
Topologicalspaceshef
: Given a set X

,
a topology ou X is a collection of subsets of X

called open sets such that :

1) One O , HaeA ⇒ Ino. C- O

2) On C- O
,
HaeA.A finite ⇒ On EO

3) 0. XEO .

Det given a top . space (X
,
O) a collection B of open sets is called basis for O if every set

can be presented as union of open sets in B .
Ctu c- 071Baker. s-t U = #Ba

Prof : given X and BE PH) satisfying a) and b) , then -3 a topology O ou X having B as a basis .

In fact O union of sets in B} c- (giving a topology by means of a basis)

a) Ax EX 7. BE B s-t x c- B

b) AB. .Bae B if the BenBz ,
then FB

,
c-B s -

t XEB
,
c BenBz

Achtung ! " different distances may determine different bases both inducing the same topology
"

Example : X - IR'
,
distances delay) =L?Ki -Yik)

"

, d.kid = (ElXi -till Bz ①

but they both induce Ead
. top .

B'

Lema : if B is a basis for &, } top on X and U-BEB.V-xc.BZ B'c- B' sit xe B: B2B
B ' - n-

• (symm card
.

)

then 0=0 '

Det A Topo. space (X ,
O) is called connected if any of the following 3 equivalent card . holds true.

① X cannot be decomposed as the union of two disjoint non - empty open sets

② X cannot be decomposed as the union of two disjoint non - empty closed sets

③ the only sets ACX that are both open and closed are A - 0 .
A - X

path-con . path- con
Prof f :X → Y continues and surj . then : X connected ⇒ Y connected

.



Prof If a top . space is path- connected then it is connected
.

(
VXEX till open w/ tell

,
FVCU open path - connected

Prof : X connected and locally path connected
,
then it is path - connected

Prep : (baby Tychouoff)

X. Y are compact ⇒ Xxx is compact

Det A topo space X is called Hausdorff (Tz) if thine X 318; i open nbhd w/ an02=0

Prep : A compact subspace of a Hausdorff space is closed
.

pr-opi.lhomeocriten.cof- :X → Y bij . cont . If X compact and Y Hausdorff. then f is a homeomorphism

Def : X is ud (or Ta) if it is Tz
, plus V- An , Az dosed AnnAe - 0 -31%311 open sets

( Tz and not Ta : X =Lexile IRZ : yeol

prop A compact Hausdorff T = open balls in y so I
: top . space is Korina

.

- metric for y - o : Ball Ulex.oil

(to show consider AUB c- rationals)
T irrationals

Prep: Every open cover of a compact metric space has a Lebesgue number

Ded : X.Y metric spaces ,
f :X-' Y is called unif.co# if He > O FS so St

dux. . Xd c S ⇒ dylfcxiifcxe)) CE -

prop : X comp .

metric space . Y metric space-

then f :X-ly wut ⇒ f unit . cont .
Quotients

Prof:Leth:X→Ybeacouliuuoussurjmapw1Xcompact,YHausdorfThen it is always true UEY is open ⇐ h- ' latex is open .

Def the quotient topo on Xk is defined by declaring UE Xin is open ⇐s p
-

Yale X open

Ded X.Y be Topo . spaces .

A serj map f : X -sy is called a quotientmap
if UCY open ⇒ f- ' ' ke) CX open

( not open in general : f- 2,23 . I- 13 - les
v -- CE

. It → flu not open
rain: X comp. Y Hausdorff ,

then any surj . cont map is a quotient map .

Achtung : quotient of Hausdorff top . space may not be Hausdorff
.



• We can define an equivalence relation on X denoted by -

x.rxz ⇐ Axel -_fans : In this case ,
at the level of sets there is an induced bijection

XI, y
ply,j

-¥ FIND = fix .
I :Xa→Y bijection

Def X.Y sets
,
f :X→ Y map

~

given VCX subset we call saturation of U, the set V : = f- ' ' AND

Det
. top space X is called topological n - dim manifold if

a) It is Hausdorff Esp: doc .

Ead
.
but not Tz)

Rx It , -3
, (x . - in CX.tl , Vx so

b) any XEX has an open neighbourhood UCH that is homeomorphic to IR"

C> loc. path connected ,
if comp ⇒ finitely many connected comp .

Them : A compact , connected t- dim manifold is homeo
.

to 5

key points of the proof

Def : Let X be a top space ,
Ack be a top . subspace i let Y be a top . space .

We say that two out . functions to
.
f
,
:X → Y are homotopic Get to A)

if FF: XXI-s Y coat
.

such that it Far , ol - fix
FIX , it = fix ,

AxeX

iilffa.tl = focal -- fecal
,
HaeA. htt c- Co . D

H. A -- 0 then one drops ii) and we just say fate are koueolopic .

Ref : Two top . spaces X.Y are called hematic it If :X→ Y and g : Y -s X

such that got = idx , fog = id y

Rem : WEE ⇒ x=y

Def: A top. space X is contractible if it is homotopic to a point.

Def we define the fundamental group of a top . space X w .v.t x.c- X as the set of all

homotopy classes of loops based at x. with operation Cf) - Igt :-. If - g)

Notation : Th (x.Xo) (Rex .
"serpiitce of loops in x)



Def
A top . space X is called impeded it at it is path connected

b) it has trivial fundamental group .

Prep: Let X. Y be top . spaces and let f.g : X -' Y be homotopically equivalent

Given any X. c- X there is an isomorphism 4 : rely .fail→ rely , gcxd)
f- * IT. (y, fad)

that makes the following diagram commute : it. Cx . × .)
T

y
fi - e g*= yo f- *I

⇒ Tidy . Skoll

Def Let X.I be top . spaces and p : E-' X .

We say UEX open is if p
-YU) =

;# Ui (disj . union)

and p , u ;
: Ui → U homomorphism

Def Let X. I be top . spaces and let p :X-' X .

We say that p is a covap if ttxex

FU -

- UN open ubhd of x that is evenly covered

Det Let X.Y be top. spaces and f :X-' Y
.
Then f- 'cyl is called fiber of y.

Props : Let X.Y be top. spaces .
Y connected

.

Assume f :X -s Y
,
then : et tf f is a covering map ,

then it is a locators and
the cardinality of f - ' cyl ,

does not depend on y .

2) tf f is a localhomeomorphism and the fibers f-'ly) have finite

cardinality (whose value doesn't depend on y) then f is a covering map

Recall : f : X→Y local home , if theX t 09£ w/ flu : U→ V homeo
.

Def : Let p : I →X be a covering map and let f : Y→X ,
I : Y→ E (cont

.
I

tf f -- pot we say I is a lift of f
y

p

f

-hgueuep.t34 : Let y be connected
.

If I .fi : Y→ I are lifts of f
.

and fired -- filled for some yo e y ⇒ I =I



Lift paths

Prep : Let p : I→ X be a covering map .
Given a path a.I→ X and Ioe p

-' HAD

7! lift 2 : I→ 5 of x w/ 2101=5
.

Lift homos
.

Props : Let p : I → X be a covering map .

Given H : IXI-s X homotopy of loops based

at X. and Eep-yes 7! lift IT : IxI→ I homotopy of paths (all ) starting at Io .

Core (Monodromy theorem)

letpi.X-sxbeacoueriugmapauda.pi.I-sxbepal.tnstaunchness
homotopic w/ fixed endpoints in X

.
Then : did =pcos ⇐s dat -ful

West : set of all words (finite sea . of letters in S)

Det The free product of two groups H and K is H * K :
-
-

'
WCHKkk where p - p

' it p
'
can

be obtained from p via a finite chain of moves
,
which are :

Mt) if p
-

- Xe . . Xm and Xi . x its C- H Cov c- K) then I replace Xi Xiu by their product in It

U2) if p
-

- Xe . . Xm and Xi - et, Cor em then I remove the letter from the string p .

Mt )
'

replace × by Xi Xiu (if Xi Xiu - X in H or in K)

MH
'

insert identity element
.

,
cos ⇒ not abelian ,

Abel*74=70+2

Def we define the free group (of rank two) as E * I lie H -- K - E )

Rampur : suppose X - Y Aa w/ Aa path connected open in X. b- a .

Suppose 3- XoEX w/ Xo E Aa Aaa.ama.im?:ase::ii:::i:::::::.:n:::.ia.a...*.....
By pree. discussion there is a group homo E: * a Theta)→ Th extending the single maps sa .



Theorem :

-

. It X is the union of path- connected open sets each containing the basepoint xoe X

and if Aa n Ba is path- connected then the homo Io : * Th CAD -stink) is.si?!T.ai,....au+..mem.er.e.n....a..a.na...e...p.+n.me.+ed.+the kernel of the map E equals the normal subgroup N generated by all elements

of the form cars Cw) can cut
- t for W C- Rattan Ars) .

Thus there is a group isour
. That a

*THANfu

Ded : Let X be a top . space ,
let ACX and let c : A → X be the inclusion

.

We say that

p : X-' A is a retraction if so c -

-

idakeyfact
: assume that X is path- connected (which implies A is aswell)

Then Go c) * = Cida)*
p* o L* = idTin CA)

↳ : The IAI → Th IH injective
⇒ ( p* : they→ That surjective

Det
.
In the setting of the previous definition , we say that A is a deformationretract

if there is a homotopy R : Xx I→ X w/ Rex
,
ol = X

H x EX{Rex . N - t . P"'
yaeA.V-t.CIRla .tt = a

Ads :

e) In part . cop : Xa is homotopic to the identity map on X
.

2) Saying a space X deformation retracts onto one of its points is strictly
stronger than saying X is contractible

K¥1 : Assume X is path- connected then Kopi * = Cidxh hence ↳ oh = idtua,

↳ : Tle CA) → IT. (X)
so are Isomorphisms

Pt : That → Th CA)



Coveriugspacesandfundameutalgroup

Prop. Let p : K, → ( Xoxo) be a cover. map Then the induced mapYTT.istsa.tueeauiu.aassesoe.tuoseioops.am#
whose lifts in (I.I.) are loops .

Prop:Thedegreeofacovainsspacep:h.Ed→Hxdeaualstheludof p* (That . in teh
. x.)

Def we say that a covering space p :(Kid→ IX.Xo) is normal if p* Hutt , is a normal

subgroup in Tiki xd at least for some choice of Xo C- X , I. c- p
- ' (Xo)

Prof : Let p : I→ X be a covering map . Let Io
, In EX , Xo =p Ko) ,

x. =p CI. )

Then there exists group Isom
.
that make this diagram commute

ut
Tle El, Io)→ Th (X.I,)

Ipx. LP*
✓

y
Th (X.Xo)-' TilX. xn)

Liftingcriterionaudexisteuceofcoueriugs

Prep : Let p : (X.E.)→ (X. xd be a covering space and let t :(Y, yo) -' Hix.)

÷::::i:::::÷i÷:::÷:::::÷:÷:::¥:aI
Prop : Given a covering space p : I→ X and a map f : Y-' X if two lifts

I.E : Y -' I agree at one point yey and y connected then I = E
f-+EX 3- p- c ubhd sit every loop in U is Nullhand

. in ¥.

Prop : Suppose X ispathw-uectedocallypathedaudsanilocallysimplycouued-ed.TW
em for every subgroup H CTUA.xd there is a covering space p :X #→ X such that

P* (Th HH , IHH for suitable I. EXH



Uuiguenessofcovaiugspacestdef
: Given a top . space X and covering spaces pi. In → X , pre : The→ X

.

We say the first one is isomorphic to the second , if there is a homeomorphism : → Iz

such that pipe f (f : Isan
.

of covering spaces)

commutative diagram : I # Th
-

p pre

East : this defines an equi . rel . in the class of covering spaces of a given top. space X
f

(p. nlp, TX.) if - id
f.e

(p. . ftp..ie ) Ipa . nlp. .( (Pei.) ftp.xil.lpz.xdislp. . ⇒ Ip, paid

Prof (Uniqueness) :

If X is connected
, locally path-connected ,

then two path - connected covering spaces

pi :[→ X
. Pe :X . -' X are isomorphic via au isom

.

f : Xi→I taking

a basepoint E. C- p
-' Ho) to a basepoint Eep

-'
Ho) iff Ipa )* health , - Cpd *Hill. .H

Tim Chalcis correspondence ) has etgisdgncwith KKR

let X be path - connected , locally path -connected ,
semi locally simply connected

.

Then there is a bijection between the set of base point - preserving isom .
classes of

path - connected pointed covering spaces p :(I.E) → IX.x.) and the set of subgroups
of tea . Xo) ,

obtained by associating the subgroup p* (Thai .Ell to

the covering space in question .

Def a simply connected covering space of a topological space X is called

universal

Facts : If X is path connected ,

sanna:
"'simp,"÷:¥¥}⇒uc exists

H X is path connected } ⇒ Uc (when it exists) is unique up to isom

locally path- connected



Universal , why ? the universal cover is actually a cover of any other covering space

of the same X in the following sense :

④,
check : g : E-s X' is itself a

~

- f pi covering map !

X→ x
p

Decbtrausformations

Ded : Let p : K-s X be a covering space .

We call deck transformation lol that covering space)

air is our . of the covering itself i. e a homeo g : Ed w/ pg =p

Two basic facts : ① the set of deck transformations (of a given covering space) forms a group

under composition denoted acts

② Assume X. I are path -connected and locally path- connected . Then a

deck transf
.
has no fixed points (unless it is the identity )

7, -7 p
• A deck trams

. g is in part a lift of p

X-p> X e id
. is also a lit .

H g has a fixed point , g CE) -- E then g -- id (uniqueness of lifts )

Diffused : a deck transformation is uniquely determined by its value

at a point
Examples :

ay ×=5
,
I -- IR

, P " I Yeoman
, sineath

GCI) = integer translations €2.

b) X- S'
.
I -- S'

, p : I - o X
Z r> zu

ACE) = rotations of an integer multiple of 24in = 74mL

Achtung ! In both cases above That. = hits



Fuudameutaltheoremoudechtrausformalionsthm
:

let p://5.IT -' IX. Xo) be a path -connected covering space of the path-connected ,

Ioc
. path- connected space X and let H be the subgroup Akina , chill . xd

Then : Ci ) this covering space is geom.uormal-i.e.V-xc-X.VE , I' E p
- ' CX)

there is a deck transformation f : E ? w/ fail - I'

iff it is alg.no#al in the sense that Ho THX'd

ciil If the covering is normal then GIN is Isom
.
to Talk .nl/H

(simply connected )

Comets : . If I is a universal cover then tell ⇐HAI
fund

. group Automorphisms of the
of the base Universal cover

- . It
p : I
-s X is wet normal then the replacement for his is

ciil
'

: a TN is isom
.
to the quotient NIHYH , where NIH) normalise

c-of H inside Till . Xo) largest subgroup Kah .

where It is normal

• NIH) =L E) HOG
.

An example of a covering space that is net normal

⑦ X talk ⇐Rafe H - lab> ⇒
aqgbia.a-arba-n.cat .

• H is not normal in G : a Ha- ' ¢ H

. Involve "abstract existence result " for XH
.

↳ ( geometric effects of conjugacy)

In the setting above
,
if g - G) for y - poi ,

where J : I→ X connects I. c- p-' Hol

to E. c- picks have g-
' Hg =p*Hill .

Def Given Y top space and group G , an action of a ou Y is a group

homomorphism p
: h→ Homeodd



Pasicposuat : (properly discontinuous action)

CH Hy EY 3- U -- Ums ubhd
.

such that the collection 19cal}gea
consists of pairwise disjoint sets .

(geccllngzcu) to ⇒ ga -
- ga ]

Thin If an action of a group G on a top. space Y satisfies CH then :

Cal the quotient map p : Y -s Ka is a normal covering map .

Cb) if Y is path- connected , then a coincides w/ the group of deck

transformations of this covering

(e) If Y is path - connected and locally path -connected then

A E Tht
i 's . A CTGCYD



Stufffromexercisedassesaudproblemsetshef
: X is first countable if each point has a countable basis of ubhds

DEI X is second countable if it admits a countable basis for its topology
↳ first count

.
I separable

Def : foe : = lol) u LYEX : XY is countable} is called the cocoontable topology

It coincides w/ discrete Topo Es X countable

[ not Hausdorff Cif X uucouut
.
) but limits are still unique .

Prep. f :X->Y
,
X first countable

. Suppose whenever Xu-' X
,

fkn -' fan
.
Then f is coat

.

Topo. Space # Metric space : HR, T) w/ Topol . given by HIA , eh , 0 ,
IR }

,
where Ix : = Kia)

dcxtr.ytvl-dcx.ie, is not Hausdorff thus also not metric space .

gift : dux , .ly = Walkin
XFO

Metric # Norm : discrete metric : dixies =L ! Iy cant induce a norm are : Hal = dcxoi - l

and Ha - XII = lat . 11×11=191 Idkx. o)

Def: 4- C- ECI) is called unit
.
bounded if -3M EIR s

.tl#dl.V-fEf,-VxeIDef
: HE ECI) is called unit

. equicontinuous if HE so 3-Se sit whenever K-de Se
.
we have

Han - full c E
,
tf e f

Them (Ascoli - Araki) : F is relatively compact ⇐ tf is uuif . bounded & equi cont.

Def : A space X is seq . compact if for every sea .
Hulu EX admits a

converging subsea .

Def : A space X is totally bounded if we >o 3- finite set of points te . - in c- X s -

t

XE Viti Baird



Prop .

CUE of quotients)
X top space , req. rel on X ,

IT :X→ Xk projection
( et f :X → Y cont

.

sit Vx . . x , EX Xuxa ⇒ fan -- fan

then 7! f : Xk -syst for =f

Prop
9 :X -s Y quotient map and f :X→ 2 cont

.
and induces bij f : Y-' 2

Then I coal. but not necessarily a homeo . (IR . tstd)
( X - Y - HR ,Tstd) ,

2- HR , Ttriu) , f=q=f=id ,R t "s )
(IR . Tstd) → (IR

, Ttriv.)
⑨
( net homed.
cuz (IR .Ttriv

.

) not Tz
.

Lemma : X connected
, p : I→ X cont

.

1) If p is a covering map , then it is a local home. and the degree of p

is constant
.

2) If p is a local homeo add p
- text is finite Vx

,
then p is a covering map .

Def : X any top . space A- EX is a discrete subset if theX IU ubhd of × sit

(UKxDNA -- ¢


