost matching a priori bounds due the anisotropy of the regime we consider, and (ii)
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. . . . . . .
the necessary direct information on the correlation between A* and A* is lacking even in the
Gaussian case.

Notations and conventions. We introduce some notations we use throughout the paper.
For integers k,l € N with k& <[ we use the notation [k,!] := {k,k + 1,...,1}. For positive
quantities f,g we write f < gand f ~ g if f <Cgorcg < f < (g, respectively, for some
constants ¢, C' > 0 which depend only on the constants appearing in (2.1). For n-dependent
positive sequences f = f,,g = g, we also introduce f < ¢ indicating that f,, = o(gy,). We
denote vectors by bold-faced lower case Roman letters x,y € C*, for some k € N. Vector
and matrix norms, ||z|| and || A||, indicate the usual Euclidean norm and the corresponding
induced matrix norm. For any 2n x 2n matrix A we use the notation (A) := (2n)~'TrA
to denote the normalized trace of A. Moreover, for vectors &,y € C" and matrices A, B €
C2*2n we define

<m>y> = Zjiyia <A7B> = (A*B>

Moreover, we use A = 40,0; to denote the usual Laplacian and d?z denotes the Lebesgue
measure on C. For any function & : C — C, we define the LP-norm by ||A[|} := [ [h(2)[P d?=.

We will use the concept of “with very high probability” meaning that for any fixed D > 0
the probability of the event is bigger than 1 — n =" if n > ny(D). Moreover, we use the
convention that ¢ > 0 denotes an arbitrary small constant which is independent of n. Finally,
we introduce the notion of stochastic domination (see e.g. [30]): given two families of non-
negative random variables

Yo (X(")(u):nEN,UGU(n)> and Y = (Y(”)(u):nGN,uGU(")>

indexed by n (and possibly some parameter u in some parameter space U (™), we say that X
is stochastically dominated by Y, if for all £, D > 0 we have

(1.7) sup P {X(”) (u) > ngY(")(u)} <nP

ueUm
for large enough n > ny(&, D). In this case we use the notation X <Y or X = O0L(Y). We
also use the convention that £ > 0 denotes an arbitrary small constant which is independent of
n. We often use the notation < also for deterministic quantities, then the probability in (1.7)
is zero for any £ > 0 and sufficiently large n.

2. Main result and the proof ingredients. In this section we first formulate our main
result precisely for the complex symmetry class. Then in Section 2.2 we collect some key
ingredients of the proof from the literature: the local circular law, the strong concentration
of the spectral radius, Girko’s formula, the local law for the Hermitized matrix H?, and
most importantly we present a new lower tail bound on the smallest (in modulus) eigenvalue
of H? (Proposition 2.7 with its proof presented in the appendix). In the brief Section 2.3
we informally explain the main strategy that will be formalized in Section 3. Finally, in
Section 2.4 we comment on the extension of our argument to the real symmetry class.

2.1. Statement of the main result. We consider n x n matrices X with independent iden-

tically distributed (i.i.d.) entries x4y 4 n=1/ 2y. On the n-independent random variable y we
make the following assumption:
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ASSUMPTION 2.1.  We assume that Ex =0, E |x|? = 1; additionally in the complex
case we also assume that E x? = 0. Furthermore, for any p € N we assume that there exists
constants C), > 0 such that

(2.1) E |x*| < Cp.

Moreover, we assume that there exists o, 3 > 0 such that the probability density of x, denoted
by g, satisfies

(2.2) ge LY F), |glhia <n®, F=RorC.

REMARK 2.2. The condition on the density (2.2) is used only to control the unlikely event
that there is a tiny singular value of X — z in a very simple way; see (3.41) below. We make
this assumption only to simplify the presentation of the proof. It can easily be removed with
a separate argument from in [68, Section 6.1] (see also a slightly streamlined version in [50,
Section 2.2]) as follows. To deal with a random matrix X failing to satisfy (2.2), one may
add a tiny independent Gaussian component n~ 7 Xqauss t0 X for some large fixed v > 0 to
achieve a probability density for the entries that satisfies (2.2), hence our main results hold
for X +n7"7 Xqauss- This tiny component n~" X qauss can then be removed by using the proof
of [68, Theorem 23] (or its refinement [50, Lemma 4]) that combines a sampling idea with
the standard moment matching technique®. We will not present the details here since they are
fairly standard and they are independent of our main arguments.

Let {0 }sc[1,n] be the eigenvalues of X, then our main result is the following:

THEOREM 2.3. Let X be an n X n matrix satisfying Assumption 2.1 in the complex case,
and define

_logn —5loglogn — log(2n?)

(2.3) Yn : 5 .

Then

2.4) lim P< max Reo; —1— /2| > i) =0
n—00 i€[1,n] dn| ~ Any, ’

for any sequence® C,, — <.

We remark that Theorem 2.3 with the same proof holds if instead of the eigenvalue with
the largest real part we consider the largest eigenvalue in any given direction, i.e. (2.4) holds
for max; Re(e?o;) with any fixed # € R, but for simplicity we consider the # = 0 case. We
also note that the matrix elements of X do not necessarily have to be identically distributed.
Our proof works with minor modifications as long as all the entries Y., = v/nZqp satisfy
Assumption 2.1 uniformly for any a, b, but for simplicity we consider the i.i.d. case.

We stated our main Theorem 2.3 only for the complex case. The same result holds for the
real case but we give a complete proof only for the complex case; we explain the reason in
Section 2.4.

Our precise estimate on max; Re o; has the following immediate corollary on the solution
to (1.2) with an i.i.d. matrix X.

“This theorem shows that if the first four moments of the single entry distributions of two ensembles X and
X coincide, then their microscopic local statistics are close with an effective error. With sufficiently high moment
matching a straightforward modification of the proof of [68, Theorem 23] yields much finer error estimates up
to any polynomial order in 1/n which can be used to offset the anisotropic loss of our test function f. The same
conclusion also holds if the moments do not exactly match, but they differ only up to an order n~ 7.

3Following our proof we may obtain an effective control on the probability in (2.4) of order O(Cy, 7 +n" ")
for some fixed 7 > 0.



COROLLARY 2.4. Let u(t) be the solution to (1.2) with deterministic initial condition
u(0) and with coupling constant g = g,. Then for any sequence C,, — oo, the following
statements hold with probability tending to one as n — oo

() Ifg<1— /2 - Vfw then

max; |’LLZ(t)|

lim sup =0.
t—oo 1NaxX; |u2 (0)|
() Ifg>1— /2 + \/4077T then
i sup 22O _

oo Max; |u;(0)]

This corollary shows that to prevent the decay or blow-up of the solution for arbitrary
long time, i.e. to remain in the so-called stable regime in many applications, it is necessary
to fine tune the coupling constant very accurately. Our main theorem can also be used for
sufficient conditions for stability up to a certain time scale of order \/4n/~, but we refrain
from formalizing such statement. We note that the maximum norm on u and the deterministic
initial condition indicate that we considered the worst-case scenario. As we mentioned in the
introduction, the problem with random initial data and measuring stability in ¢?-sense has
been investigated earlier and gives a somewhat different optimal tuning for g.

REMARK 2.5. Theorem 2.3 implies that the sequence of random variables

&, :=+/4nvy, | max Reo; — 1 — \/E]
ic€[1,n] 4in

is tight, hence it has subsequential limits by Prokhorov’s theorem. The limit is conjectured

to be unique and to be the standard Gumbel distribution with distribution function F(z) =

exp(—e ™) in the complex case and F(x) = exp(—3e~") in the real case. For the Ginibre

ensembles this conjecture was recently proven in [28].

2.2. Proofingredients. First we recall two earlier results that locate max;cp; ,j Reo; on
a cruder scale than our eventual target precision. The local circular law [18] implies that for
any fixed 7 > 0 there is an eigenvalue in the rectangle

nT nT nT/Z nT/Z
G 1*%] g [‘m’ m}
with very high probability, using the curvature of the boundary. In particular, this shows that

typically maxp; ,j Reo; > 1 —n~/2¥7_ Furthermore, by [6, Theorem 2.1] we have a strong
concentration estimate for the spectral radius p(X) = max;cpy ,p |ol:

(2.5) Q= |1

n’l'
(2.6) Ip(X) ~ 1< =

for any 7 > 0, with very high probability. In particular, fixing a small 7 > 0, (2.5) and (2.6)

imply that the rightmost eigenvalue is located in €2y, see Fig. 2.
Next we will show that with vanishing probability,

Tn
27 i—1— )2
@D g Reo an

> Cn
~ Vany,’
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/1—2/+

FIG 2. The figure shows the domains q,$21,o. The set 21 is chosen such that the number of eigenvalues

therein are approximately Poisson-distributed with parameter 2sinh(Cp) ~ eC", while in Q9 no eigenvalues
are expected with high probability.

with ,, from (2.3) and C,, being any sequence C,, — co. To see this, we define the following
two sub-rectangles of €2y with the same height:

Tn Cn Tn Ch n7/2 pT/?
2. Q=11 -— - 1 n -z
@8 th [ Ve T 4n+\/M} X[ nU/A° i/t |

Tn Cn n’ nT/2 n'r/2
2.9 Qo= |1 m 14— I
9 2 [ +\/ 4n+\/4n’yn7 +\/ﬁ}x[ nt/47 nl/4]’
see Fig. 2. From now on without loss of generality we may assume 1 < C,, < (logn)'/2.
To prove the upper bound in (2.7), it suffices to show that
(2.10) P(#{0: € 05} > 1) < B[#{o: € 0} = o(1),

here by o(1) we denote a quantity that goes to zero as n — oo. To prove the matching lower
bound in (2.7), P (#{o; € 1} =0) = o(1), we need not only the expectation bound

2.11) E[#{0; € 2} > co,

for some n-independent constant cy > 0, but also the concentration bound

(2.12) E |#{o; € W} — E[#{0o; € W}]| = o(1) E[#{0; € 01 }].

More precisely, using the Markov inequality in combination with (2.11) and (2.12), we get

(2.13)
P(#{Uz S Ql} = 0) < P(‘#{O’Z € Ql} — E[#{O’Z S Ql}H > w> = 0(1).

Now we have reduced the proof of (2.7) to proving the expectation bounds in (2.10),
(2.11) and the concentration bound in (2.12). Their proof consist of two main steps. We first
use the explicit formulae for the eigenvalue correlation functions of the Ginibre ensemble
to show that (2.10)-(2.12) hold true for the Gaussian case. In fact, we will need a slightly
modified version of these estimates where the counting functions are replaced by a smooth
test functions supported on the corresponding {2 domains, see Lemma 3.1 below, whose proof
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is an easy consequence of our estimates on the Ginibre correlation kernel from [28]. In the
second step we then use the Green function comparison theorem (GFT) to extend the above
estimates to general i.i.d. matrices. In the rest of this section we now introduce some tools
for this second step and explain the strategy.

To perform a GFT analysis we rely on Girko’s Hermitization formula [43] in the form
introduced by Tao and Vu [68]:

(2.14)

g 1 r 1
> flo)=—— / Af(z)/ Im Tr G* (in) dnd?z + — / Af(z)log|det(H?* —iT)|d%z,
i—1 47 C 0 47 C
for any 7' > 0 and for any compactly supported smooth test function f € C2(C). Here we
recall the definition of the 2n x 2n Hermitian matrix H~ and its resolvent G* from (1.6):

2.15) H?:= (X*O_EX(;Z), G*(w):=(H* —w)~!, weC\R, zeC.

The 2 x 2 block structure of H? induces a symmetric spectrum around zero, i.e. the eigen-
values of H* are {\];};c[i,n) (labelled in a non-decreasing order) with \*; = —\? for
i € [1,n]. Note that {\? }ie[[l,n]] exactly coincide with the singular values of X — z. As a
consequence of the spectral symmetry of H*, we find that

G;,(in) =iIm G}, (in), ImG3,(in) >0, vE2n], n>0.

Our fundamental input, the local law for G* stated below in Theorem 2.6, asserts that as
n — oo the resolvent G* becomes approximately deterministic. Its deterministic approxima-
tion is given by

2oy — (1 (i) m* (in)
where m? is the unique solution of the scalar equation

2
(2.17) — mzl(w) =w+m*(w) — w—|—|zT|Z(w)’ with  Im[m?®(w)|]Imw > 0,
and
(2.18) m*(in) := —zu®(in), w*(in) = M
’ n + Imm?(in)

By taking the real part of (2.17) it readily follows that on the imaginary axis m? is purely
imaginary, hence m?(in) = iImm?(in) (which also implies that u*(in) is real). In addition,
by [6, Lemma 3.3] we have that

<n<l.

S R— 2| > 1
2.19 Imm?(in) ~ § L= ,
( ) (77) {771/3+|1_|Z|2|1/2’ |z|§1

With these notations we have the local law for the resolvent G* on the imaginary axis:

THEOREM 2.6 ( Theorem 5.2 [6], Proposition 1 [23]). For any deterministic vectors
x,y € C* and matrix A € C*"?" for any z with —Cn~'? < |z| — 1 < n~Y?*7 and
n-1< n <1, we have

(2.20) |, (G%(in) — M*(in))y)| < ||| ||yl (nl/%nl/g + ni

)

n
Al

(2.21) [(A(G*(in) — M*(in)) )| < "
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To apply Girko’s formula (2.14) for the proof of (2.10)-(2.12) we need to regularize
the indicator function on the corresponding §2 = 21, {25 domains, and we also split the 7-
integration into two regimes which require different analysis. Hence, with some properly
chosen smooth cut-off function f (see (3.2)—(3.6) below), we have

(2.22)
n 1 Mo T ]
#{o; € Q}%;f(al) = _E/CAJC(Z) </0 +/170 > Im Tr G*(in) dnd?z =: I} —i—[%;,

with 7" := n1% and 7 is an intermediate cutoff level n~7"/8~7 with the fixed 7 > 0 from (2.5).
The small-n regime, 1°, and the large-n regime, Ig; , are analysed separately.

For very small 7, the local law (Theorem 2.6) does not effectively control the resolvent
G*(in) as it is dominated by the smallest (in modulus) eigenvalue A of H* (equivalently, A%
is the smallest singular value of X — z). We need a separate lower tail estimate for it, which
is done again in two steps: first for Ginibre matrices and then we extend it to i.i.d. matrices
via GFT. Besides the level repulsion effect, this accurate estimate also contains an additional
small factor due to the fact that z is far outside of the unit disk, although this second effect is
needed only for the Ginibre ensemble in this paper.

We now state the precise lower tail result for the Ginibre ensemble. Its proof, which is
given in the appendix, relies on the explicit formula for the correlation functions of the eigen-
values of (X — 2)*(X — z) from [13], or, alternatively, on the supersymmetric representation
of its resolvent from [22]. In the sequel we denote by PS®, EG™ and Var®™ the corre-
sponding probability, expectation and variance.

PROPOSITION 2.7. Fix § := |z|? — 1 with n™'/? < § < 1 and let N3 be the smallest
singular value of X — z, where X is a complex Ginibre matrix. Then there exists a constant
C > 0, independent of n and 3, such that for any y < C/(nd?) we have the following lower
tail bound

(2.23) PGin (/\'f < y53/2) S y2(n52)4/3e_”52(1+0(5))/2'

Recall that %Im m?*(z +10), the self-consistent density of states of H?, has a gap of size
463 /27 close to 0 justifying the 63/2 scaling in (2.23) (see the paragraph below [22, Eq.
(18a)], we remark that in [22] we defined J with the opposite sign).

2.3. Sketch of the proof of (2.10)-(2.12). Having introduced the necessary ingredients,
we briefly summarize the strategy to prove (2.10)-(2.12) for i.i.d. matrices. These steps will
be outlined more precisely in Section 3 after the necessary cutoff functions are introduced.

The exponential factor in (2.23), obtained for |z| > 1 away from the boundary, ensures that
with our choice 19 < n~7/8, B¢ ‘Igo |2 is negligible, which implies that the main contribu-
tion to both the expectation and the variance of (2.22) comes from the large-n regime, I;;FO , at
least for the Ginibre matrices. Next we will use GFT arguments to extend these Ginibre esti-
mates to generic i.i.d. matrices. We first show that E' |I;°| is negligible also for i.i.d. matrices
using the bound on the resolvent for Ginibre ensemble implied by Proposition 2.7 together
with a GFT argument. Then we will consider the large-n regime and use another GFT to

show that E[Ig:} ] and Var[Ig; | have the same bound as their Ginibre counterparts (modulo a
negligible error). Finally, we need a bound on V ar™ [Ig; |, which is not accessible directly,
but can be deduced indirectly from Var®m (1" + I;;FO ) = Var®®(#{s; € Q}) and using
that ES™ | 17| is negligible.
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2.4. Comments on the real symmetry class. We stated and proved our main result only
for the complex case; the proof for the real case would require two changes. First, the precise
form of the cumulant expansions behind the GFT arguments slightly depends on the symme-
try class: the real case yields some extra terms that can be treated routinely (see e.g. [24, 64]
for an analogous extension). Second, we prove the lower tail bound in Proposition 2.7 only
for the complex case since our detailed proof relies on the formula from [13] that has no
analogue for the real case. The alternative supersymmetric method has both complex and
real versions, the latter being considerably more involved. For the sake of brevity, we show
how the complex version can also be used to prove Proposition 2.7 and we omit the more
cumbersome details of the real case, however we have no doubt that this analysis is feasible
based upon our experience from [22, 26]. Precise tail bounds in both symmetry classes for
the |z| <14 O(n~'/?) regime have already been proven in [22, Corollary 2.4] (see also
[26, 27]). In the real case the factor y? in (2.23) is replaced with (y* + yexp (—2(Im z)?)
indicating a weaker level repulsion near the real axis. This weaker estimate however does not
affect the usage of Proposition 2.7 in the main body of our proof since it is effective only for
a small regime of the z parameter.

The rest of the paper is organized as follows. In Section 3, we prove our main theorem
using the GFTs for the two different n regimes as an input. Next, we prove the GFT used for
the small-n integral, i.e. Proposition 3.6 in Section 4, and then in Section 5 we present the
proof of Proposition 3.8 used for the large-7 integral.

3. Proof of Theorem 2.3. To use Girko’s formula for proving (2.10)-(2.12), we need to
first regularize the indicator functions. For the domains €, k£ = 1,2, given in (2.8) and (2.9),
we may choose two smooth cut-off functions f,~ and f,j which are supported on a slightly
smaller domain €2, C € and a slightly larger domain Q,j D Q) respectively, such that

n n
(3.1) Y filo) <#{oie M} <D file), k=12
i=1 1=1

In fact, for £ =1 we will only need the lower bound, while for £ = 2 we need only the upper
bound, so we will define only f;” and f;r , the other two cut-off functions are not used in our
proof.

More precisely, for the domain §2; given in (2.8), we choose the lower bound cut-off
function

(3.2) fr(z)=gr (@) (y), z=z+iyeC,
where g; (x) € [0,1] and k] (y) € [0, 1] are smooth functions given by

— 17 ‘.Z'—L’ §4ln/57 — 17 ‘y’ §4hn/57
33 — s h et
63 o) {0, ey L) {0, W,
Here, we used the shorthand notations
(3.4) L1t g, .= G hy =~ V/A+T/2.

4n Vany,’

with 1 < (), < v/logn. Additionally, g; , h; are defined so that their second derivatives can
be bounded by

3.5) o) S 1" ICRT)" Nl S b

~ ‘n
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For the spectral domain 5 given in (2.10), we similarly choose f, (z +iy) := g5 (¥)h3 (y)
where g; is supported on the regime enlarging the z-domain of 5 by 1,,/5 and h; is sup-
ported on the regime enlarging the y-domain of Q9 by h,, /5 (c.f., (3.3)), such that

(3.6) Ig) I Stats Ihs) e Shat

We are now ready to present the proof of our main result.

PROOF OF THEOREM 2.3. With the cut-off functions f; and f; as above we have (3.1)
and from (3.5) and (3.6), we also have

_ hn 1,
3.7 IAS N, IAfS T S 77 Snatzy/logn.

I

We will show the following results in expectation
(3.8) B[ ffo)] =0 E[Y sz,
i=1 =1

for some constant ¢y > 0, and the concentration result

(3.9) E ( Zn:f;(ai) -E [an f7 (0] ( —o(1)( E [if;(ai)} ).
=1 =1 =1

These two key results easily imply Theorem 2.3. More precisely, combining the second in-
equality in (3.1) for k = 2 with the first estimate in (3.8), we have

G100 P#oic @Iz <P(Y [F0)21) <E[Y f(0)] =o().
i=1 1=1

Moreover, using the first inequality in (3.1) for k£ = 1, the Markov inequality in combination
with (3.8) and (3.9), we have

P(#{o; €} =0)< P(Xn:ff(o—i) =0)
i=1
E| YL, fi (o)

> 5 =o(1).

3.11) <P

S fe) - B[ ()]
=1 =1

This shows that the key bounds (3.8) and (3.9) are indeed sufficient for the proof of Theo-
rem 2.3.

The first step to prove these key bounds is to use the explicit formula for the eigenvalue
correlation functions of the complex Ginibre ensemble to show that (3.8) and (3.9) hold true
for the Gaussian case.

LEMMA 3.1. For the complex Ginibre ensemble, we have
n n
3.12)  ECn [Z f;(ai)} <e4Cn/5,  pGin [Z fl_(ai)] > sinh(4C, /5),
i=1 i=1
with any C), < +/logn and

(3.13) VarSin [Zn: fl_(a,-)} < 20/ ( EGin [Zn: fl—(a,-)] )2.
i=1 i=1
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The proof of Lemma 3.1 is given in Section 3.4. The next step is to extend this lemma to
generic i.i.d. matrices. From now on, we use f to denote either of the smooth cut-off functions
1 f;r for simplicity of notation. Lacking explicit formula for eigenvalue correlations for
1.1.d. matrices, we first link the linear statistics in Lemma 3.1 to the Green function of H*
using Girko’s formula in (2.14). Choosing 7" sufficiently large, e.g. 7' = n'%?, we next show
that the last term in (2.14) is very small with very high probability. Note that

A7\ 2 Tr(H?)?
zZ_ 5 — _J — ik Sl
log | det(H?* —iT)| 2nlogT+Zlog <1 + <T) ) 2nlogT + O ( T2 >
j
n2

where we used that |z;;| < n~1/2 from (2.1). Using the L' norm of Af in (3.7), we have
1
(3.15) ‘E / Af(2)log| det(H? — iT)| d%‘ = O (n~100).
(¢}

Therefore, we have

gf(ai)z—ﬁ/cAf(zx/O"OJr/T)ImﬁGz(in)dnd2z+O<(n—1oo)

Mo
(3.16) = 1" () + I, (F) + O<(n™1%),

where we split the 7 integral into the two parts at the truncation level 7y := n~7/3~7, where
7 > 0 is the fixed small number from (2.5). Then the proof of (3.8) and (3.9) is reduced to
studying I (f) and I} (f) respectively. The idea is to first estimate I;°(f) and I} (f) for
the Ginibre ensemble and then extend these estimates to i.i.d. matrices using GFT arguments
respectively.

Next we outline the three main steps of the rest of the proof, the precise details will be
given in the following three subsections, respectively.

Step 1. For the Ginibre ensemble, we use the explicit lower tail bound for the smallest eigen-
value A7 in Proposition 2.7 to show that (see Lemma 3.4 below)

(3.17) B[ (1)F] = o(1), f=fror i,
Combining this with Lemma 3.1, we have

(3.18) ECN L, (F)]=0(1),  ESMI(f)]>¢,

for some constant ¢ > 0, and

(319 EG(1(f) — B ()" = o) (B (1))

Step 2. We next use a GFT argument (see Proposition 3.7 below) together with the corre-
sponding estimate of the resolvent (see Lemma 3.2 below) for the Ginibre ensemble to
show

(3.20) EIl(f)] =o(1), f=frorff.
This directly implies that

(3.21) E

> flo)—E [if(m)]

i=1




ON THE RIGHTMOST EIGENVALUE OF NON-HERMITIAN RANDOM MATRICES 15

Step 3. For the large—n integral [ 7:), we use another GFT argument (see Proposition 3.8 be-
low) to extend the corresponding Ginibre estimates (3.18)—(3.19) obtained in Step 1 to
1.1.d. matrices, i.e.,

E[IL ()] =) E[IL(UD)]ze
(3.22) E ‘Ig)(f;) _E {Ifg(fl‘)} ‘2 - 0(1)(E [I,{)(f;)])%

The variance bound (3.22) directly implies
B, (F7) = B, (FDl] = o(0)| B[ (FD)]]-

Combining this with (3.21) for f = f;", we proved the concentration estimate in (3.9). It is
also straightforward to prove the expectation estimates in (3.8) using the first line of (3.21)
and the corresponding expectation estimates in (3.22). Hence we completed the proof of
Theorem 2.3. ]

Notice that our strategy follows a somewhat unconventional indirect route. Typical proofs
based upon the Green function comparison method assume that all necessary information is
available for the Gaussian model. This does not quite hold in our case; Step 1 above is not
a purely explicit calculation. While the statistics of the eigenvalues of the Ginibre ensemble
are fully available via explicit formulas in both symmetry classes, less is known about the
eigenvalues of H?. For a fixed z, their correlation functions are known, at least in the complex
case, but no explicit formula is available for their statistics for different z’s. Note that the
variance of 1, g; (f) in Step 1 involves the correlation between eigenvalues of H* and H* for
two different z, 2’ and the necessary estimate requires this correlation to decay when z — 2’
are far away. While it is plausible that the local spectral statistics of H* and H*, especially
their lowest eigenvalues, are independent whenever |z — 2/| > n~1/2, this has only been
shown [24, 25] in the regime of their typical behavior; now we would need such information
in the atypical lower tail regime. Lacking such decorrelation bound, the variance of IZ:) (f)is
controlled indirectly as

Va,r,Gin([g;(f)) ~ Va,r,Gin (Igo(f) + Ig:)(f))a

as long as Var®™ (1) (f)) < Var®™ (I (f) + IL (f)). Using (3.16), the explicit Gini-
bre eigenvalue statistics gives the control for V ar®® (I (f) + I;;FO (f)). We cannot control

VarGin(IgO (f)) optimally, but we chose the threshold 7 sufficiently small that this variance
is negligible by (3.17) and thus no effective decorrelation estimate is necessary.
We now explain in details how Steps 1-3 are proven.

3.1. Ginibre estimate for I\ (f) and Ig; (f). Using the explicit lower tail estimate of the
smallest eigenvalue of H? in Proposition 2.7 with X being the complex Ginibre ensemble,
we obtain the following improved estimate:

LEMMA 3.2. Fixd = |2|? — 1 withn™'/? < § < 1. Then for any n < C/(nd'/?), it holds

ES™ [Im (G (in)] < 7 +n'*ne,

(3.23) ECn [(Im(Gz(in)>)2] <" ars00)/2 + Ui 4 nHe2s2
) ~ n2/351/3 52 ’

where € > 0 is an arbitrary small constant.
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REMARK 3.3. The exponential factor in (2.23) for the smallest eigenvalue \j does not
manifest in the first moment estimate on the resolvent since the main contribution comes from
larger eigenvalues. For the second moment, however, the lowest eigenvalue plays the leading
role.

The proof of Lemma 3.2 will be given in Section 3.4. Therefore from Lemma 3.2, for any
z € supp(f; ) Usupp(f;) and n < n=3/4¢ we have

(324) EC™ [Im(GE ()| SnSvmm,  ESM [(Im(G*(in))?] S nf (nn? 4+ n).
Thus we can prove that 1 (f) is negligible in the second moment sense:

LEMMA 3.4. Withno=n""/" and f = fi or f3f, we have
(3.25) EM I ()P = O<(n™77?).

The proof of Lemma 3.4 is given in Section 3.4. Combining Lemma 3.4 with Lemma 3.1
and (3.16), we have proved (3.18) and (3.19).

Next, we will use the Green function comparison to extend these Ginibre estimates to
generic i.i.d. matrices satisfying Assumption 2.1.

3.2. Green function comparison for I)°(f). In this part, we will show that I (f) is
negligible in the first absolute moment for generic i.i.d. matrices.

LEMMA 3.5. Withno=n""/3"", forany f = fi or f2+, we have
n o ) .,
(3.26) E|Ig“(f)|:E‘E/Af(z)/ Im(G* (in)) dn 2| = O(n™™).
C 0

We will postpone the proof of Lemma 3.5 to Section 3.4. The proof of Lemma 3.5 crucially
relies on the following improved estimate of the resolvent at the intermediate level 1 = 1
using the monotonicity of Im Tr G(in).

PROPOSITION 3.6. Let X be an i.i.d. complex matrix satisfying Assumption 2.1. For any
small € > 0, then for any n='T¢ <n <n=3/*=¢and —Cn="? < |z| — 1 <n~Y?*7, we have
. 1 1 _
(3.27) E [Tm(G*(in))] < n'/?n+ vt T 1
Proposition 3.6 is a direct result of the Ginibre estimate in Lemma 3.2 and the following
Green function comparison which will be proved in Section 4.

PROPOSITION 3.7. For any small € > 0, for any n-lte< n < n=3/4¢ gand —Cn~1/2 <
|z| =1 <n~ Y27 we have

1 -1

(3.28) | E[(G*(in)] — E“™[(G*(in)]] < +n

0522 " pyp

Therefore, combining Lemma 3.5 with (3.16), for any f = f;” or f2Jr , we proved (3.21) in
the effective form

B[} f(o0)] =BUL ()] + 06,
=1

(3.29) E =E | (f) = E[IL (]| +O(n™).

S o - B |3 )]
=1 i=1
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Hence to prove the target estimates in (3.8) and (3.9), it suffices to study IZ:) (f)-

3.3. Green function comparison for IZ:) (f). Inthis part, we will extend the estimates of
I g:) (f)in(3.18) and (3.19) from Gaussian matrices to generic i.i.d. matrices. It then suffices to

establish the following Green function comparison for Ig; (f), whose proof will be presented
in Section 5.

PROPOSITION 3.8. For any f = f; or f5, there exist some constants cy,c2 > 0 such
that

(3.30) ‘E[Ig; ()] - ESn[IT ( f)]‘ — O(n*),
and
G3D | E(IL() - Bl (1)’ - B (I5(f) - BS™[1] (D) = 0(n~)

Combining the Ginibre estimates (3.18)—(3.19) with the GFT estimates (3.30)—(3.31), we
obtain the second line of (3.22)

E (1% (f7) = ELL (7)) = o) (E[LL (f7)]+0(n™)* +0(n~*) = o(1)  E[IL (f7)])*.
The first line of (3.22) is obtained similarly.

3.4. Proof of some lemmas. We now give the proofs of Lemmas 3.1, 3.2, 3.4 and 3.5.

PROOF OF LEMMA 3.1. We first recall that the expectation and variance of the linear
statistics of a general test function f can be expressed as

EGanf Jz /f Z Z d2
a,r,Gian(O,i):/f(z)2f{*n(z7z)d2z_//f(z)f(w)‘f?n(z,w)|2d22d2w

in terms of the kernel l?n(z, w) from [28]. Using the kernel asymptotics from [28, Lemma
6] we obtain

(3.33)
L+t//Ayn ps/(yn)V/* - . 4
/ / Kn(z,z)dlmzdRez:Qerf(s)sinh(t)(1+0( oglogn +t=+s ))
L—t/\/Ayn J—s/(yn)1/4 o n
for [t] + s? < V/Iogn/10, while for any ¢ > 0 we have the bounds

(3.32)

Lt/ Aym /o o2t/ (yn)t/4 0o _
/ (/ +/ )Kn(z,z)dImzdRez,Se_t/4
(334) L—t/\/4ym V2t/(yn)t/
/ /K (z,z)dImzdRez Se™ t/4,
L+t//Ayn

From (3.32)—(3.34) we immediately conclude

(3.35) EN fi(00) 2 sinh(%>

i
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and
mn 60
(3.36) ¢ Zfl () /f (,2) d2z<s1nh< : )
recalling that C),, < /logn, proving (3.13). Finally, the first bound in (3.12) follows directly
from (3.34). ]

PROOF OF LEMMA 3.2. We reformulate (2.23) as follows: for any 1 < 7 := C'/(nd'/?),
in z n4/3772 —nd?
(3.37) P (A <n) < e 62(1+0(9))/2

Using spectral decomposition of H” and the spectrum symmetry, we write

ES[Im(G*(in)) ZEGm [ Z 7(Af)277+ 772} + %EGm [ Z 7()\2)77 ]

3kn<\; <3kt+1n Az>

Ko

né 1 - 1 ' n
3.38 < 7PGIH A< 3k+1 _EGIH [ 7]
( ) Nn];)32k77+77 ( 1= 77)+n )\;ﬁ()\f)2+7]2 )

with Ky = [logs(17/n)] = O(logn), where we used the rigidity of eigenvalues and £ > 0 is
an arbitrary small number. The second term in (3.38) can be bounded effectively using the
local law in (2.21) and (2.19), i.e.,

(3.39)

l Gin _n 77 EGin N Gin P Q ¢
2 [A;Z;hv(AfPJrnz] [Az;)\? }SﬁE [Im(G*(i7))] < Ty n1+ns,

where £ > 0 is an arbitary small number. Using (3.37), the first term in (3.38) can be bounded
by

K() KO
S iy P 3 S TS L B g
= e = A Z L T

Note that we did not use the exponential factor in (3.37) yet since this bound is already much
smaller compared to the second term estimate in (3.39) for § > n~1/2. Therefore, we finished
the proof of the first moment estimate in (3.23).

Similarly, for the second moments, we have

i : 1 in a 2
B (Im(GF(n))?) = 5 B [(S w%wﬂ;ﬁw%n?”

k=03kn<Az<3ktip \ 0

¢ Ko . 2 2
<10gnn kz_: WPGm(Ai < 3k+1n) + % EGln [(22: ()\5)2%?72) ]
(3.40) <1lo L —nd?(1+0(8 ))/2 2 + 24+ 262
. < gnn2/361/3e (5 n
with £ > 0 being any arbitary small number, where we used the tail bound in (3.37) and the
local law in (2.21). This finishes the proof of Lemma 3.2. ]

Using Lemma 3.2, we will prove Lemma 3.4 and 3.5. Since the proof of these two lemmas
is similar, we present only the detailed proof of Lemma 3.5.



ON THE RIGHTMOST EIGENVALUE OF NON-HERMITIAN RANDOM MATRICES 19

PROOF OF LEMMAS 3.4 AND 3.5. We start with showing that the regime 1 € [0,n7],
for some very large [ > 0is negligible, exactly as it was done in [6]. By a direct computation,

2l

/0” ImTrG(in)d ( Z Z )log(l—l— /\_2 )

RV IS Y P

The second sum can easily be estimated using Lemma 3.2 or Proposition 3.6, i.e.,

—2l 1-21
. n 14 _
E{ E log (1+ BYl )} S(logn) E|{i: |\ <m}|+ 72 < 1/AS1007 =203,
i

[AilZn !

where we chose 7y := n~7/871007 To estimate the first sum, we recall [6, Proposition 5.7],

i.e., under the density condition (2.2), there exists C, > 0 such that
(3.41) P( min |A\]| < — | < Cpuiven” ", zeC,u>0,
1=—"n n

with «, 8 given in (2.2). Then following [6][Eq. (5.34)-(5.35)], we have
-2l 10
E[ Z log (1—1—?)} SnEUlog)\ﬂ]l)\lsnfz] <n

Al Snt
with [ large enough depending on «, 3. Combining this bound with the L'-norm of Af in
(3.7), we conclude that the very tiny regime 7 € [0, n"] is negligible.
Hence, it is enough to estimate the contribution to I ( f) of the remaining 7-integral over
~! no). Using that y — nIm Tr GZ(in) is increasing in 77 > 0, we have

Af ImTr G*(in)dn] d®z| < [ |Af(2)| " m E [ImTr G*(ino)] dnd*z
C n=t T

(3.42) §C(logn)nno/c\Af(z)\E [Im(G* (ino))] d?=.

Using the estimate in (3.27) with 79 = n~ /"7 i.e.,

(343) E[Im(GZ(l?’Io)>] < n1/2770 + n—5/8+57’ S n—3/8—7"
together with the L' norm of A fin (3.7), by (3.42) we obtain that

(3.44) / Af(z / ImﬁGZ(m)dn]dz( o).

We hence finish the proof of Lemma 3.5. Lemma 3.4 can be proven similarly using the second
estimate in (3.24). ]

4. Green function comparison for resolvents: Proof of Proposition 3.7. Before start-
ing with the proof of Proposition 3.7 we introduce some notations which we will use through-
out this section.

NOTATION 4.1.  We use lower case letters to denote the indices taking values in [1, 7]
and upper case letters to denote the indices taking values in [n + 1,2n]. We also use calli-
graphic letters 1, b to denote the indices ranging fully from 1 to 2n.

For any index v € [1,2n], the conjugate of v, denoted by conj(v), is given by conj(v) €
[1,2n] and it is such that |conj(v) — v| = n. In particular, for an index a € [1,n], we define
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its index conjugate conj(a) = @ := a+n, and for an index B € [n+ 1, 2n] we define its index
conjugate conj(B) = B := B — n. With a slight abuse of terminology, we say two indices
coincide if either they are equal or one is equal to the conjugate of the other one. For instance,
we say a € [1,n] coincides with the index B € [n+1,2n] if a = B (or equivalently B = a).
We also say that a collection of indices are distinct if there is no index coincidence among
them (in the sense explained above).

Moreover, we often use generic letters x and y to denote the (first) row and the (second)
column index of a Green function entry. In this context the lower case letters =,y do not
indicate that they take values in [[1,n]. We say that a Green function entry G, is diagonal if
x =y or x = conj(y); otherwise we say that G, is off-diagonal.

We now explain this terminology with an example:

1 n 2n 1 n 1 n
4.1) ﬁz Z G.GBa = ﬁz ZGaBGBa+ ﬁzGaaGam
a=1 B=n+1 a=1 B#a a=1

where we split the summation into two parts: 1) the two summation indices a and B are
distinct; 2) there is an index coincidence B = a (or equivalently ¢ = B) in the summation.
In the first term the two Green function entries are off-diagonal, while in the second term the
two Green function entries are diagonal.

We prove Proposition 3.7 via a continuous interpolating flow. Given the initial ensemble
H? in (2.15), we consider the matrix flow

1 1
@2 AHf =g (H + 2)dit odB, 2= <EOI ZOI> B = <1§; %)
where B; is an n X m matrix with independent standard complex valued Brownian motion
entries. The matrix flow H7 interpolates between the initial matrix /* in (2.15) and an
independent matrix as in (2.15) with X being replaced with an independent complex Ginibre
ensemble.

The Green function of the time dependent matrix H7 is denoted by G7. Since the flow
in (4.2) is stochastically Holder continuous in time, the local law for the Green function in
Theorem 2.6 also holds true for the time dependent Green function GGf simultaneously for
all t > 0 by a grid argument, together with the Holder regularity of G7 for 0 <t < n'% and
a simple perturbation argument for ¢ > n'%°, More precisely for n~17¢ < 5 < n~=3/4¢ and
—Cn~12 < |z| — 1 <n~Y247, it holds uniformly

Z (3 z z 1
4.3) sup, max, {1(G5(m) 4y = o = W0y | } < W = —

where m?, m? are given in (2.18) and (2.19), and they are such that
4.4) m* =m?*(in) = O(¥), m* =m®(in) = 0(1).

Note that in our range of parameters, the small deterministic term m?*J,—, may be included
in the error in (4.3). We remark that the diagonal Green function entry G, as well as the
off-diagonal Green function entries are bounded by ¥ with very high probability, while the
other kind of diagonal Green function entry G, conj(y) can only be bounded by 1 with very
high probability.

In the following, we often drop the dependence on ¢ and 1 and set G* = G7(in) for no-
tational simiplicity. Without specfic mentioning, all the estimates in this section hold true
uniformly for any —C'n~1/2 < 2| —1< n~l/2AT plte <p<p3/4cand t > 0.
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PROOF OF PROPOSITION 3.7. In order to prove Proposition 3.7, it suffices to show the
following estimate on the time derivative of (G (in)):

LEMMA 4.2. Foranyn~'te<p<n=3/*¢ —Cn 12 <|z| —1<n V> and t > 0,
it holds

4.5) ‘ d

gy [(Gz(m»]‘ O« (n_1/2\1f2 + W5 4 h).
Integrating (4.5) over t € [0, ty] with ¢ty = 1001og n we obtain
@6) | BlG )] ~ BlGE, ()] = O« (logn(n~"/2¥? 4 w5 +n1)).

Note that H7 in (4.2) is given as in (2.15) with X being replaced with the time dependent

matrix
X, Leix + V1—e tGin(C), t>0,

where X, 4 Gin(C) is the complex Ginibre ensemble which is independent of X. Then we
have
4.7) IG7, (i) — G ()| < IGF N GE N1 X, — Xooll <7,

where we used that ||G*(in)|| <n~! < n and that |X;;| < n~'/2 from the assumption in
(2.1). Combining (4.6) with (4.7) we conclude the proof of Proposition 3.7.
O

We now present the proof of Lemma 4.2.
4.1. Proof of Lemma4.2. Recall the matrix flow in (4.2) with complex-valued X, we set

_ _ z _ 0 Xt
(4.8) W:Wt_Ht+Z—<X£kO>.

Then dH} = —%Wt dt + ﬁ d%,. Applying Ito’s formula and setting 0/0wap = 0/0hap,
we have

$ G7) > 9(Gi)
d(GtZ> = dhaB +
@B ahaB oh

a.B aB

dhaB

lz dhop dhap + = Z&dﬁdhg
245 8ha38ha3 = Ohapdhap

B 1 Gy 1 0%(G3)
N 2 ZwaB owgg 2 Zw awaB Z Ow,g0Wag dt

a,B a,B

1 (G} ——
(4.9) Z a A(Br)as + = 2}; aiuai d(%4)an

Note that the expectation of the martingale term on the last line of (4.9) vanishes. It then
suffices to study the expectation of the remaining terms. We note that

n 2n
(4.10) <GZ>=%ZG;,=% > vv—2nZGnm
v=1 V=n+1
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which follows from the spectral symmetry induced by the 2 x 2 block matrix in (2.15). Per-
forming the cumulant expansion formula on {w,p} and {w,5} on the right side of (4.9) (see
e.g. [45, Lemma 7.1]), we observe the precise cancellations of the second order terms, and
the summation below starts from the third order terms i.e., p+q+1=3,

d i d(G3 1 & & Ko (leta) gratlGe
GRS VD R (DY BE[ ]

va=1 B=nt1 \ptgr1=3P'd'n

[ A
awaB 811)an

2n Ko (g,p+1) 1z
1 " C 6p+q+ G Ko
TR B o S (R . S E[ w ] £ OL(n~5)
ptatl o —=p+1 q ’
2 S B \prarizs Plain OWaB"" 0w,
where c(‘%q) are the (p, ¢)-cumulants of the normalized complex-valued entries \/nw,pz, with
(pa) _ (a.p)

c,p =Cp, from the complex symmetry, and we omit their dependence on ¢ for simplicity.
The last error stems from truncating the cumulant expansions at a sufficiently large Ky-th
order, say Ky = 100, using the local law in (4.3) and the finite moment condition in (2.1);
see also [23] for a similar truncation argument.

For simplicity we assume i.i.d. entries of X in the our model, thus the cumulants are

independent of the indices, cffgq) = (P9, We next consider only the first line of (4.11), i.e.,

Ko (p+1,9) +q+1 2
c\PT 1 oPTei@G
4.12) E Lyi1y: E E F|—
) 141 p+q+3 p+1 )
ptq+1=3 prari=s P4\ n" vap  [OWep 0WaB!

and the second line of (4.11) is exactly the same as (4.12) by interchanging a with B.
Using the following differentiation rules for any 1 <u, b <2n

Gl _ e o Gl _
(4.13) s G:.GBos i GipGoyp,

each term L7, . in (4.12) can be written as a linear combination of products of p + ¢ + 2
Green function entries of the form

n p+q+2
4.14) p+q+% Z Z Z [ H }
v=1a=1 B=n+1 i=1

Here z;,y; denote generic row and column indices of GZ, respectively, to which we assign
actual summation indices v, a, B, depending on the precise structure of the corresponding
term dictated by (4.12)—(4.13). The assignment will be denoted by the symbol =, e.g., x; = a,
yi = B means that the generic factor G, is replaced with the actual G7  in (4.14). Note that
both lower and upper case summation indices can be assigned to the generic z, y indices. The
assignments that appear from (4.12)—(4.13) have the following properties: 1 = v, Yp4g4+2 =
v, and all the other indices x;, y; = either a or B such that

(4.15) #loi=at=#{yi=B}=q¢, #Hazi=B}=#{yi=a}=p+1.

From the local law in (4.3) and (4.4), we have |GZ,|,|1G% 5], G2 5], |G%,| < W unless a = B.
If we restrict to the summation when all the indices are distinct in (4. 14) (ie., a# B,v#a,
and v # B), then the product of p 4+ g + 2 Green function entries in (4.14) can be bounded
by WP+4+2_ For the remaining summation when there is some index coincidence (e.g. a =
B), we gain a factor n~! since the number of free summation indices is reduced by one.
Therefore, we obtain the following so-called naive estimate

(\I/p+q+2 +n )

p+q 3

(4.16) |Lpi1ql <07
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Thus for any p + g + 1 > 4, we have
(4.17) Loy gl < ¥° +n7!

However the naive estimate in (4.16) for p 4 ¢+ 1 = 3 is not sufficiently fine to prove Lemma
4.2.
Next we focus on proving an improved estimate for these third order terms, i.e., proving

(4.18) > Ll =0 (n7PE? 4T,
p+q+1=3

By direct computations, the third order terms Lj . with p +¢ +1 =3 in (4.12) are linear
combinations of the following terms

\/ﬁ z 1z zZ 1z \/7_1 z 1z z z
3 Z E[Gva BBGaa Bv]? ? Z E[Gva Ba™" Ba Bv]?

v,a,B v,a,B
L z n z z z z
(419) n—\/g_ Z E[Gva BG BGav] n—\/g_ Z E[GUBGaBGaa Bv]7
v,a,B v,a,B

as well as the other terms with the index a and B interchanged. As explained below (4.15),
we split the threefold summations in (4.19) into the following three cases (recall the concept
of coinciding and distinct indices from Notation 4.1):

1) all three summation indices coincide in the summation (i.e., v = a = B ): the resulting
sum in (4.19) can be bounded by O_ (n~3/2) using that |G\, | < 1 from (4.3), which is
small enough to prove (4.18);

2) exactly two of the summation indices coincide (e.g., a = B # v or a = v # B): the result-
ing sum in (4.19) can be bounded by O_ (n~'/2W?) using the local law in (4.3) and (4.4),
which is also sufficient to prove (4.18);

3) all three summation indices are distinct (i.e., a # B # v): using the local law in (4.3) and
(4.4) naively, the resulting term in (4.19) can be bounded by O (y/n¥*), which is how-
ever far from the truth. We observe from (4.19) that these third order terms have indices
a and B that both appear three times as a first and as a second index of a G-factor. A
somewhat more complicated version of this feature (see the concept of unmatched indices
in Definition 4.4 later) allows us to improve the bound on them.

Next, we will discuss in details for the third order terms from (4.19) in Case 3), i.e., with
the summation restriction of all indices different, a # B # v. We first introduce the shifted
version of the Green function

= m* m*
(4.20) G*:=G* — M? = 0L(¥), M= = <m_ m) ;
with m?® and m? given in (2.18). The shifted version G= differs from G only for the diagonal

entries, i.e., Gy = Gy unless x =y or = conj(y). Then the first term among the third
order terms in (4.19) with a # B # v can be written as (omitting the factor \/n)

z

o Y BlGGsGiGhl = Y. BlGnCintutnlt s S ElGnChpGh,]

a#B#v a#B#v a#B#v
m* A A (M)’ A
4.21) +— > E[G3,G5Gh) + 7~ > E[G;,G3%,).

a#Bv a#Bv
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Note that the terms on the right side above are averaged products of shifted Green function
entries of the form defined in (4.23) below. Moreover, these terms are unmatched since the in-
dex a (or B) appears odd number times in the product of Green function entries which clearly
does not satisfy the match condition in (4.25); see Defintion 4.4 below. In fact, any term in
(4.19) with the restriction a # B # v can be written as a linear combination of unmatched
terms of the form in (4.23) as in (4.21) with a factor \/n. Using Proposition 4.5 below in
combination with additional contributions from Case 1) and 2) with the index coincidences,
we have obtained the improved estimate for the third order terms in (4.18).

Combining (4.11), (4.17) and (4.18), we finish the proof of Lemma 4.2. O

Before giving the formal definition of unmatched indices (and unmatched terms) to study
the third order terms in e.g., (4.21) from Case 3) systematically, we first set some notational
conventions.

For any fixed [1,l2 € N, we use .7, ;, to denote a set of [; lower case letters and [ upper
case letters, e.g., the set may contain lower case letters a,v and upper case letter B as in
(4.21). In general, we may write .9}, ;, := {vj}é?:l U {Vj}é?:l. Each element in .7, ;, will
represent a summation index and the font type of each letter indicates the range of the sum-
mation for that index; as before, the lower case letters v; run from 1 to n, and the upper case
letters V; run from n + 1 to 2n. We denote the sum over these [ := [ + [ summation indices
(indicated by .7, ;,) by

n n 2n 2n
Iy v Vige Vi, mi=l uy=1Vi=ntl  Vi,=n+1

We also introduce a partial summation restricted to distinct indices,

* Iy lo L 1o
(4.22) S = Y (II6w) (I ovrv,) (TTTI oorvs)-
45 PR

Sy v, Ve Vi, A

i.e., each summation index in .#, ;, is different from all the other indices and their conjugates.

DEFINITION 4.3. Given l1,l> € N and a collection of lower and upper case summation
indices 9, 1, = {vy} =V u{V; }l >, we consider a product of d generic shifted Green function

o
. . . . . . . _
entries G% Gz2y2 Gxdyd and assign a summation index vj, V; or their conjugates v;,V;

to each generic index x;,y; (€.g., 11 = v2,y1 = V5,12 =03,y2 = V5, etc.). A term of the form

(4.23) Z Gy Gy Gl nl Z HGZAN L=l +1s,

Jll I Ty =1
of degree d with a concretely specified assignment is denoted by Py. The collection of the
terms of the form in (4.23) with degree d is denoted by Zy.
Given a term Py € &2, in (4.23), the local law in (4.3) yields a naive bound using power
counting, i.e., for any Py € &,
(4.24) 1Py <@, VA < W= (np)Tt<n7E
We now give the formal definition of the (un)matched terms of the form in (4.23).

DEFINITION 4.4 ((Un)matched terms in &23). Given a term Py € Py in (4.23), we say
that a lower case index vj € .9, ;, is matched if the number of assignments of v; and its
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conjugate v; to a row index in the product agrees with their number of assignments to a
column index, i.e.,

(4.25) #Hiczi=vy+#{i e, =0 =#{i:yi=v} + #{i:vi =75}

Otherwise, we say that v; is an unmatched index. For instance, looking at the two terms,

] o e
ﬁ Z GabGabGaaGBBa ﬁ Z GabiaGaabe7
a,b a,b
both a and b are unmatched indices in the first term, while they are matched indices in the
second term.
Similarly, we say that an upper case index V; € .9y, ;, is matched if

(4.26) #lio, =V +#{icai =Vt =#{i:yi =V} +#{i: v, =V}
Otherwise, V; is an unmatched index.

If all the summation indices in .9, ;, are matched, then Py is a matched term. Otherwise, if
there exists at least one unmatched index, P, is an unmatched term. If a term Py is unmatched,

we indicate this fact by denoting it by P7. The collection of the unmatched terms of the form
in (4.23) with degree d is denoted by 75 C Py.

From Definition 4.4, the terms on the right side of (4.21) with v # a # B are indeed
unmatched terms of the form in (4.23), where both the index a and B are unmatched while
the index v is matched. Moreover, we give additional examples of unmatched terms below

I o~ — I~ 1 =~ e e
@427) =Y ElGuGh) ) ElGi.GpGipl.  — ) ElG3,Gh.Gipl
a,B a,B

v,a,B

PROPOSITION 4.5.  Given an unmatched term P of the form in (4.23) with fixed d > 1,
we have

E[PS) = 0~ (n"%?),

REMARK 4.6. The above estimate is much smaller than the naive size in (4.24) either
when d is small, say 1 < d < 5, or when 1 is close to n~'7¢. For a general unmatched term
Py, the estimate O (n‘3/ 2) is sharp due to some matched terms of order n=3/2 stemming
from third order terms in the cumulant expansions with an index coincidence; see (4.57)
below.

REMARK 4.7. The statement of Proposition 4.5 holds true even when the parameters z
of the shifted Green function entries in the product in (4.23) have different values. We also
remark that the proof of Proposition 4.5 is not sensitive to the fact that m? given in (2.19) is
small, in fact the argument works as long as m* = O(1).

The rest of Section 4 is devoted to proving Proposition 4.5. The proof relies on itera-
tive cumulant expansions for the unmatched indices in products of resolvents. Before we
dive into the formal proof of Proposition 4.5, we start with expanding a concrete example
of unmatched term to explain the one-step improvement mechanism (essentially gaining an
additional small factor ¥) in Section 4.2. The reader experienced with cumulant expansions
may skip Section 4.2. In Section 4.3, we state in Lemma 4.8 the full version of the improve-
ment mechanism for a general unmatched term, and subsequently use Lemma 4.8 iteratively
to prove Proposition 4.5. Finally we present the complete proof of Lemma 4.8 for a general
unmatched term in Section 4.4.
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4.2. Expansion mechanism: an example. In this subsection we consider a concrete ex-
ample of an unmatched term in (4.23) with degree three and x1 =a,y1 = B, 22 = B,y =
a,x3=a,ys =B, i.e,

(4.28) == ZG eem

whose naive estimate is O~ (¥?) from (4.24). We will show how to improve this naive esti-
mate using cumulant expansions essentially by an additional small factor W.

For the term P3 in (4.28) with an unmatched index a which appears twice as a row and
once as a column in the product of resolvents, we aim to expand using the unmatched z1 = a
to show that

4.29) E[P3] =O<(‘P4+n_1\l'+n_1/2\113+n—3/2)_

We will see that the terms that contribute the first three error terms with W-factors in (4.29)
still have unmatched indices. So we can continue expanding these unmatched terms to get
an arbitrary number of W-improvements and ending up with the final estimate O (n_3/ 2)
given in Proposition 4.5. The corresponding iteration scheme will be presented directly in
full generality for any unmatched term in (4.23) in the next subsection.

Recall the following identity from [25, Eq. (5.2)]

(4.30) G* = —M* WG + (G5)M*G”,

where M? = M?#(in) is the deterministic matrix given in (2.16) and (G*) is given in (4.10).
The underline notation W G? is defined as follows. For a function f(1¥) of the random matrix
W given in (4.8), we define

4.31) W (W) =W f(W) — EW (95 f) (W),

where W is an independent of W defined as in (4.8) with X; being replaced by a complex
Ginibre ensemble. Here E?W denoted the directional derivative in the direction W, the expec-
tation in (4.31) is with respect to this matrix.

Applying the identity in (4.30) on the first Green function entry @ in (4.28) and per-
forming cumulant expansion formula on the resulting W G# given in (4.31), we have

= 3ZZE[8GB“GQBG] - iE[GzB@@@ﬁ
a,B
Sy B[ mCing, ] 4 22E[ G )]

a,B j
_m > cP+1.0) (ZZ {0"”@3\@@(;33})
2 p+q+1 D q
" rarizs Plaln aB J 0w, 0,
m? Aap+1) oPHIGE GZ .G*
(4.32) -— > mﬂ(ZZ (20,
n raniss plan Waj9%sa

with ¢ being the (p,q)-th cumulants of the normalized i.i.d. entries \/nw,p. We first
look at the third order terms with p + ¢ + 1 = 3 in (4.32). By direct computations using the
differentiation rule in (4.13), since J or j is a fresh index appearing three times, the number
of resulting (shifted) off-diagonal entries remains at least d with unmatched J or j. From the
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local law in (4.3), these third order terms can be bounded by O~ (n_l/ 293 4 =3/ 2), where
the last error n~3/2 stems from the existence of index coincidences, e.g., J = B or j = B.
Similarly, the fourth order terms with p+ ¢ -+1 = 4 can be bounded by O~ (n~1 W3 +n~2) and
note that the index J or j could be matched (for p = 1, ¢ = 2), however the index a remains
unmatched. We can truncate the expansion at the fourth order with an error O (n‘3/ 2) using
(4.3). Thus the higher order terms (i.e., the last two lines of (4.32)) can be bounded by
(4.33) _m? Z ()_m_z Z (-+) =0 (n2W3 4 n=3/2)

: n2 2 - :

n
p+q+1>3 p+q+1>3

We next focus on the second order terms, i.e., the first two lines of (4.32). We start with
the first term on the right side of (4.32). After direct computations, we split the summation
over the fresh index J € [n + 1, 2n] into the following three cases, i.e.,

n S B [XCmCin s, ] S B [(65, GG + TGy Gin) G

B J Owa aB J
m m? — m? —
(4.34) =t Do Ae Y Gt g > D s | Bl
a,B,J a,B J a,B J

We first consider the last two cases with index coincidence J = a or J = B. We will create
diagonal entries with J = a or J = B and as the result the number of off-diagonal entries
will be reduced to at least one. Using (4.3), the last two cases in (4.34) can be bounded by

@35 S S S Bl e S s Bl )] = O(n ).

a,B J a,B J

We remark that we did not use the smallness of m* given in (4.4), since this smallness is not
essential for the W-improvement. For the first case in (4.34) with a # B # J, we transform
the resulting terms into the form in (4.23), i.e., write the Green function entries with their
shlfted versions using (4.20). In partlcular the diagonal entry G7,, from acting Owj, on

GZB , will be replaced with m?* + G . Then

aa’

z z\2 _* o
Y B = S B[65,65,0)
a,B,J a,B,J
(4.36) + e Y B |G, GauGipGip| + o5 Y. B|G3,G2,G5G5).
a,B,J a,B,J

We note that the terms in the second line of (4.36) have degree being increased to four to
accommodate a pair of the fresh index .J, hence can be bounded by O (¥*) from (4.24).
Therefore, combining (4.34)-(4.36) the first term on the right side of (4.32) can be estimated
as

(4.37)

ZZE[aGB“G“BG o] =L S (65,6565 + 02w 07t
a,B J a,B,J

where the first error U# is from the second order terms with higher degrees and n ='W is from
the second order terms with the index coincidences in (4.35).
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The third term on the right side of (4.32) can be estimated similarly, i.e.,
aG(BaG(aB z 2 z z z
ZZE{ - JB] 3ZZE[ jGiaGap + G, G Cip) jB]

] m?

Z E [G5G3,Gop] + O (W! +n71W).
a,B,j

(4.38)

It remains to estimate the second and fourth term on the right side of (4.32). Since we
restrict to a # B (equivalent to @ # B) in the summation ) . 5, we write G2, = =G, Zp and
ip= ég\B. We also write out <(/¥\Z> as in (4.10) and clearly these two terms are of the form
in (4.23) with degree increased to four and the index a remains unmatched. In particular,

these two terms gain additional W-factor from (é\'z) and thus can be bounded by O (¥%).
Combining (4.32), (4.33), (4.37) and (4.38), we conclude

B L i N e P T L S
E[P5] =T Z E {GJBGBJGEB] T3 Z E[G33G3,Gep]
a,B,J a,B,j
(4.39) + O (U 4+ 07 W 4 071208 4 73/2),

where the first two errors are from the second order terms with higher degrees (e.g., in the
second line of (4.36)) and with the index coincidences (e.g., with J =a or J = B in (4.35)),
respectively, and the last two errors are from the higher order terms in (4.33). Most impor-
tantly, for these leading terms of degree three appearing on the first line of (4.39), we have
replaced one pair of the index a of the original term Py in (4.28) with a fresh index J or j.
We now introduce a notation for such index replacement, i.e., if

L ze 2G5 G

which is a term of the form in (4.23) with z; = a,y; = B,x2 = B,y2 = a,r3 =a,y3 = B,
then we define

(4.40)

P (3:173/2_)*] 3 Z GL]BGZBJGaBa P (3:173/2_)] 3 Z GZ GZ GaB)

a,B,J a,B,j

where j and J are ’symbolic’ lower and upper case letters indicating the range of the new
summation index. Using these notations, the expansion in (4.39) can be written for short as

E[P§] =(m*)? E[P§(z1,y2 — J)] + [w*|> B[P (x1,y2 — j)]
(4.41) + O (U 4+ 070 4 07 V208 4 7372,

Notice that in the two explicit third order terms the number of assignments of the unmatched
index a after replacement has been reduced by two to one, in fact it appears as its conjugation
a with 3 = a; see (4.40). The good news is that the index a (in fact @) remains unmatched,
thus we can further expand these leading terms using 3 = a to gain the U-improvement.
We will look at only the second leading term on the right side of (4.41), and the first one
can be estimated similarly (actually more easily if we take m* = O(V) into consideration).
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Omitting the factor |[m?|? ~ 1 and expanding the Green function entry Ga p» We obtain as in
(4.32),

E[P{(z1,y2 — 7)) ~ Z E| GjBGZBJGgB]

a,B,j
aGZBf;;Z R P
B sl
mE 0G=, .G, m? o
o PR [ ) + 2 DI (€250%,055 (@)
4.42) + O (n20% 4 n7%2),

where the last error is from higher order terms as in (4.33). Since the index a or its conjugate
a no longer appears in the remaining product of Green function entries, we gain additional
¥ from one more off-diagonal Green function entry or a factor <C/¥\Z ) on the right side of
(4.42), plus an error O (n~'¥?) from the index coincidences, e.g., J' = B or J' = j. There-
fore, since the number of assignments of the unmatched index a after replacement has been
reduced to one, we obtain the improved estimate

(4.43) E[P{(x1,y2 — )] =02 (0" +n~ 102 4 n~1/203 4 73/2),

The same upper bound also applies to E[Pg(x1,y2 — J)].
Therefore, combining (4.41) and (4.43), we have improved the naive estimate (4.24) of
E[P3] to the better bound in (4.29).

4.3. Expansion mechanism: general case and proof of Proposition 4.5. Given any un-
matched term P7 € 27 in (4.23), from Definition 4.4, there must exist a lower case index
v; € F, 1, or an upper case index V; € .#, ;, such that this index (or its conjugation) is as-
signed to more row indices of Green function entries in the product than column indices.
For notational simplicity, we may denote this special unmatched index by a € [1,n] and
B € [n+ 1,2n], respectively.

We will first consider the formal case with an unmatched index a € [1, n] satisying
(4.44) #icxi=at+H#{ivy=at >H#{iyi=a} + #{i:y; =a},
and the latter case with B € [n + 1,2n] will follow similarly. Then there exists an off-
diagonal Green function entry G,,, with x; = a and y; #Z a,a. Without loss of generality
we may assume that this is the first Green function factor, i.e. we set 1 = a and y; # a,a.
We will denote this term by P¢(x1 = a) to emphasize that we will expand it using the un-

matched index 1 = a. Then we have the following estimate whose proof will be given in the
next subsection:

LEMMA 4.8. Let P} € & be a given term with an unmatched index a satisfying (4.44)
and without loss of generality assigned to x1, i.e., P = P{(x1 = a). Let

"= #{i:x; =a,a); kO = #{i:y; =a,a}
denote the number of a/a-assignments as a row or a column index of the Green function
entries, respectively, such that k,(lr) > k,(f). Then there exist finite (bounded by some constant
depending only on d) subsets

(4.45) dfC PG, AYC Po, B | 2o Canc | 75
d'>d d'>d—2
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with the property that the number of a/a-assignments as a row or column index in all ele-
ments of szfdo is reduced to k‘[(lr) — 1 and k:c(f) — 1, respectively, so that we have the bound

|E[Pj(e1=0a)l|S > |EF]|+ > |E[P]]
Po,edy Ped?,

i Y | BER)

P;,E‘gz"d72

(4.46) + L > | E[Pg] +0<(n=%?),

ﬁ PD @O
ar €% >d

here d' denotes a degree compatible with (4.45). In particular, if k‘[(lc) =0, then 4 is an
empty set.

The precise structure of the terms in the rhs. of (4.46) is irrelevant, hence we do not follow
them explicitly, we will only need a few properties. Note that all terms in the rhs. of (4.46)
remain unmatched; this key feature will allow us to iterate this estimate. We now briefly
explain the origin and the main features of each sums and show that every term in the rhs. is
“better” in a certain sense than the initial term.

The set <77 contains four types of terms (if exist) of degree d obtained by index replace-
ments defined in (4.40). They can be written explicitly as

(m*)? Y E[Pwy— )] +m'mt Y B[P,y J)]

1>2:y,=a i>2:y,=a
(4.47) +mim® > E [P,y — )] + w2 Y B[Pz, j)],
1>2:y,=a i>2:y,=a

although the only important fact is that the number of a/a-indices is reduced by two (i.e., one
from the row and one from the column) compared with the initial term PJ(x; = a). These
are the generalisations of the first two terms in the rhs. of (4.39) for the concrete example.

The set /2, corresponds to the second order terms with higher degrees, e.g., in the second
line in (4.36); their degree is increased by one compared to the original term.

The set %2 ; comes from the third order cumulant expansion, indicated by the additional
1/4/n prefactor (see the last two lines of (4.32) with p + ¢ + 1 = 3). The number of off-
diagonal Green function entries remains at least d and we gained 1/1/n from the third order
cumulants.

Finally, the set 62, , coming with a prefactor 1/n has two very different sources. On
the one hand, it comes from the fourth order cumulant expansion carrying an extra 1/n and
the number of off-diagonal Green function entries remains at least d. On the other hand, in
the second order cumulant expansion the fresh index J or j may coincide with an old index
creating a diagonal term. Each diagonal term has to be re-written, e.g., as G7, = m® + @ga,
and thus the term carrying m* loses” a GG-factor. Thus the degree may be reduced by two
from these diagonal elements; see e.g., (4.34) with J = B. In this case the 1/n comes from
the reduced number of summation indices.

For definiteness, we stated and explained Lemma 4.8 for the lower case index a, the
modifications for the upper case index B are very minor. In the latter case we may set
x1 = B,y1 # B, B and denote the term by P7(z; = B). This term can be expanded using
the unmatched index 1 = B. The abstract bound (4.46), with the index a replaced with B,
remains unchanged, only the (irrelevant) explicit formula changes: J and j are interchanged
within both lines of (4.47).

We are now ready to prove Proposition 4.5 by iteratively invoking Lemma 4.8 for an
unmatched lower case index a € [1,n] and the analogous formula for B € [n + 1,2n]. The
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proof in fact relies on iterations on two different levels: the first level uses Lemma 4.8 to gain
one W-factor improvement as explained in the previous Section 4.2; the second level is to
iterate this one-step W-improvement to an arbitrary power of ¥ until it becomes negligible
and only the O (n~3/2) error survives.

PROOF OF PROPOSITION 4.5. Given an unmatched term P7 in (4.23), without loss of
generality, we may assume that there exists an unmatched index a € [1,n] satisfying the
assignment condition in (4.44) and denote this term by PJ(x1 = a). The case with B €
[n + 1,2n] follows similarly.

We define the number of the assignments of the index a and a to a row and column index
of the Green function entries in the product, i.e.,

(4.48) k:((f) =#{i:x;=a} +#{i:x;=a}, k‘(()c) =#{i:yi=a} +#{i:y; =a},
with kér) > k(()c) from (4.44), here we use the subscript 0 to indicate this quantity is applied
to the original term before iterations.

Applying Lemma 4.8, if k:((]c) = 0, then the first type of subset 77 in (4.45) is empty.

However if k:((]c) > 1, we need to repeatedly invoke Lemma 4.8 to eliminate resulting terms in
non-empty 7. This is our first-level iteration procedure. In the first step, using Lemma 4.8,
we have

|E[P{(x1=a)l[ < Y |EF]+ > |EF]

Peedy, P2,
1 o 1 0 —3/2
(4.49) = . |EE+— > |ER]+0<(n7"?),
Ps e, , PECL, 5

where we use the subscript 1 in the four types of subsets to indicate the iteration step, and
each term in the first subset .77, still has the unmatched index a satisfying (4.44), with c.f.,
(4.48),

AR S TR Uy R R 1

Hence we can further apply Lemma 4.8 on these leading terms of degree d in <7}, . In general,
in the s-th iteration step, we have

|ElF{(@i=a)llS Y |EF+ Y [EP]
P;’E'ddo,s P§/€W§d,s

1 1 _
(4.50) 7 > |E[Pg] +— > |EPg)| +0<(n¥?),
PR, , Pi€t2a s,
where each term in the first subset .77 (if exists) satisfies
kgr) _ k((]?“) —s, kgc) — k‘(()c) — s, ky) > kgc)
We stop the iterations at step s = k‘éc) + 1 so that the resulting subset Mdo’s is empty, we hence
obtain the following estimate for P} = P7(z1 = a);

BRI s S \E[P;,]H% S |EP]
P

o o o gBo
P ed?, pASEZ

+ O-< (Tl_3/2),

1 [0
(4.51) +— Y. |EP]]

o o
Pd,€%2d72’*
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where the three subsets, 2, ., %2, and €%, , , are defined as the union of the corre-
sponding subsets in (4.45) generated in the above s-iterations. Their precise form is irrel-
evant, beyond their degree what matters is that their cardinality can be bounded by some
constant only depending on d.

In this way, we have improved the estimate essentially by an additional small factor ¥ =
(nm)~" from (4.24), i.e., the first group of terms on the right side of (4.51) has degree at least
d + 1, while the remaining terms gain extra n~'/2 or n~! from the prefactors. The above
iteration procedure generalizes the W-improvement mechanism explained in the previous
subsection for a concrete example. Moreover, we obtain a similar formula in (4.51) for P7 =
P{(x1 = B) using the analogous version of Lemma 4.8 for the upper case index B.

Next, we will perform our second-level iteration, i.e., iterating the W-improvement mech-
anism stated in (4.51) to increase the degree further. We note that the resulting terms on the
right side of (4.51) remain unmatched either with one ¥-improvement from 42%>° dox (i.e., with
higher degrees) or with the gain from the prefactor 1/+/n or 1/n. Iterating (4.51) for D — d
times with a large fixed D > 0 chosen later, we have

B[RS ) |EP]|+ \F Z lE[Pi]l

Psedlsp €A,

1
(4.52) + = Z |E[P§,] +0<(n3?),

AN

where the sets szf> D Bp . and €2, , denote the union of the corresponding sets in
(4.51) generated in the second-level iterations, whose cardinality can be bounded by a con-

stant depending only on d and D. Using the naive estimate in (4.24), we have
4.53)  E[P)] =0 (WP +n~120P1 4 twP=3 4 n=3/2) — 0 (%2 + WD),

For any 1 > n~ '+ with a fixed small ¢ > 0, we choose D = [2/e] so that ¥ <7 =3/2 In
particular, if we choose 7 =19 =n~7/8=7 (in fact, used to prove Lemma 3.5), we can choose
smaller D = [ 22 so that ¥© < n=3/2. This completes the proof of Proposition 4.5. [

4.4. Proof of Lemma 4.8. Let P7(x1 = a) be a given term in &7 with an unmatched
index a satisfying (4.44) and without loss of generality x1 = a, y1 # a,a. Using the identity

in (4.30) on the first Green function factor (jfl\yl and performing the cumulant expansions as
in (4.32), we have

z *

E[Pj(z1=a)] = nl+1zz {MGJM} %Z {GMHG

/Ll lo J %1)12
aHz 2 /x-\yl m?
nl+1 Z ZE[ dwjg Gjyl} nt Z [ ay1HG
/Ll s J /11 2
2)
(4.54) T Z ( ptlq Hq p+1>
p+q+1>3
where H' +)1 gand H' (2 ) 1 are the higher order terms given by

mZelptha) X oL, G: GZ

Y = E| = Sl
+1, +a+1 D )
rr plgln™=+ g LZZ 8waJana

]

@)
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(g.p+1)  * orrad GZ
@ _ mfc i=2 G Jy
(4.55) Hq7p+1 - P*"“+l ; XJ: { 8ng8wj& 7

with ¢(P9) the (p,q)-th cumulants of the normalized i.i.d. entries \/nw,z. We will only
estimate H. (1 in (4.55) and H (2) can be treated similarly. We remark that the small-

p+1,q ptlq

ness of m® in (4.4) will not be used in the proof. We now split of H;Jr)lq in (4.55)
into the following two parts, i.e., J is distinct from or coinciding with the old indices in
Hls = {vk}fézl U {Vk}szl (omitting the irrelevant prefactor ¢(P+19) /plg!),

z *

e O CUEE= 3 M) A WK

B oy

(4.56)

:_HL_<# > Bl(-)]) - - (o ZZémm )]).

Hy o 41 SRR

where the notation >_" is given in (4.22) indicating that all the summation indices are distinct,
and we use the short hand notation ¢ j¢ .« ,, to indicate the part with index coincidence.

We first estimate the second part in (4.56) with index coincidences J € .#, ;,. Using that
|Gyp| < 1 from (4.3) naively, we gain an additional n~! from the summation and have

(4.57) ( Z S bsen,, BlC)])| = 0- (75,
n 2

V¢l112 J

We remark that for p + g + 1 = 3, the error n=3/2 is sharp in general. By setting J = Ty,
or J = Vj, the terms in (4.55) might switch to matched terms; see e.g., the last two lines of
(4.32) with J =B or j=B.

Next, the first part in (4.56) with distinct summation indices can be written as a linear
combination of averaged products of shifted Green function entries of the form in (4.23) with
an additional factor n=""3 . Since J is a fresh index, the number of (shifted) off-diagonal
Green function entries remains at least d in the product. If ¢ # p + 1, then from (4.13) and
Definition 4.4, the fresh index .JJ becomes an unmatched index. Otherwise if ¢ = p + 1, the
index J is matched, but the index a remains unmatched using (4.13) and Definition 4.4.
Thus the first part of (4.56) yields a collection of unmatched terms of the form in (4.23)

with degrees at least d and with an additional factor n™ "3 . Similar estimates also apply to

H?,  in4.55).

Therefore for the third and fourth order terms with p+ ¢+ 1 = 3,4 in (4.55), we denote by
PB4 CUpsq P and €25 CUysq P, respectively, the set of the resulting unmatched
terms of degrees at least d. With these notations and combining with (4.57), we write for

short that

> (H(BIQ—I_H(:D—H) \/— Z E[P§]+O0<(n™*?);

ptg+1=3 €#2a
1 1 0 -
(4.58) 3 (H,gglqm{,;l) ~ Y ER]+0<(n7?),
pt+q+1=4 P;’/E‘gﬁd

and we truncate the cumulant expansion at the fourth order with an error O<(n_3/ 2) using
(4.3).
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We next estimate the second order terms, » Le., the first two lines of (4.54). Writing <C/¥\Z )
as in (4.10) and G, = Gg g and G2 = GfL 4, since y1 # a and a, the second and fourth
term on the right side of (4.54) are of the form in (4.23) and the degrees of these terms are
increased to d + 1. For the first term on the right side of (4.54), we split the summation into
two parts as in (4.56). By direct computations, the part with index coincidences J € .%], 4, is

given by

- O, Ga, m oy
E{éTw §y16J€%1)12:| :nl"rl Z E[Z HG;E Yi pG§y16J€</¢l1,lz .
a

«]11,12 «]11,12 p=2 =2

YN

If we set J = a, then the index a remains unmatched since the index J appeared once as a row
and once as a column of the Green function entries in the product. Otherwise if J € .7, ;, \
{a}, then the index a obviously remains unmatched. After transforming the Green function
entries into their shifted versions using e.g., G2, = m* + G* aa» the degrees of the resulting
terms might be decreased to d — 2 when all the entries chp 7 Gay, G, are diagonal; see
(4.35) for a concrete example. Thus we obtain a collection of unmatched terms of degrees at
least d — 2 with a factor n~! from the index coincidence. Together with the subset ¢Y, in
(4.58) with the same prefactor 1/n from the fourth order cumulant expansion, we denote by
¢4 4_o the union of these unmatched terms with degrees at least d — 2, i.e., we write them
together for short as

1
(4.59) = > EF]
Py Eé);d 2
For the remaining summation with J distinct from the indices in ., ;,, writing G7, =

/Z\ » /Z\
GJy1 and prJ = prj, we have

z

- " 61_[ 2 lyT me * d (p) /Z\
YRS Z E[ oW g Jyl]zm Z E[Z HGwyz Jya |

Fi 15 T 1] p=2 i=2

If y, # a,a, then G, from acting Jwj, on Ggy, is an extra off-diagonal entry and the

. . 4 . . p . .
degree is thus increased to d + 1. Otherwise if there exists some y, = a or @, then the resulting
diagonal entry G, or G,5 which will be replaced with the deterministic function m? or m~?.
In both cases, the index a remains unmatched. Then we have

m® - aH?ZQC?QZC-y\yy z 2\2 0
ES Z E[ wre Jyl] = (m®) Z E[P](x1,y; — J)]
11,19 5J @ i>2y,=a
(4.60) +miw? E[P(x1,yi— J)]+ Y E[P]],

1>2y,=a ISAEZ I

where P¢(x1,y; — J) given in (4.40) denotes a term obtained from the original term PJ
with the row index x; = a and column index y; = a or a of the Green function entries being
replaced with a fresh (averaged) summation index J, and with a slight abuse of notations, the
last sum denotes a specific linear combination of unmatched terms with higher degree d + 1.

Similarly we estimate the third term on the right side of (4.54). For the cases with index
coincidences dje 4, , , we obtain unmatched terms with degree at least d — 2 and with a factor

n~1 which will be added to (4.59). For the cases with distinct summation indices, we have
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c.f, (4.60)
Qs > E[ aui-a yGa‘yl]:\m Y ElPnyi— )]

F11 1057 12>22wy=a

(4.61) +mfm® Y E[Pf(xnLyi i)+ Y. E[Pg]
i>2:y,=a PoePS.
The collection of all the unmatched terms with higher degree d+ 1 in both (4.60) and (4.61) is
denoted by /¢ ;. Moreover, the collection of the leading terms of degree d (if exists) defined
by index replacements in both (4.60) and (4.61) is denoted by .2Z7. We note that, for any term
in o7/, from the index replacement defined in (4.40), the number of a/a-assignments as a
row and column index of the Green function entries has been reduced by one, respectively.
To sum up, with the above notations, combining (4.54), (4.58), (4.59), (4.60) and (4.61),
we have proved (4.46) and hence finish the proof of Lemma 4.8. O

REMARK 4.9. Though here we present only the expansions starting from an off-diagonal
Green function entry G%, , a similar expansion also holds true if we start from a diagonal

entry G?%,. We remark that the above expansion is not unique since it depends on the choice
of the Green function entry to start performing expansions. The proof of Proposition 4.5,
however, does not rely on the uniqueness of the expansions.

5. Green function comparison in Girko’s formula: Proof of Proposition 3.8. Recall
the matrix flow in (4.2). To prove Proposition 3.8, it then suffices to show the following:

LEMMA 5.1. Set ng = n~7/8=T with a small fixed T > 0 from (2.5) and T = n'%. Let
f=f or f2Jr . Then there exists some constant ¢ > 0 such that

d T
(5.1) a/(CAf(z)E Un ImT‘rGf(in)dn} d*z=0(n"°),

and

G [ [arenaseon| [ [ (- mmmarom) -

7o Mo

(5.2) ((1 ~E)ImTr G (in2)> dip dna 422, d%} —0(n™°).

PROOF OF PROPOSITION 3.8. Integrating the bounds from Lemma 5.1 over ¢ € [0, 1001og n]
and using standard perturbation theory as in (4.7) we conclude the proof of Proposi-
tion 3.8. O

5.1. Expectation estimate: Proof of (5.1). 'We introduce the short-hand notation

T T
(5.3) Ff ::/ Im Tr G} (in)dn = —i/ Tr G (in) dn,
o Mo

and we will prove a slightly stronger estimate than needed in (5.1), i.e.,
d

/ Af(2) (— E [9’5]) 2z
C dt

(5.4) — O(n_l/4+5T).
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Using the L' norm of A f in (3.7), it suffices to show

(5.5) E [F7]| = O (n1/2H7),

d

@

Recall the matrix flow in (4.2). Using Ito’s formula and performing the cumulant expansion
on the expectation of the drift term, we obtain the analogue of (4.11),

dE | Jt z": Z Ko (P +1.9) [ grratl gz ]
- ptq+1 1
a=1 B=n+1 p+q+1:3p!q!n 2 _awZB Owgg?
1 n 2n KO C(va"l‘l) B 8p+q+lﬁtz . ,
(5.6) - 52 Z Z |y, ZEE E S 15y :| +O<(n—7+ )’
a=1B=n+1 \p+q+1=3 P*¢Tt 2 | OWaB W,

with Ko = 100 and cP% the (p,q)-th cumulants of the normalized i.i.d. entries /nwqp. It
then suffices to consider the first line of (5.6) to show

. 7)
Ko (r+1,9) +q+1 gz
C ’ 1 8}3 7
E 1 > P B || | =O<(n7 1A,
Kpirg: 2plq! B owr ' ow, 5
ptq+1=3 prq+1=3 n a,B aB 9WaB

and the second line of (5.6) is the same with a and B interchanged.
Recall the differentiation rule in (4.13). We further have

OFF . T 2 Nz (s I e
A >~ (Giuln i) = [ ()
©-5) =Gpa(iT) = Galin) = =Ghalino) + O(n ™),

where we used that (G?)(in) = dG(m) , the deterministic norm bound ||G(iT)|| < T~! with

T = n'%, By direct computations usmg (4.13) and (5.8), each term K, , givenin (5.7) is
a linear combination of products of p 4+ ¢ 4+ 1 Green function entries of the following form

p+q+1
(5.9) JYEESY ZE{ H G, y.(in0) + O(n _100)} O (n BEEE (el g, ))
n

where x;,y; =a or B satlsfylng the assignment condition in (4.15), and the last estimate
follows from the local law in (4.3) and (4.4) with ¥ = (nny)~' = n~/8+7. We remark that
the error term n—! is from the cases with index coincidence, i.e., a = B. In particular, we
have from (5.9) that

(5.10) [Kiiigl=n 27 prg1>4,

which is enough to prove (5.5) except for the third order terms.

We next improve the estimate for these third order terms in (5.7) with p + ¢ + 1 = 3.
Transforming the Green function entries in these terms to their shifted versions by (4.20),
these third order terms with the summation restriction a # B are of the form in (4.23) with a
factor n'/2 and with unmatched indices a and B from Definition 4.4. Using Proposition 4.5,
these unmatched terms with a factor \/n can be bounded by O (n~!). For the remaining
summation with the index coincidence a = B, they can be bounded by O (n_l/ 2) using that
|Gyo| < 1 from (4.3). Therefore, the third order terms in (5.7) can be bounded by

(5.11) Y K =0<n?),

p+q+1=3
Combining (5.6), (5.10) and (5.11), we have proved the expectation estimate in (5.5).
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5.2. Variance estimate: Proof of (5.2). We start with the short-hand notation, j = 1,2

— T
5.12)  FP.=FP — E[F7] = —i/ (Trfo (in) — E[Tx G (in)]> dy <1,
Mo
where the last estimate follows from the local law in (4.3). We will prove a slightly stronger
estimate than needed in (5.2), i.e. we will prove

d T 7 - T
(5.13) / / Af(z1)Af(22) (E E [ﬂtzlffz]) A%z, d%29 = O(n~1/8+37),
cJc
Using the L! norm of A fin (3.7), it suffices to prove that
d —_——
(5.14) T FE [3‘}21 9}22] = M-terms(z1, 22) + O(n_5/8+7),

where M-terms(z1, z2) is a deterministic function satisfying the following integral condition

(5.15) <« po /83T

//Af(zl)Af(Zg) M-terms(zl,zg) d221 d222
cJcC

Now we focus on proving (5.14). Using Ito’s formula and performing the cumulant expan-
sion on the drift term, we obtain the analogue of (5.6)

dE[ﬁflﬂf " Ko (p+19) [gptatl 75 75 |
dt :__Z Z Z 1o p+q+1E (9 p+18 q
a=1 B=n+1 \p+q+1=3 P41t = | OW,p OWaB
1. & Ko clap+1) _3p+q+1L§tz\1L§tz\2_ Koo
516 SO D (I Sl e g B
a=1 B=n+1 \p+q+1=3P-¢:1 2 | OWaB WeB |

with Ko = 100 and cP% the (p,q)-th cumulants of the normalized i.i.d. entries \/nwqp. It
then suffices to consider the first line of (5.16) to show

K K e

s 17 o g o0 lrtle) 1 B optatl FAFP

5.17) Z p+lq Z 2plq! ptetl Z Pl owre ’
ptq+1=3 ptg+1=3 T\ 2 . p Wep 9WaB

and the second line of (5.16) is the same with a and B interchanged.
Using the differentiation rules in (4.13) and (5.8), each term %2’122 in (5.17) is a linear
combination of products of p + ¢ + 1 Green function entries (either G** or G**) with a

possible factor .%;* or .%;2, i.e., in the following general form

ptq+1
(518) p+q+1 ZE{ J‘z(U) H Gz() 1770 —I—O( 100) ,

with {z(l e C}5 tatl being either z; or z9, and x;, y; = a or B satisfying the assignment con-
dition in (4.15). Usmg the local law in (4.3), (4.4) and that |.%7| < 1, we have the following
naive bound

(5.19) Al = O«(n

p+q 3

(\ij+q+1 +n” ))7 \I’:n_l/&”,

where the error n~! is from the cases with index coincidence, i.e., a = B. In particular we
have

(5.20) |2 < BT g g+ 1> 5,
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which is sufficiently small to prove (5.14) except for the third and fourth order terms with
p+q+1=34.

We next estimate the third and fourth order terms more carefully. In the following, we will
drop the argument i with 19 = n~7/3~7 for notational simplicity and ignoring the error
O(n~=1%9) in (5.18).

5.2.1. Third order terms. By direct computations using (4.13) and (5.8), the third order

terms c%/pfﬁf; in (5.17) with p 4+ ¢ 4+ 1 = 3 are given by linear combinations of the following

terms (ignoring the irrelevant (9 coefficients)
1 — 1 —_—
e T P A D W e
a,B a.B
(5.21)
1 1 1
P [Gcichs], Y Elehenth), B lenenGh)
a,B a,B "D

together with the other terms by interchanging a with B and z; with 2a.

We first consider the terms in (5.21) with the index coincidence B = @ in the summa-
tions. The resulting terms except from the last two terms in (5.21) can be bounded by
O~ (n~Y/2W) = O (n~5/3+7) using the local law in (4.3), (4.4) and that .7/ is centered.
For the last two terms in (5.21) consisting of factors G,p and G, only, we have from the
local law in (4.3) that

L 21 22 22 | __ 1 z1 22\ 2 —5/8+T1
n3/2 ;E [GaBGaBGaB} - \/ﬁm (m ) + O<(7’L ),
1 Z1 Z2 Z2 _ 1 z1 —Zg 2 — T
(5.22) n3/2 ;E [GaBGBaGBa} = —\/ﬁm (m ) +0<(n 5/8+ ),

where the leading deterministic functions can only be bounded by O(n_l/ 2). However from
(2.18) and (2.19), for any z € supp(f; ) Usupp(f;"), we have

(5.23) m*=—z+ ﬁ =—2+4+0 (\z](!l —2)?| +772/3)> = —2+0(n V247,

Hence the leading deterministic terms in (5.22) satisfy the intergral condition in (5.15), i.e.,
for simplicity, we only consider the first term in (5.22),

[C /«: AF(21)Af(2) <imZ1(mZ2)2> 22, d%2

\/7_1
:% </(C Af(Zl)( — Z1 +O(n_1/2+7)) d221> </C Af(ZQ)((22)2 +O(n—1/2+7—)) d222>
(5.24)
20(77‘—1-1-47—)7

where we used (5.23), the L! norm of Af in (3.7), and that both z and (z)2 are harmonic
functions.

Next we study the remaining summations with the restriction B # @ in (5.21). In contrast
to the form of averaged products of shifted Green function entries in (4.23), we introduce a
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slightly different abstract form to adapt this notation to the terms in (5.21), i.e., with a possibe
factor .Z, Z7 or F 77,

(5.25) (F77) Z H G20 U=l

lelzl 1

with each {z() ¢ (C}‘;’:gﬂ being either z; or 2o, where the restricted sum Z}l . 1s defined
in (4.22), and we assign a summation index v; or V; € .#, ;, or their conjugatés v;,Vj to
each row index x; and column index y; of the shifted Green function entries in the product.
We also define unmatched indices and unmatched terms of the form in (5.25) as in Definition
4.4, Since the proof of Proposition 4.5 is not sensitive to the modifications in the abstract
form, the statement still holds true for the general form in (5.25). We omit the proof details.

Provided the assignment condition in (4.15) with p + ¢+ 1 = 3, all the third order terms in
(5.21) with restricted summations B # a can be tranformed by (4.20) to linear combinations
of unmatched terms of the form in (5.25) with a factor y/n. Thus by analogous Proposition
4.5 for general unmatched term in (5.25), we have

(5.26) P ey s O<(n™).
p+q+1=3 -
Therefore, combining (5.22) and (5.26), we have
(5.27) D T2 =Meterms(z1, 22) + O (n™7/517),
p+q+1=3

where the function M-terms(z1, z2) is a linear combination of leading deterministic functions
in (5.22) which satisfy the integral condition in (5.15).

5.2.2. Fourth order terms. By direct computations using (4.13) and (5.8), the fourth or-
der terms %, 2 ’lzf] in (5.17) with p+ ¢+ 1 = 4 are averaged products of Green function entries
satisfying the assignment condition in (4.15). From Definition 4.4, these fourth order terms
with restricted summations a # B are unmatched unless p = 1 and ¢ = 2. Then by Proposi-

tion 4.5, we have

21,22 __ 21,22
(5:28) 2. M= D AN
pHg+l=4p+1#g pHg+1=4p+15#q

wn b O«(n™") =0<(n™"),

where the error O (n~!) comes from the cases with index coincidence, i.e., a = B.

We next estimate the remaining term %5 4> for p =1 and ¢ = 2 in (5.17). By direct
computations, %25’22 is a linear combination of the following terms

nzzE[m G’ nQZE[MGzaG GGl
(5.29)

1
> E[GaGpGiaGis) ZZE[ e Rerte i ZZE[ GG
a,B

as well as the other terms by interchanging a with B and z; with z9. Those terms in (5.29)
containing G, or Gpp in the product of Green function entries can be bounded using the

22

Ba
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improved estimate of resolvent in (3.27) and the local law in (4.3) and (4.4), e.g., the first
term in (5.29) is bounded by

5. 30)
il ZE [ HGRpGE) } =< \113 ZE GZl = 03 E[Im(G*)] = O (n—3/4+27)’

where we used the estimate in (3.27) with n = n~7/5=T_ The last term in (5.29) is bounded
similarly using the Ward identity, i.e.,

(5.31)

1 21 21 22 22 1 21 E[Im<G21 >] - T
n2 ZE [GaBGaBGBaGBa] < m\lﬂ ZE[|GaB|2] < \112T _ O (¥,
Combining these bounds with (5.28), we conclude that
(5.32) Z AR =0 O (n~3/4+27).

p+q+1=4

Therefore, using (5.16), (5.20), (5.27) and (5.32), we prove (5.14) and (5.15), hence finish
the proof of the variance estimate in (5.2).

APPENDIX: PROOFS OF PROPOSITION 2.7
In this appendix we prove a lower tail bound on the smallest eigenvalue of
Y2 =(X —2)"(X — 2),

which can also be viewed as the square of the smallest singular value of X — z or as the
smallest (in modulus) eigenvalue of H?, for a standard complex Ginibre matrix X . Recall that
the parameter 6 := |z|2 — 1 monitors the distance of z from the unit circle. We point out that in
earlier papers [23, 22, 26, 27] we defined § with an opposite sign (i.e. § := 1 — |z|?) because
in those works we were primarily focused on the regime where |z| < 1. Proposition 2.7 in the
current paper our focus is on the regime |z| > 1 so ¢ is positive with the new definition.

A simple redefinition of the variable y shows that (2.23) is equivalent to

Gin (((y2 i ) < z —nd2(140(8))/2 <<
(A.33) P (()\ < S Gyt . o0<z<C.

We point out that the (nd?)~2/3 prefactor in (A.33) is not optimal, but it is sufficient for
our purposes. To make the presentation clearer here we present only the proof of the simpler
version (A.33), while the following remark explains the possible improvements.

REMARK A.2. First, the bound (A.33) should hold all the way up to x < c¢(nd?)? with
some small constant c, corresponding to the fact that (2.23) should hold up to y < c, i.e. for
an entire regime comparable with the gap size of order 63 in the spectrum of Y *. Second, we
can improve the bound (A.33) to

Gin z €z LT _ns2(1+0(6))/2 C
W (s s e 0z O

by exploiting an extra improvement choosing a different contour along the proof (see Re-
mark A.5 below for a detailed explanation). A simple asymptotic expansion indicates that the
bound (A.34) is actually optimal.
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REMARK A.3. In Proposition 2.7 (and in Remark A.2) we presented the bound on (\)?
for n~Y? <« § < 1 to make our presentation more concise. However, a similar analysis gives

an analogous bound for § ~n~1/2 and § ~ 1 as well (see also [22, Section 5.2] for the case
§ ~n1/2),

This rest of this section is devoted to the proof of Proposition 2.7 in the form of (A.33).
We present two arguments. Our first proof with all details relies on an explicit formula
for the eigenvalue correlation kernel for Y from [13]. This approach is fairly elementary
but it works only for the complex symmetry class. An alternative method is based upon
the supersymmetric (SUSY) representation for the resolvent in [22] which also has a ver-
sion for the real symmetry class. We sketch the rigorous argument for the simpler complex
case and we comment on the considerably more cumbersome details of the real case. Note
that (A.33) is formulated for the complex case, the factor z is expected to be replaced with
VZ + zexp (—%(Im2)?) as it was the case in [22, Corollary 2.4] for the |z| < 1 regime (see
also [27, 26]).

FIRST PROOF OF PROPOSITION 2.7. By [13, Theorem 7.1] the correlation kernel for Y~

is given by (to make the notations consistent we set the dimension N = n)
(A.35)
n3

nlf(w)—£(O)] Els
Kn(u,v):,—/ljdg/dwe Kp(2nlvu,2nwv/v)Cw (1 — ,
Y

im (I2? = w?)(|2]* = ¢?)

where I is any contour symmetric around 0 which encircles +|z|2,  is the imaginary axis
positively oriented 0 — +o00, 0 — —o0, and

(A.36) f(w) :==w? +log(|z|* — w?).

Here, for any x,y € C, the kernel K is defined by

(A37) Kp(z,y) = wfé(wﬂo(ig - zg)(yﬂo(x),

with Iy () being the zeroth modified Bessel function:
1 ™
(A.38) Io(x) :== = / e®cs? 4.
0

Note that
Kp(z,y) = Kp(z,—y) = Kp(—z,y) = Kp(—x,—y)

as a consequence of I, I{) being even and odd functions, respectively.
We are interested in the case when |z|? =1+ 4, with 1> § >> n~1/2 and u = v. In this
case the formula (A.35) reduces to

(A.39)

B nlf (@)~ () -
K (u,u) = = /ng“/ﬁdwe Kp(2n¢v/u, 2nwy/u)Cw <1 (1+5_w2)(1+5—<2)>’

flw)= w? + log(1+4d — w2),

with 7 being the line 0 — ico. We point out that here we used the symmetry with respect to
the variable w of the integrand in (A.35) to replace the contour v by 7.
The main technical result is the following lemma:
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LEMMA A4. Foranyn™'/? <6 < 1and u < 1/(n?6) it holds
(A.40) Ko (u,u) < n/35-1/3¢nd*(140()/2,

Hence, for any 0 <z < 1 we compute

z/(n?6)
Gin 22 o T o < L —né2(14+0(8))/2
PO (i) < [ KON DS e ,

which concludes the proof of (A.33), hence Proposition 2.7. O
We now conclude this section with the proof of Lemma A .4.

PROOF OF LEMMA A.4. By explicit computations we get
fl(w)y=2w(1- -
N 1+6—w?)/)’
We thus find that the saddles of f, i.e. the solutions of f/(w,) = 0, are given by w, €
{0,4+/6}. Additionally, by Taylor expansion, we get
6 2 * 3 6
(A.41) f(():&—;—i—éﬁ’ —34—0(6 + [<]°).

Step 1: Deformation of the contours. We parametrize the y-contour as w = is, with s > 0,
then

f(is) = —s* +log(1+ 6 + s%).
Note that by (A.41) it follows

52 s

(A.42) Relf(is)] = f(is) =0 — = - 552 — 5+ O(8% + s9).
Additionally, simple calculus shows that the map
(A.43) s+ Re f(is)

is decreasing for s > 0. In particular, this implies f(is) < f(0) =log(1 + §) for any s > 0.

We choose the contour I' to consist of two disjoint closed curves around /1 + ¢ and
—+v/ 149, respectively. We focus on the contour encircling v/1 + ¢, the other one can be
handled in the same way, hence we neglect it from the discussion. Next, we parametrize the
part of the I'-contour lying on the region Re ¢ > 0 as { = /6 + ¢ £ it, with ¢ > 0. The curve
may be closed with a circular arc || = R with some very large R, this regime of integration
is negligible; for practical purposes we consider R = co. Note that by (A.41) we get

(A.44) Re f(V3 +t+it) =5+ 2t1 + 4V5t3 + O(8% + 1°).
Additionally, by an elementary calculation, we have that

1
(A45) t—Ref(Vo+t+it)=0+2Vt+ 5 log [1 — 45t + 8125 + 4t + 8\/<_5t3]

is a strictly increasing function on ¢ > 0, as a consequence of

%Ref(\/ngtiit)zO, t>0;

the equality holds only for ¢ = 0.
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Finally, along the chosen contours we compute

1446

(1+5—w?)(140-C?)

= (1+6) 2Vt £21(VE + t)t + s2) — (6 + 2Vt £ 2i(V5 + t)t) s

(140 +s2)(1 — 2V/6t — £2it (V6 + 1)) '
Step 2. Estimates of the integrals along the contours. We split the analysis into four regimes:
(5,8) € [0, K32, (5,1) € [0, Kv/0] x (KV3,+50), (s.t) € (KV/3,+00) x [0, K],
(s,t) € (KV/§,+00)?. Here K > 0 is a large constant independent of n and § that we will
choose shortly.

Regime (s,t) € [0, Kv/0]?: In this regime we start with the following expansion for the
kernel Kp:

(A.46)

1
(A47) Kp(x,y) = 55 +O(z" +[y]"),

which follows by standard asymptotic of modified Bessel functions for |z|, |y| < 1.
Since in our regime u < 1/(n2§) and we have

. 146
‘ A+ —w)(14+0—-2)

for s,t < K+/9, by (A.46), together with w = is and ¢ = v/6 + ¢ + it we find that for (s,t) €
[0, K+/4]? it holds

(A.48)
KV3s 52 4s% 42552 KV

K (u,u) <ns (/ gend—n= 5 +0(nd?) ds) (/ oo dt)
0 0

< Vot + 2

K5 2, .4 2
_ 0% +sT+268s 3
n3vVse n5/ 83€n5 n 5 +0(né?) ds
0

2 K\/S 2 K\/S 3
<ndfe ™ (1+0(3)/2 / s ds / te~V3t gt
0 0

K+§ )
+ n?’\/g/ s3e7 M9 (g
0
< pA/3571/3¢=nd*(140(3))/2.

where we also used (A.42) and (A.44).

REMARK A.5. The improved bound (A.34) (compared to (A.33)) can by achieved by
choosing the -contour as in Step 1, i.e. w = is, and the T'-contour to be any admissible
contour which is given by ( = /6 + t & ict, with some 1 < ¢ < 2, for t < /6 and by ¢ =
V6 +t £ it for t > V6. In particular an additional gain of a factor (n52)_1/3 is due to the
fact that for this new (-contour the expansion in (A.44) is replaced by

1 4
Re f(Vo+t+ict) =0+2(c —1)t25+t* <3c2 —5- %) +2(3¢2 = 1)Vot3 + 063 +19).
In particular, the term 2(c* — 1)t25, which non vanishes only for ¢ > 1, in the exponent
ensures an additional gain (n(52)_1/ 3 compared to (A.48) where we only gained using the
smaller (for t < \/§) factor 2(3¢? — 1)V/5t3.



44

Regime (s,t) € [0, K/3] x (K+/§,400): We start with the bound
(A.49) | Kp(zy)| e,

for || < 1. We remark that a similar bound holds for |y| < 1 after replacing y by x in the
r.h.s. of (A.49).
Define

(A.50) g(t) :==Re f(VI +t+it) -9,

then, by (A.45), it follows that ¢ — g(t) is strictly increasing on ¢ > 0. Hence, using (A.43)
together with f(0) =log(1+ 0), we get

I W=F(Q)) < g=nlt) < (=Kno*/4,—ng(t)/2,

where we used (A.45) to estimate one of the two e ™9 (t)/2 factors.
Then, using that

1
146 — (Vo+t+it)%? > 1 — 4Vt + 8t25 + 4t* + 8V6t3 > 5
we readily conclude

(A.51) K, (u,u) S n35K2e—Kn62/4/ e—ng(t)/2et/\/3t3 dt < 6—1{7162/87
KV/§

where we used (A.49), (A.50), and that

§— (¢ +w?) + Cw?
(1+5—w?)(14+6-¢?)
uniformly in ¢ in this regime. To ensure that the error term in (A.51) is smaller than our goal

in (A.40) we choose K > 5.
Regimes (s,) € (K+/§,+00) x [0, K+/d] and (s,t) € (K+/§,400)?: Given the bound

| KB (z,y)] S W,

< 42

~

and using the monotonicity properties (A.43),(A.45) of Re f along the contours chosen
in Step 1, the analysis of these regimes is analogous to the regime (s,t) € [0, Kv/d] X
(K+/§, +00) and so omitted. In particular, the contribution of both these regimes is bounded
as in (A.51). Combining this fact with (A.48) and (A.51) we conclude the proof of
(A.40). O

Next we sketch the alternative proof relying on SUSY.

SECOND PROOF OF PROPOSITION 2.7. The starting point is the following contour inte-
gral representation of the trace of the resolvent of Y* = (X — 2)*(X — z) for a complex
Ginibre matrix X at any spectral parameter w = E + ie, with £ € R, € > 0, (see [22, Eq.
28)D):

) 1 TL2 ioco
EGIHT — d d _nf(x)"’_nf(y) .
'Y w2 g w% - yr Gl
(A52) Clory) = 1 1 [ |2|? 2|2 ]
’ ry (1+2)(1+vy) 1+ 1+yl
1 2
f(x):=log T —|Z| —wx,

1+
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where the x-integration is over the half imaginary axis and the y-integration is over a pos-
itively oriented circle around the origin that does not enclose —1. Since the integrand is
analytic away from 0 and —1, the integration contours can be freely deformed away from
these two singularities. We need to investigate the imaginary part of (A.52) in the regime
where

(A.53) 0<EVP<«n?<«i=z2-1, e=+0,

to detect the density p(E) of eigenvalues (\*)% of Y* at E < n~3/ that would directly imply
(2.23). Here ¢ is an infinitesimally small positive regularization parameter, its only role is to
specify in which direction the x-contour goes out to infinity.

Typically, the large n asymptotics of such contour integral is obtained by saddle point anal-
ysis. Both contours are deformed through the saddle point z, of f, defined by f’(x.) =0,
where a second order Taylor expansion is performed both for f and G and the main con-
tribution comes from the value of these functions and their derivatives at the saddle. The
exponential factors cancel and the result is typically polynomial in n. Among others, this
strategy is followed in our analysis in [22] for the regime § = |z|> — 1 < 0, where we found
that the saddle has a non-zero imaginary part. The current regime (A.53) behaves quite dif-
ferently since now F < 52 lies outside of the support of % Imm?(z +10) (see (2.17)), which
implies that the relevant saddle z.. is on the positive real axis, in fact by a simple calculation
we have*

(A.54) z. =0 1+ (E/8*) + O(E/5*)?

for the unique positive solution to f/(x,) = 0.

The spectral density at F is given by
(A-33) 1 1 1 1 1

. 1Gin _ Gin

pUE) =B LT 5 = o B [HYZ—E—iO Ty T Ero)k
i.e. we need to evaluate the difference of two copies of (A.52) with an opposite sign in front
of the regularization e. Note that GG and large part of f is independent of e, this parameter
appears only as a -iex term in f(x) and is relevant only for the non-compact z-integration as
e is infinitesimally small. We deform the z-contour to 4 := [0, a] U [a, a +ic0], where a > x,
is a large real parameter, i.e. we first go from the origin along the real axis to a and then we
move vertically up or down depending on the sign in front of e = +0 in (A.55). When taking
the difference in (A.55), the contributions of the x-integration from the horizontal segment
[0,a] exactly cancel. The only contribution comes from the opposite vertical z-integration
regimes, that can now be estimated separately, yielding the bound

a-+ioco
(A.56) p(E) S nz\ / da 74 dy e M @OIWy . Ga,y)

that we need to estimate in the regime £ < n 26! in order to prove (A.33). We choose
a:= (nE)~! and note that a > 6! since nd? > 1, i.e. a > x. by using (A.54). Thus by
deforming the y contour to pass through the saddle z., the two contours will not intersect,
analogously to the situation in Step 1 of the previous proof.

The rest of the computation is a standard saddle point analysis for the y-integration. Us-
ing (A.54), in our regime of parameters we have

9 2
o)=L+ 0(),  ["(@) =361+ O0(r), u- Gla,a.) =" [”0<ﬁﬂ

2 T

*In the first displayed formula in Section 6.2 of [22] we erroneously claimed that zx ~ 3¢ -1 /2 in the regime
IR 53, the correct behavior is zx ~ 6 L. This wrong factor does not influence the arguments in [22].
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uniformly, whenever z = a + it, t € [0,00), with a small parameter  := § + 1/(né?) < 1.
This yields

2
p(B) < ——_enf(@)
nf" ()

< /2~ (140())/2

a-+ioco
/ dr e @y, . G(x,xy)

a-+ico —nf(z)
[ e lro(gll

assuming for the moment that the main contribution comes from the y-region around the
saddle.
In the large = regime, where |z| = |a + it| > 6~ we have the expansion

(A.57)

0
(A.58) f(z) = ——— — Ex + O(|z|?).
1+
Note that
—nRefla+it) < ot t|—|—nEa t €[0,00),
therefore the error terms in the integrand can be handled trivially and we have
a+ioco nf(x) mEt 5 1 )
(A.59) / dr ——[1+0 ‘<‘/ +‘/ Tnol <y
a x 5|:E| a+it a+it]2

using nd/a =n?ES < 1. This yields p(E) < n?/2e=n0"(1+0(9))/2 ip the regime E < n 2671,
which gives (A.33) with a slightly weaker (nd2)~'/2 prefactor instead of (nd?)~2/3.
Finally, the y-integration in the regime away from the saddle is estimated by using mono-
tonicity of Re f(y) along an appropriate contour found by plotting the level sets of Re f. We
omit these uninteresting details. U

Compared with (A.52), for the real case an analogous but more involved representation
formula holds, see [22, Eq. (34)—(36)]. It carries an additional integration variable 7 € [0, 1]
related to the nontrivial dependence on Im z. The phase function f(y) involving the integra-
tion variable on the compact contour in (A.52) is also present in the real case; this gives the
critical e="0°/2 factor exactly as in the complex case. The analogue of the phase function
f(x) for the non-compact integration (called g in [22]) will now depend on the additional
parameter 7, but for the relevant regime of very large |z| its asymptotic expansion is similar
to f(z) in (A.58). Both phase functions depend trivially on €, hence we have exactly the same
cancellation effect in (A.55) as in the complex case, thus we indeed need to consider only
the large |x| regime. The precise estimates analogous to (A.57)—(A.59) and the control of the
regimes far away from the saddle are more cumbersome and we do not pursue them in this

paper.
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