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0-Notation

e Upper Bound
e useful in the analysis of algorithms

Definition 1 (O-Notation). For f : N — R™,

O(f) ={g: N—=R"|3C >0¥ne Ng(n) <C- f(n)}.
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Definition 1 (O-Notation). For f : N — R™,
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0-Notation

e Upper Bound
e useful in the analysis of algorithms

Definition 1 (O-Notation). For f : N — R™,

O(f) ={9g: N—>R"|3C >0Vne Ng(n)<C- f(n)}.




Theorem 1. Let N be an infinite subset of Nand f : N — Rt andg: N — R*.
o If lim Fn) 0, then f <0O(g)andg £ O(f).

n—oo 9(1)

(n) = () R-l-, then f S O((/) andg g O(f)

n

) = 00, then f £ O(g) and g < O(f).




Theorem 2. Let f,g,h: N — RY.If f < O(h) and g < O(h), then

1. For every constantc > 0,c- f < O(h).
2s [kt < O(h);




Corrections

e You receive your corrections in a week
e Will be uploaded to Moodle



Which one grows asymptotically faster?

[) log,n
II) log,n



Which one grows asymptotically faster?

[) log,n
II) log,n

Any two logarithms differ by a constant factor, the base makes no difference.



Exercise 1.1  Mathematical induction (2 points).

(a) Prove by mathematical induction that for every integer n > 0,

1+3+5+...+(’2n+l)=(n+l)2-

In your solution, you should address the base case, the induction hypothesis and the induction step.







Solution:

Base Case.
Let n = 0. Then,
1=(0+1)%

so the property holds for n = 0.

Induction Hypothesis.
Assume that the property holds for some integer k > 0, that is,

14345+...4+(2k+1)=(k+1)2

Induction Step.
We must show that the property also holds for k + 1. Let us add 2(k + 1) + 1 to both sides of the
induction hypothesis. We get

143454...4+2k+D)+*k+D+D) =(k+12+@2*k+1)+1)
= (k% + 2k +1) + (2k + 3)
= k% +4k+4
=(k+2)%=((k+1)+1)2

By the principle of mathematical induction, 1 +3 +5+... 4+ (2n + 1) = (n + 1)? is true for any
integer n > 0.




(b) Consider the recursive formula defined by a; = 2 and a,,41 = 6a,, — 2 for n > 1. Determine the
smallest positive integer m such that a,, > 22

™ Then, prove by induction that a,, > 2" for all

integers n > m. (If you are unable to determine m, use m = 10. You may assume that a;, > 220).
In your solution, you should address the base case, the induction hypothesis and the induction step.




Solution:

Writing out the first few terms of the recursive formula, we get a; = 2, as = 10, a3 = 58, a4 = 346.
On the other hand, 221 = 4,222 = 16,223 = 64,224 = 256. So m = 4 is the smallest positive
integer where a,, > 92m

We prove that a,, > 2% for all integers n > m = 4 using induction.

Base Case.
Our base case is n = m = 4. As we have seen above,

ay = 346 > 256 = 2%1.
So the inequality holds for n = 4.

Induction Hypothesis.
We now assume that it is true for n = k, i.e., ap > 22~.

Induction Step.
We want to prove that it is also true for n = k + 1. Using the recursive formula, and the induction
hypothesis, we get

> IH
RF . . » 02k ¢ 02k | o 92k
Qg1 = 6o —2> 622 _2—=4.2% 4 2.9%

Hence, it is true forn = k + 1.

By the principle of mathematical induction, we conclude that @, > 22" is true for any integer
n>m=4d.




Exercise 1.2 Sums of powers of integers.

(a) Show that, for all n € Ny, we have Y- | i* < n’.




(b) Show that for all n € Ny, we have >_"" ;i > % -n?.

Hint: Consider the second half of the sum, i.e, Y ;" rn i>. How many terms are there in this sum?

How small can they be?




(b) Show that for all n € Ny, we have >_"" ;i > % -n?.

Hint: Consider the second half of the sum, i.e., Z?:[H i>. How many terms are there in this sum?
How small can they be? )

Solution:

We have

(-T51+)- )"

By definition of [ -], we have [’—ﬂ — 1< 2, henice, n'— (%] +1 > %. Hence,

P4




(c)* Show that parts (a) and (b) generalise to an arbitrary k£ > 4, i.e., show that )" | i < nFtl and

that 370 4F > lel - . n¥*1 holds for any n € Ny,




Solution:

Similar to part (a), to show that 37 | i* < n**1 we note that all terms in the sum are at most n".
Thus, we get that

n

n
E i+ < g n* =n.nF =npktt
1=1

=1

To show that 31" | i* > zk—l,l :n**1 we consider again the second half of the sum, i.e. onlyi > [3].
We get that

S22 2 3 ()= (- [5]40)-(3)
SRS

As before, we have that (%W —1< 5andn — ('—ﬂ + 1 > 5. Hence, we can conclude that

TL
— ) n\k
> F 22 (3)
o 2
i=1




Exercise 1.3 Asymptotic growth (1 point).

Recall the concept of asymptotic growth that we introduced in Exercise sheet 0: If f, g : N — R" are
two functions, then:

« We say that f grows asymptotically slower than g if lim % = 0. If this is the case, we also
m-»00 *

say that g grows asymptotically faster than f.

Prove or disprove each of the following statements with a computation.

(@) f(m) = 10m> + 90m* grows asymptotically slower than g(m) = 100m?.
(b) f(m) =80 -2™log(m) — 2™ grows asymptotically slower than g(m) = 5 - 2" log(m)>.
(c) f(m) = log (m®) grows asymptotically slower than g(m) = log (m)>.

d) f(m) = 4(m*4m+1) grows asymptotically slower than g(m) = %),

(e)* If f grows asymptotically slower than g, and g grows asymptotically slower than h, then f grows
asymptotically slower than h.

Hint: Foranya,b: N — R*, if lim a(m) = A and lim b(m) = B, then lim a(m)b(m) = AB.

m-—00 m-—+00 m—+00
(£)* If f grows asymptotically slower than g, and h : N — N grows asymptotically faster than 1, then
f grows asymptotically slower than g(h(m)).




(e)* If f grows asymptotically slower than g, and g grows asymptotically slower than h, then f grows
asymptotically slower than h.
Hint: Foranya,b: N — R, if lim a(m) = A and lim b(m) = B, then lim a(m)b(m) = AB.
m-—»0oQ m—»00 m-—»00

Solution:

True, since

m—00 h.(m)

~g(m)

h(m)
- lim g(m)

=0.
m—o0 h(m)

()" If f grows asymptotically slower than g, and  : N — N grows asymptotically faster than 1, then
f grows asymptotically slower than g(h(m)).

Solution:

False, consider f(m) = 1/m?, g(m) = 1/m and h(m) = m?>. They satisfy the conditions, but f
does not grow slower than g(h(m)) = 1/m?.




Exercise 1.4  Proving Inequalities.

(a) Prove the following inequality by mathematical induction

In your solution, you should address the base case, the induction hypothesis and the induction step.

(b)* Replace 3n + 1 by 3n on the right side, and try to prove the new inequality by induction. This
inequality is even weaker, hence it must be true. However, the induction proof fails. Try to explain
to yourself how is this possible?

However, as argued above in the exercise statement, the inequality is still true. We are just not able
to prove it directly via mathematical induction.




Solution:

Base Case.
For n = 1 we have

which is even an equality.

Induction Hypothesis.
Now we assume that it is true for n = k, i.e.,

3

Induction Step.
We will prove that it is also true for n = k + 1, that is we want to show that

+4k+1)(3k+4) <
B+ 28k% + 19k + 4 < 12k

= 0<k

This last statement is true since & € N. Hence, the inequality is also true for n = k + 1.

By the principle of mathematical induction, we conclude that the inequality is true for any positive
integer n.




Important Series

n
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(1)

(2)

(3) For now assume q > 1

(4)



IN-CLASS EXERCISE

Prove by mathematical induction that for every positive integer n,

2 12
13+23+m+n3:n(n+ ) |

4






IN-CLASS EXERCISE

Prove by mathematical induction that for every positive integer n,

2 2
1

4






« Base Case.
Let n = 1. Then,

so the property holds for n = 1.

+ Induction Hypothesis.
Assume that the property holds for some positive integer £, that is,

k2(k +1)?

1P+ 2%+ 4+ k% = i



+ Induction Step.
We must show that the property also holds for k£ + 1. Let us add (k + 1) to both sides of the
induction hypothesis. We get
5 Kk*(k+1)? :
s Kkt 1) 4+ ) +(k+1)3
k2(k+ 1) + 4(k+ 1)°
4
(k+1)%(k* + 4(k + 1))
4
(k+1)2(k% + 4k + 4)
4
(k+1)%(k + 2)?
4
(k+1)2+((k+1)+ 1)
1 ¢

P42+ + B+ (k+1)

By the principle of mathematical induction, 13 +23 +- .. 4-n3 = M

integer n.

is true for any positive
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