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Theory Exercise From Last Week



Not Worth 2 Points



Augmenting Path for Matching M
every second edge in the path is in M

Starting and ending vertices are not covered



Berge
Let 𝑀 be a matching in the graph 𝐺 = (𝑉 , 𝐸).

𝑀 is a maximum matching in 𝐺 if and only if there exists no 𝑀-augmenting path in 𝐺.



Augmenting Paths in Bipartite Graphs in O(VE)



Hopcroft-Karp Algorithm in O(E√V)
Build an alternating level graph rooted at unmatched 
vertices in L using BFS.

Augment M with a maximal set of vertex-disjoint 
shortest-length paths using DFS.



Hall’s Marriage Theorem
Let 𝐺 = (𝐴 ∪ 𝐵, 𝐸) be a bipartite graph and let 𝑁(𝑋) denote the neighbourhood of 𝑋 ⊆ 
𝐴 ∪ 𝐵 in 𝐺 (all vertices in 𝐴 ∪ 𝐵 adjacent to at least one vertex in 𝑋 ). There exists a 
matching that covers all vertices in 𝐴 if and only if ∀𝑊 ⊆ 𝐴 : |𝑊 | ≤ |𝑁(𝑊)|
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2-Approximation Algorithm for the Metric TSP

1. Compute an MST in the graph in O(n^2).

2. Create a multi-graph by doubling every edge in the 
MST.

3. Find an Eulerian Tour in that multi-graph

4. Translate this tour in the multi-graph to a cycle in the 
original graph: Use the same sequence of vertices but 
whenever a vertex is visited for the second time, instead 
go directly to the next unvisited vertex in the tour.
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2-Approximation Algorithm for the Metric TSP

1. Compute an MST in the graph in O(n^2).

2. Create a multi-graph by doubling every edge in the 
MST.

3. Find an Eulerian Tour W in that multi-graph

4. Translate this tour in the multi-graph to a cycle C in 
the original graph: Use the same sequence of vertices 
but whenever a vertex is visited for the second time, 
instead go directly to the next unvisited vertex in the 
tour.

What if we want 
1.5-Approximati

on?



2-Approximation Algorithm for the Metric TSP
2. We create a multi-graph by doubling every edge in the MST.



1.5-Approximation Algorithm for the Metric TSP
2. We create a multi-graph by doubling every edge in the MST.

2. Find a perfect matching with minimal cost in the subgraph contain-

ing only the vertices with odd degree. Then add these edges to the

MST to obtain a multi-graph where all vertices have even degrees.



1.5-Approximation Algorithm for the Metric TSP



Coloring

In general, we define a (vertex) coloring (Färbung) of a graph 𝐺 = (𝑉 , 𝐸) with 𝑘 
colors as a mapping 𝑐 : 𝑉 → [𝑘] such that 𝑐(𝑢) ≠ 𝑐(𝑣) for all edges {𝑢, 𝑣} ∈ 𝐸 . 
Moreover, we define the chromatic number (chromatische Zahl) 𝜒(𝐺) as the 
minimum number of colors needed to color 𝐺 .



A graph 𝐺 = (𝑉 , 𝐸) is k-partite ⇐⇒ it can be 
colored with no more than 𝑘 colors (i. e. 𝜒(𝐺) ≤ 𝑘 ).

3-partite



Kahoot
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