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D24. A mathemakical salement is a proposil—ion

A B|AvB|AAB|A>B |A< B

00| O o 1 1 A con;)unjrion
01 1 0 1 o]

10| 1 o o 0 v dis\'\uncl-ion
111 1 1 1 1

notahonal

A—=B =(A- B) A (B"A) , A2B=-AvB convention
General. Concep-‘-s
D6H. Syn-l-ax syml)ols thal are allowed and which combinakions.

D.6.5. Semantics der;ne a func-“o» feee , which a.ssiav\s each
F a set of indeces that are {ree symbols.
%.6.6. An inferpretation A assigns each symbol a value.
D.6.7. Ais suitable if ¥ assians a valve for all free symbols.
1.6.8. The semantics alse deline a -Func-uon o(F,A)= {01}
or A(F), iving the 4ruth value o{ F under A
D 69. 1§ A(F)=4,4hen is A a model -‘or F or even o set o{:
{-ormulus M. One wriles AEF, AeH, A¥F.

Sn-hs{iolf\\l;\-\[, Toukology , Consequence , Equivalence

D640. Fis solisfiable iff here exisls a model and
unsakisfioble | otherwise.

. Fis a favkology T i{: Wt is troe {or every Suitable A.

.Gis a lgjicol consequence o{- F (F¥G) i{- every
suitable m‘-erpte-tenﬁm or. both F, G, i1s o model

¢ G, if itis o model for F. (Fs6)

D.6.43. Fand G are equiva\evﬂ- F=a if FEG and GFF.
D.644. I Fis o +avbology one wriles FF.

L.6.2. is o tavtolo y iﬁ -Fis Unsnl-isFaue.

L.6.3. These stalemewts are equivalent:

{F,...FlFG
. {F4A\"',_A...AFK} G isa -l-au"-o(os\,
“{Fy e Fe,GY s Unsah's{ialsle.

Losicol Opercﬂor.c VAR

De.15. I Fand G are Po-—molas ,soare °F FvG,FaG
D 646. + A(FAG)=4 &= A(F)=1 and A(G)=1

*A(FvG)=4 =7 A(F)=4 or A(G)=4

*AGF)=4 & A(F)-0

These are again used in D6.24 [/ D.6.26
Prop. Loafc. Pred. Loan'c.

L.64.49 FAF =F and FvF=F idempolence
2) FAG=GAF and FvG =GvF commulnl»ivﬂy

3)(FAG)AH = Fa(6aH) somefor v associativily

Y) FAFvG)=F and Fv(FAG)=F absorpion
5) Fa(avH) = (Fa G) v (FaH) dishribulive law
6)Fv(GAH) = (FvB)a(FvH)  dishibulive low

) F=F dovble negation

8) A(FAG)=-Fv-~G and(FvG)=-~FA~G de Horaan's rules
9) FVT = T and FATE F  laoldo Y rules

10) Fvl =F and FAl=1l vnso‘is{smikl rules

) Fv-F=T ad FaF=l

Lo&ico\. Calculi Hilberi-Shyle Caled:

g sFo
D643 derivalion rule {E“---,Fk} G or FG_K (R)
D.6.18 A"l\'ind o derivabion rule means:
*Select NeM - Specify N G ‘Mu {G}

D.6.49. A caleolus K is a finde sel of deriviation rules.
D. 6.20. A derivation of o fwmu\n. {-‘rom Min K, is o {:inile
sequence of applications of R eK.
D.6.24. A derivabion rule is correct i# VAF MRF = HEF
D.6.22. A calculus is sound [correct if M F = HMeF
A caleolus is complele if MEF = MK F.
L.64 I {F - FIWG, then E (FA..AR)—G.

We can extend calculi by o.ddGnS sequences Of- role
Opplicn-l»ions.

Ex. Colculi
complele 2 not sound :

K={R} where = F
not comp\ele £ sound

K={r} where {Ft iz F

Pro pos'll-ion al \_oaic

D.6.23. SYn'l-a.x" An alomic {‘ormu‘a is of
A formula is defined as in D 6.45.

D.6.24. Semantics: D.6.46.

D 6.25. A literal is an alomic {orm\m or ils ne&o.lion.

D.6.26. Conjinchive Normal Form: (LvLvl)A(.).

D.6.2% Dis\')unc'hve Normal Form : (LaLaAL)v (...)...

T.6.5 Every -Formula. is = 4o . DNF/CNF formulu..

Given F calcvlole the 4ruvth able:
DNF: (Row4) v (Row?)... only +he rows which are 4rve
L (A aA) A A if=1 else HA;
CNF  (Row4)A(Row?2)... only the rows which are False
L (AvA,.) A A =0 else -A

Ex. Prove +hol Yhe resolvdion calcolos is not complele.
Let F=A and G=AvB we know FEG.Bol we
can't derive K (AVB) {rom JC(A) using the res. calc.

-lke rorm A,'.

'RESO‘.U'HOV\ Coleulus o Sound, bul not complete

The resalution calculus is vsed do  prove unsalisfiabilily
ond logical consequence (since MEF is dree only i
Mu{-FX is unsn&isin'o‘a\e L.6.3.). Tne formolas hove 4o

in CNF.
be in CNF (LaLal)

D 6.28 A c\aus:/ is a sel op\;lernls.
D.6.29. A set of clavses is denoted K (F)

K(A) is the
union of all

K(F).

The empl»\, clavse s unsalisfiakle and the empl\,
clavse set is a -Lou-l—olo'ﬂ\{.

D 6.30. A clavse K is resolvent l-c K. and K,
contain o literal LeK,,- LeK, and
K= (K\13) v (K, \fL3)
Resolution sleps must be carried {1A} {A,B} {"B,A}
ovl one by one. To be consislent ~~—"
one can wrile {Ki K3 s K. The {_A}
resolubion calevlus can be denoled oal
Res = {res} 2 <3
L.6.6. The resolokion caleulus is sound. Lig, K = K EK
T 6.3 A seb M is unsalisfiable iff IC(M) bee &

Predicate Logic

D631 Syn-‘—nx: - variable: x;, ieN
* funclion: ﬁ"), k€N, where k = #avaumurl-s
- predicate: PR, [ kelN, where k = #'araumen-l-s

ed inducl: ‘term: 4; , variables and {unclions
de( ned i Juclwely{ '(:ormu\n.s-‘ — predicates cre{‘al-omic
= if Fand Gare {ormulns, so are
“F, FvG, FAG
-ifFisa {ornw‘l, so is VxF and 3xF
D.6.32. Every variable is either bomnd or -froe ; Fis closed
if all variables are bound.
D.6.33. For F, Fs1 denoles the {ormulo. oblained by
replacing evey free x with the derm +.
D. 6.34. Semantics: a interprelation A=(u,¢,4,5) is a fople:
* U= universe A
- &= funclion assianing {-‘um.ln'on : F
i 4

p

Lunclion assianin:‘ predimh’ P
‘F= -rvnel-ion assiam'vs {rec variables.
D. 635 A is suitable i} all funchions, predicates and Free
variables o{- F are defned.
D.6.36. The valve o{t a ferm is de]@ined:
~AM=5® if variable
-A® = A (Al ABL)) it Fonclion
The 4rodh valve o{-’ a formila:
-AF) = P (AR, Al)) if predicale
~AVxF) _ £ if Agouy(F)=1 for all ueU
A(3ExF) " Lo else Some.

rmula ]




L.6.8. Forall F,G and H where x does nol occure -['ree in H:

4) ~(vxF) = 3x-F 6) IxIyF=3y3xF
2) ~(3xF) = Vx-F ;? (VxF)AH = Vx (FAH)

(ixF)A(6)= Vx(FAG) 8) (VxF)vH= Vk(FvH)
Y) (3«F) v (3x6) = Ix(Fva) 9) (3xF)AH =3« (FAH)
5) VxVyF = VW F 10) (3xF)v H =3x(FvH)

L.6.9. If one replaces a Sulsfofmulo. of F, with a equivalen!
formila, then the resulling formola is equivalent do F.
L.640. For a formua G in which y does not occure:
-VxG = Vy G[,,ﬂ and - 3xG =3y6pyn
D.6.33. A {ormula in which no variable occors as bolh bound and
ee and in which all vaciobles afler quan-l-(fu'ets are
dislincd, is in rechilied form.

. WxFEF or any +. 7¥x EF

. A ;ormu\a. ofi-Fhe For:lv\ Qx4 Qoxy... F where Q; is

a quanlifier and G does nol contain any quanlif.'us

is said 4o be in prenex {orm.

= To ochieve fifsl rechivied {‘ovm, dhen L.6.8.

For every formulo., +here is a equivalent

prenex rm.

Prenex: © rename bound variables @ apply de Morqan
® remove all = ® shiﬂ 3,vio {rov‘a-

T 643 ~3u¥y (Plyix) & Ply.y))
Ex. Prove Vx(FAG) E (VxF)A G.

Lel Fand G be any suiable {armvlas. Lel A be any
struclure svitoble tor Vx(FAG) and (VxF)a G.
Assume  A(Vx(FAG))=4
sem ¥ = A[,_.u] (FaG)=4 -l:or ony uéuA A
sem A =2 r_;-ouj{F)-"l and A[x-mjiﬁ)ri -for any ueld

=2 o] (F)=4 tor any uel
c Jomd x~>w) (6 =1{or any ueuA A
sem¥ =2 A(VxF)=1 and Apq(6)=1 for any uel
Case 1: % does not occur free in G
Then for ony u, we have A[,_,u] (6)= A(G).
S A(G)=A[..>u] (6)‘ 1.
Case 2: x does occur {ree in G
Then x oceurs {ree in (VxF)AG. So if A s
soitable it defines xeU” Since Acoya (6)=1
for oll ue U2, we have in particvlar for usxA,
Ax-»xA3(6)=1. So  A(G)=Ax-xA7(6)=1.
Therefore  AlVxF)=1 and A6)=4 5" A((%F)r6)=1
Proof Syslems

D61 A proo{\ sys-‘em is a quadruple T= (gnp:'r:¢)-

-s6S : stalement - T:S—>{043 truth funchion

- p€ P: proof - &: SxP-> {013 veri{-':'calu'on unction
D.62. A proof system is sound if no false shalement hos

a proof.
D63 A proo syshm is comple-l-e iF every trve slalemend

GSO.PI'O .

T 642.

rmdla in

Ex. ‘Proof Systems: S=P-= {o, ']}3
complele . 7(s)=4 i} s contains 6} mos} one O.
Lnotsond” @®(s;p)=1 il s conloins o} most two O and s=p
not comp\ule. T(s)=1
4 sound " s,p)=A i

s contains ot leas} one 4
d(s,p)=3 ond p containg exac-l-l\, one 0

b Homming Distan
’Proo‘ rPa-“'ems He 3 Diskonce
Compos‘lhou |mplicolion D2.43. \F S=Tand T2 U

are both frue, then S=>U is 4rve. L2.5 (A=B)a(BC) FA-C

'Dilec(- R’ODF or an Impl DYELCH ’P,—oo{: S=T b\,
assumin\el S and Provinj T under this assumphion.

Indirect proo{» o{! an |mpl. D2.15. ’Proo-P S=T LY

qssumin& -T and provins =S ounder 4his assumphion.

Modus Tonens D2.16 Pove S b {]indin R, provinﬂ
R and +then proving R=S. L 2.1 An(A-B) EB.

Cose Dishackion D24 Prowe S b pindina a gs-l- Rur-Re

(cases), proving one Ri and prove {or all R7=>S.

Proof by_Contradiclion D248 Prove S by finding T,

oving | is fa(.se and then prove T is 4cve under™ the
assumplion hat Sis fa\sa..

Exislence ’P(oo{- D2.43. ﬂove Jrhal— S s -‘rvo..{»\m— ol- leas-‘-

one x€X, i drve construckive else non-construchve.

P§e°"h°l“ Principle T 240. If a set o¥ n ol{,ecls i split
in

ken seks, hen aMeast one st condains 21 objecks.

?roop LY Cowjrerexample D220 Prove ‘D\I cwnlerexampb
Hhat Sis nol dree Fw all x.

? l> an o\-;on Pro (PO 'Bas Ste 'u‘l n e
{-‘:) ofnyv n %’(A) =2 'P(:i’l‘ |{|d)oc«|»ionls S-\—e:.' o P

Sels, Relalions and Funclions |
Sels

1Al = Bcard-'nolil\{ -'-4 # elem)en-ls ina ‘\ mle sed A
2. A=B & Vx(xeA A xeB
3 AB @ fo“A_”es) }>A=B &2 AsBABcA
Y ¢={3 =2L.33. VA(P<A)
5. Powersek: P(A) = {S|S<A} P(0)= {0}
6. Union: AuB = {x | xeA v xeB

Intersection: AQB = {x|xeAvxeB}
¥ Complement: A ={xeu|x €A} [or some universe U.
.3.8. Di{-‘{-erencﬁ B\A = {xeB|x ¢ A}

T.3.M. \dempolemet AuA=zA, AnA=A
Commu-‘a«‘ivﬂ-\p AnB=BnA, AuB=RBuA
Associalivity: AA(BAC))=(AARXAC. same for v
Absorbbion:  An(AuB)= A, UEAAB}’A
Dishabulivily:  An(Bu ) =(AnB)u(AnC) same {‘ar v
Consiclency:  AeB < AnB=A &> AyB=8

D.3.9.Carlesian Product: AxB= {(o. k) |aeA abe B} ordered pairs
Relations @xA=D  (o,b)€(AxB)=> acAA beB

D3410. A rela-l'ionJ) {‘rom sel Ado B is a subsel OF

AxB, i{.‘ B=A, ils a relation on A.
D3M. The idenbily relakion on A is denoled idy.
D.3.12. The inverse of p is ﬁ= {ka) | ) €Y.

D3.M43. Ifp,oare relotions then peo -'{(a,c)l 3b((a,b)ep Albe)eo)}
is_their composition. levlal ®olc. b
N A A calcviatre etc. |
L.3.6. pes = o°p mokrix molkiplicalion, {or
Specia\ Proper-lnes P odd p+ptt P
D3, Reflexive: apa istre for all acA, idep
Irreflexive: ‘apa is lolse {or Va

D.3.46. .Symel-ric : apb €7 bpa is +ree for al a,be A
D.3.4%. Anlisymelviu (@pb Abpa)=2 a=b istre for all a,l:éA
D.3.48.  Transilive : (apb a bpe) = apc s drve for all obe eA
L.3.3. A relodion is }ransilive lﬂ‘_j)EP_ D.3.13. p* }ransitive closore

Equivalence Relations and Posels

D.3.20. An equivalence relotion is reflexive, symekric & transilive.

D.321. For Bon A, [plg is an equivalence class, defined as
{a)g={beA | beal.

L.3.8. Two inlerseckions o‘ equiv. reladions form a equiv. relation.

T:3.3  The quohent sel A/6 of equivalence classes oc Oon A

s o pnrl-'\-h'on A.

Ex. Lel p,o be equivalence relokions, prove that
Peo’is o equiv. relalion if peo-=cop.

reflexive: Va¢A (apo A aca | p,o reflexive
{ =2 VYaeA apvoa) ) |dpef ° ]c
symeric:  For ony a,beA, (a,L) € Poo-
=2 (b, a) € Poc dc{ inverse
=2 (b,0) € Top peo =oop
=(bo) € pos  |L 326
= (b,a) € poo Syme‘l'vie OFP,O-
fransitive: For any abc€eA, show peo =(p°a~)‘L which

will prove dransidiviby  L3.%.

o (050) (0 0) " pe(oop) 0 2 polpac)ec)

= Ptoo!- =poo- (since P10 are }rom:i-liwz

D.324. A pocdial order an a seb s reflexive , antisymelric and
Fronsitive . A set wilh a pardiol order < is called o
osel.

D.3.25. For o posel dwo elements are comparable if a<b
or b%a,



D.3.26. I all elemends are comparable hen A is dobally-ordered
D.3.23. In a poset an element b coverss o, it a<b
and there exisls no ¢, a<c and c<b.

a<b & axb A atb

8
W:
3 s °?

(A
(23456488313

D.328. The Hasse diagram oF
a posel, is a dieled graph
whose verdices are €A and
the eclae (a,b) means that

a covers b.

T310. ?a.,hg é%o,,ktg &7 a,da, A b,Eb, is a po. relation
T.3M. aq,b )< (0g,b:) &7 a,< Qa, v(a.:az/\ b, £b,), lex.order,

is a p.o. relation

D.3.29. Special Elemends: leb (Ai4) be o posel and ScA.
4. a€A is a min.[max elemend, if Ab wilh b<a/a<b .
2. acA is the leos! [greatest element, i for Vb a<b/b<a.
3. acA is the lower/upper bound oFS it VbeS a<b/b4a.
Y. a€A is the qgrealest lower bovnd{leosl vpper bound of S
if a is the Srenlesl-/ leas! element of all Lower[opper
bounds of 5.
D.3.30. Ais well-ordered if it is doally ordered and every
subsel has a lea elemev\l-.

D3 It §o,b3 hove o greatest lower bowd aab itis called
the meet, if they hove a lowest upper bound avb
itis called "o join.

D.3.32. I all pairs of elemenls in a poset hove a meet and

Join, #is called o laHice.

Ex. Show lhal YaV¥b ((apb 4 bpa) 2 a=b) | np=id
Led a,b;epnk‘ b(o. t’;rbil-r;npry ) ” P P
ablepap A pnpeid
& ;a,k)ep/\{a,b)ef)‘ = (ab) € id
& (ab)ep A (ba)ép — (ab)e id
&7 (apb A bpa) — a=b
& p is anlisymmetric

Funchions
D.3.33. A{:unc-lion P:A—>B from o domain 4o a codomain

is o relalion afb with special properbies:
4. VacA 3bed O.fb ‘lo‘o"y dQFI‘I\OJ
2.Va€cA Vhb'eB (afb A afb') = beb' well-defined

D.3.34. The setof all fonchons f:A=B is denoled &
D.3.35. A parlial. Funcl-;on is a relobion such dhal 2. is dre.
D.3.36. If S<A, then the image of S is f(5)= f](a)] aesT
D.3.3F. The sobset {(A) of B is colled the imane of f Im(f) -
D.3.38. For TeB, the preimage § (1) = {faeAlHo)eT].
D3.33.  Injective:  o.#b,dhen f(a) *HB).

Sur;‘eclivez it f(A)=B, YbeB 3a f{q)=|> A
'.;‘eclive : in\"edive and suriective D340 = has invcrstf
For P:A-’ R ond 9 R>A" we can say thal

fis in\}ec-l'we i is SUr\"eclive.

There are [B|'A {-unc.l-ions A= 8

D3UA  The composition 1 do.{?ned ( °f)(¢) '-'S(f("-))

L.3.42.  Funclion compasibion is assaciafive.

Ex. Prove thal for {:A"A exis! a 3 such Jhol 8'\(=id
IH { is i-\']ec-live.
= Consider {-)(?4(‘) & We conslrucl-d as follows {or

a =(qe!)(c any bélm (8) = }(s) where
= aqun)) {(Z]=L Fof Eﬁ¢ lmf, 5‘?5)2:5
= q({(b) }:;e) eqel- 3'{ =id, becanse ¥a A,

= §(
:‘@,-{)(U mf, 50 g(f(a))=a.

Prove thal every a€ D\{6} is a onid:
We define j;‘ D->D, x—ax.

injechve: Assome x,yeD x+y and () =f(y).
O’J(o(‘l) -f.ly) Tay-ax = o-y+o[x)=a- (\/~x’

since a#0, y-x has Jo be 0 and thals Jhe case
if x=y.Else a would be a zerodivisor.

sorjec.l»in’ lf Fa was nol injechive we wodd have

Ex.

¢im o or Some eD. Which {or im'-le
¥) im‘gfiel l(Ilm?{‘,,)l <10]. This is & {conimdic-ﬁm
to the fact Jhat f, is ih\')ec-live, +herefore

is b surjechve and also  bijechve.
The 1nverse 0( a ie {:(’1) and -H\em(ofe s a aun;-l-.u

Ex. F=NN—> NN, f—’{o{- cove +hol F is nol Suf\\et-)n'vlc.
Hind: yse h(0)=1 h(4):0 ond h(x)ex {or x%2 .

Assume Fis Sur:)eclive Jhen there must be a 3 such

“"101 a‘s ="\.

Cose: g(0)<0 =» (g9)(0)= 3(0)=O =< contradiclion

Case=5(4)=4 = °3) (4)= q)=4 = contradiction

Case: 3(0)=4, 3(4)=0 '9(303)(0 =3(“)=O = conkeadiclion

Case: gl)=x,qM)=y with x,y22

=>(Sa5) (o): 3(,‘) = since h(6)=1 bol this controdicls h(x)=x
Counlo.b'\\i-ly
D342, i) Aand B are equinumerovs, A~B | if dhere exisls o
weckion A— B

ll) Bdom;na-l-es A, At‘ B, |F A~C ror CEB or IIP -l»kere
exist an injechve [unchion A—B.
i) Alis counlatle it A<IN. N is coundable
L.343. i) < is dransibive i) ASB=>A<B
T34 A<BABgLA = A~B
T.3.45.  Ais counlable |{|: Ais {:im'le or A~N.
Canlors dia\q'onolimlion araumenlﬂ
We o\e{'{v\e % os the d-lb d-'sil- of— the i-th sequence
F()= oo qip - We fw-\her define. Q = sy
Now we lake (=&, €0r {z\

N From this de{inﬂ{ov‘\
W is clear that B is different feom all f) by ok least

one e\iail-.

Counlable sels

T.346 {o}" T.3.20. i) 4he set of n-toples over A
T.3.143 INxN=N? W) union coundable sels
313 @ iit) The sel A%of finile sequences of- A

T.321. {043%is uncountable => R uncountable

D3"|L| A{:uncll'on {:IN—v{o,‘l} is compwl»a“e i -H\QN-
exist & progrom pe{0,13" +hol con compile  f(v)
{-‘or all neN.

Is 4he set o[- all zigzaq funchions covnlable?

({'=W-"W so thal F(n)<[»gn4), {.'(n-d)?f(n\)

We will prove 4hat the subsel A' = {{ |n odd '7{(n)=0}

is uncoondable. We creale a bijeclive mopping

BN > NP, - {Of){6).. . As ¢ is bijective ond N°

is uncountable, A’ is uncowniable and Iherefore also A.

Ex. Prove Jhol sel oF equivalence celadions S is uncounlable.
We define F’fp(lN\{OZ) — S, consider Ac P(N\{o}},w
porkidion N indo Aufo3 and IN\ Au{o} on dez{ne lhe
equivalence relalion fca) such thal 4wo numbers are
relaled it “\Q\/ are in the same parkilion. C\cwlY is 3njec-l.‘v¢
since for dwo sels Aond A, the equivalence class o{- 0 are

di {-[-efen-'- , hence -FfA)*-f(A')- T'3.21. elemenls of 'PQN\{“D

Ex.

correspond 4o {013 and
NUMbef -n.'leoryl Hrerefore i+ 5 uncountable.
Division )
Dy If a divides b we wrile alb, a-c=b. cis Jhe wmique

quotient , b is Jhe molliple and a is dhe divisor.

THA. Forall in-legevs a and d+0, the exis} unique qand r
so dhal azdq+r and 0<re</d|.
DH.2. For abeZ (notboth 0), deZ is he grealest common
divisor, if dla A d|b A Ve((cla A clb)—> c|d)
D.ya3. If ocd(o,b)=4, then a,b are reladively prime.
L.Y.2. acg(m,n-qm) = Scd(mm)
=7 evelid 0\3. cd(mn) = r.e\(R,.(m), m)=...
DHY. The ideal of a,b€Z is ?c,b): {ua+vl> | u,v EZ}
a€Z is (o) ={u-aluez}
L.Y3. For ab€Z there exists deZ, (a,b)=(d)
LUy, K (ab)=(d), hen d =3cd(n,l;).

=2 Scd(u,b): ua+vb, uvezZ
The least common mulliple L of a,b €Z, denoled
Lem(a)b), is de{ined as aft A bju A Ve((ale 4 ble) = Lle)
'Primes
D.Y.6. A positive inleger P>A is a prime iff the only posdive
divisors of p sartr. pand 4. E!sP¢ a noﬁ\ur is a cosnposil.
T4.6. Every positive integer can be wrillen uniquely as
the produc.ls of- primes.
We can wrile a=Tl pie; and b=TT, Pi; . Now we have
aed(ab) = T profeif) and Led=T; gX&if) \Jo can see

bhal acd(a, b)- lem(ab) = a-b, since min(e;,f;)+max(e.'.fi)=ei +fi.

D.u.5.



Conaruenc&s and Modolar Arithmekic

D.U.B. For abmeZ, mz4 we say a is conaruenl-
Jo b modulo m, i} m divides a-b.
as=s, b & ml a-b
L.413. For any m 24, =, is an equivalence relation on Z.
L.4M. a=,b and c=,,d =2 atc=,d+b and acs,bd.
C.u.45. f(a,, cr Q) Sy Fb4ye be) for a; 5,,bi.

L.Y.45.

i) a=,R.(0)
) S R =Rt

CHAL Rp(fai100) = R (fRmlor)Rimlae)))

=7 'Rm(c"b) = Rm (Rm(")'kn(l’))
*Rin (o+b) = R, (R, () 4R, (1))
‘R, () = R_(R_(2)*)

From Fermankts illle theorem and Eulers theorem:
If gcd(mi.a)=4, then 'Rm(ab)='pm(°?wm)(b))

Ex. Prove Jhal i} s(a)=s(2a) (s demokes som of e\n'ﬂik)
then 9la. Use fact that ijn)= Rg(sla)
Rj(o)’ Rj(s(a)) = 'Rs(S(Z-a)) = Rs (7.&)= 23(2) 23(“)
=2 Rs(a)-’ 2x 23[0.)
=> Rale)= 0
Ex. Prove thal (:or ol a,beZ such thol +b* =,0

it holds thal o' =0 and b'=,0.
Nole that Ry()€{0,1,2,3,u,56} = R.l¢)efo,4,24)
0= Ry o+ b) = Ry (Ry(@) + Ry(8)
Hseregr: ’Ry.(a")=€; (b:)=0 ; )
Ex. Prove thot (or all abceZ\{a, i{- albe and scd(a.L)-“l

4\\23( G)Ic_. \ L

cd(a,b)=4 = ua+vb=1 some uveZ

§||>c_ =? be=oad

¢ =4c = (uarvb)-c = uac +vbe = uac+vad = (uc+vd)-a

=> alc
Ex. Prove that forall n 22,1 3fn, then R+2"is not prime.
Case 1: n iseven (n=2k):
@K+ 2" = 4+ 2.0 = 2| (R42")
Cose 2: n is odd:
R3(n1) = 'R3(R3(h)‘ R;g(")) =2 ?3(4-1)= 1 (or k3(2-2) =4
< R3(Ry()+ Ry2")) = Ry(+ Ry (2249 ) = Ry(244)- 0
= 3|(+2")
Mu”%plicalive Inverse

L.H18 ax Em4 has a unique solvbion x€Z |ﬂ- scd(o.m)=4-
D. 4.9, This solulion is called dne mulliglicolive iRverse
X=, at. i only exisls if 3cd(o,m)=4.

Ex. Scd (3, 16)= Backwards:
26=8-3+2 = 2:26-83
3:4.244 = 1=3-42 =3-1.(26-8-3)
9= 3" =3-126+83
_% =9-3-1-26
3'3:264 -

CRT
T YA19. Lel my, My, m, be pairwise relaively prime

and leb M=Ti7, m;. For every list a,..,a,
with 0¢q; ¢m; {or =4, v the syslem
has a unique solukion

X s, Q
:m ! X, with 0ex <M,
X Zm,Or
Ex- X ES'L 4. MI =% ‘2. N,H, Em;4
x =y | M4=20 Ny20=g A =2 Ny=2
x=g Mp=A45  N,a5544 2 Np=3
M= 60 Ha=12 Ny 122441 =7N5=3

3. Tiiy - M- N;=220-24 4453 + 4123 =, 29
ke x=,.8, x=_2 we
nce gccl(ﬁ,*ts) #4°
We 324: X-_=-3 2 X = 2 need o be equal.,
x=y O X =g 2 else no solukion
2x" 82,622 5, 25015, 24 a5 M2 5, 25 2x=, 25

’Dir{;e -Hellman
|dee: Encryphion using o one-way fuv\clion (easy 4o calculale,
hard lo reverse):

I} we have Somelking

need lo decompose

Alice g eneralor Bob
a = random number e l°'3° prime| b =random number
in{0,...,p-2% in{0,.., p-23

Yo= 9° mod p _><—YB= 9l> mod p
Keg= Yo =9 Koa® Ya = sa'b

YB O'\d \/A.

Man in the middle can onl\, Sel

Algebral

D.51. An opera‘u'on onaset S isa (chJm= "=,
where n20 is dhe arily.

D.5.2. An clgebra is a pair (S; 1), where Sis a se} and
0 otisd operotions.

Monoids and Groups

D.53. A leﬂ/ridhl neclral elemen) s an elemen} e €S
such that VaeS exa=a /are=a . |f bolh are dree
it is simply a nevlral element.

L.51. ¢s5:Q) con only have one NE.

D. 5.4. A binary operakion is associalive if ax(br)=(asb)c.

D.5.5. A monoid is an a\ae\:m <M;x,eY, where = is associalive
and e is the NE.

Dse A lef}/right inverse o\l anelement o €S, is a béS such
ot bra=e/axb=e. If bolh are tree is simp?y an inverse.

D51 A grovp 15 an a\ﬂebra. {(Gj*x*e) sal-u'shins the oxioms:
GA. = is associalive
G2. eis a NE, are=exa=a
G3. VaéG 38 axd=e=dxa
Asroup [monoid is commutalive [obelain ;F axb=bxa .
For grovps we have:

DEX
L.5.3.

i. (@) =a . bxa=cra = b=c
in. @:ﬁaa V. oxx=b has a unique solvhon.

. axbzaxe = b=c

Ex. Gobe(ach) =e G3. Eebeas=h G2.
a?sogaob of=eob (Geb ca)+a =Bod
Gob o(acb)ob=8  G2. 'GP e(aes)=Bea GA.
G:Bew(boﬁ) =5 G1. aoch ce= oa G3.
GQebeace)=h G3. Geb=Poa G2.

The Skruclure o{- Grovps
D.5.9. The direct producl- of n Grovps is the olaebm (6.x..%x6y; %),

where ¢ is a component wise operalion.

D.510. A funclion ¢ From grovp G Yo Grovp H is a grouvp
homomorphism i} for ol w(axb) = p(a) * w(b). ¥y is
bijective it is a. isomorphism, we wrile G=H.

L.55 A grovp homomor phism ¢ sal-isfies:

‘yl)=e' - y(@): gl
Ex. Prove ¢(e)=e' : o(e)=¢(e ~e)
() 4(2) = &(c)- () #()
e = o)

When provin thal Somzl-Hnj s a fsomorphism
we need fo piove thal:

‘s a homamor phism
"0 is byechive
(Zi+ is isomorph Yo <G;+7 where G={ZXIX€Z}
D.5M. A subset HeG is a subgrovp if His o qroup, meani
if is closed with respect 4§ o“Popfml-im: e £
-axbed -eeH -deH
D.542. The order of acB, ord(c) is +he leasd m 21 such
that a™=e, if no such m exisls the ord(a) = co.
L.5.6. Inafim'le grovp every element hos a .Fnile order.

Ex. For any lwe o,be G we have OrJ(a'B)=ord(b-fo)
We only need Yo prove g\'d (a<b)> ocd (bxa). Let ord(ash)=n
asb) =e

& (axb)#(axb)s. . . *(axb)=e

= bx(asb)s..2(a2hra = bw*a

& bra x(b*a)r..x(bea) = b*xa

= asBxbxa x (bro)*..x(bra) = 6xbxbra

@ (bx a)" =e



D.543. For a finile grovp G, G| is called 4he order of G.
D.S44. For a€ G, the qrovp Senerakd by a, <a?,is de(imded
as (o)={a"|an62}.
D.5.15. Agrovp G=¢g) is called cyclic and g's called
a generotor of G. g*is also a. generator.

Finding generalors

{Z,,i®: al elemenls a with Sca (a,m):’i

<Z:,,'O)= - calevlole order o{ roup

*for all dorder check'each element a if od=4
if not a 1s a generator, realize for order=-6
d= §4,2,4,8,163" we only need Jocheck a®=4

Same  goes {-or Senerolors of Fhdmey ele

Reolity-Check: #generalors = (p (order)
T5%F A cyelic %orup of order n is isomorphic do (Z,;®)

and Jherefore commulghive. All groups of prime order ace
Zox Zp is cyclic it ged(m,n)= commulalive
-5.8. Lagrange lF HEG, $hen |H[ divides |G).
.5.3. For o {inile grovp G, the order of a€G  divides l6).
.5.40. For a. fimile group G, o'l =e.
S Every grovp of prime order is cyclu’r. and every element
excepl the NEis a generolor.
.5.16. Z:n = {acZ,, |Sc§(a,m)=4} Mulliplicative grovp
. 5.47. Evler Gunc-uon p(m)=|Z, | =p-1 if m= prime
5.2 \f T4 p?i isdhe prime ackorization o{- m, +hen
r ;-1
lm) = Tire (pi- 1) p;
Sem—

OO o

roo

Q; -1

e;
T 5. (Zh;0," 1) isaqup. — P P
C.514. Forall m2>2 and qcdlo,m) =14, QQ‘M)E,,,']. and for all
primes p with pfa of*=,4
T.545. 2% is cychie i m=2, m=4, m=p® or m=2p%, where

P is on odd prime and e24.

-4
Inverse o{-o& atp(m =a

. -0 X Z
Ex. Claim: for gedlmn)e, & %0 T @n3 S
is o isomorphism.
Homomorphism: @ (x @y) = (R, x®y), Rn(x0y)
= (Rm(x+y), Ra(x+y))
= (R (Run)+ Ren (4)); Rn(Ra ) *Raly))
= (RM(")I Rn (" )) +(RM(Y)I Rn (Y))
=0 + &(y)
B'n\'led-ivei By CRT we know +hal a one-lo-one
relolion belween Z,, and Z, x Z, exisls.
We will show +hat i¥'s injechive . Assome x+y
and ¢()=dly). This (:ol\ows from Jhe {-m;"- dhad
x,y are solvtions a=, 60, o=,6(y).
wen x+y <mn  and @(x)¢m, d(y)en we have
Ly CRT that ais nique = x=y. Tkuc{-en s
injeckve . Since IZmnl‘IZm"an W is also
surjechive. o

Ex. Let G bea (inile, non-emply set and *a
binar\! operakion on G. Lel * be associakve
and commulalive. Lol VWabc€G arb=a=c
then b=c. Prove thal G is o grovp.

We know Ya€G InmEN (nem A o"=a™), since
G is {iﬁi'\e.
Oeea z=m-n =70!-a"=o(m'")*"=a'"=a" Daise
Show a*ze for all beG: a«b=(a=e)*b=a x(exb)
=> b=(esb)=(bxe)
@® 3€6: Yaea df=e e=a "

since A" Meaza""=e.

m-n-1
+hen a=a "

Ex. Prove dhal if Ge4Zi+), then G ={n-d|neZ} for somedeZ.
Proa«fby condradickion. Lel d be the smallest elemenl in G.
We assume Ad'{n-d'|nez}. I{ we now set d'=d we have
+hat 3ge6 {or which d]’g. "J'°"’3 let g0, then
3=k'd +r with 0<red. Bub because G is closed under
+ and - we have r=q-kd €6. Byl we assumed
d is dhe smallest element which is o conlradiction !

Therefore G has 4o be of 4he form {ndlnez}.

RSA
T.546. Le} G be o Dinile grovp and e€Z with 3cd(e,l6lz=4.

Then 15 x —»x® abl\ier.“on and x is dhe e-lh roo
YeG, y=x®. x=y9, where d is Jhe mulliplicative
inverse of e mdlal, ed=z 1.

]

=7 Withool 1G] #'s hard +o calcvlale e e-Ih root
Alice Bob

] insecure
P 9 larae primes channel
n=p-q
§=(p-N(q-1)= ()
ek ¢ 2" | ol e messege
d =g e
=R,y AN P
Ex. Prove Jhol {u all meZ, ,we have md'“EP m, where n=p-q

and de Ege(“) 1 .

de-4= (p-1)(q-1) -k
de =(p-1)(q-1):k +

COS¢ 4: m=‘¢'P +l\erﬁ‘§o¢n |-‘- )Is -
Iriviol thal m ¢=,0=,m
Casel: m*k-p mP-1)(q-1)-k+1
=m(P")(1'1)'k-m = "\«q'ﬂ'l‘)'l"‘ °m

=, 1m by C.5.14

Ex. Prove l'\vnlal i{. mde = m and md"éqm 4hen md"sﬂ,m
x=,

De\t;na g, clerly m3¢ and m are +wo solulions by CRT,
all solulions’ are conaruen-l— modvlo p-9=n, hence mde =, m.

Rinss
D.5.18. A ring is an algebra ?Or which:

i) {Rj +,-,0Y is o commutalive grovp

i) {R; -,1) is a. monoid

iii) left and right distribobive low is Jrve
A ring is commubadive if the mulkiplicalion is  comm.
i) Oa=0a0=0 ii) (a)b=-(ab) i) (-a)(-b)=ab
) if Ris non-trivial = 420
D.549. Choraclerishc of aring: order of 4 in the additive g,

0 if #'s notfinde.

L.5.13

Commukalive rinas:
D.520. 0 beR we say a divides b, alb if 3ceR a-c=b.
A all non-zero elemenet divide 0

L.5.18 l)nf alb and ble Hen alc
i) if alb then albc VeeR
) i alb and ale then al(bee)
D.524. qed for rinﬂs (pM4.2)
D.5.22. “Zerodivisor © a,beR, 6#0,b#0, ab=0, then are a,b

zerodivisors.

Finding zerodivisors: all elements a€Z,, svch +hat
scd(a,m)#’i

{Z,;+) is isomorphic }o €Z,i+> % <Zqi*) iff
n=p-q and ﬂcd(p,t‘)=4. (follows {rom CRT)

D.5.23. Unit: ueR is a umib if it is inveckible, uy=vuz4, v=u?.
The se} of onits of Ris denoted R”.
L.5.13. For a ring R, R" is o molkiplicative grovp-

Finc\'mg unids all elemenls o svch lhat Sco\(a,m)=1

Ocder of FBAZy: L533. IFL3, 4l = | 9C
D.5.26. |Fiedmey | = |FIQ gl -1
9 FId sy 15 @ fich
D.5.24. Pn integral domain is o commolative, non-trivial
ring w&houl zerodivisors.
L.5.20. In an integral domain with alb, b=ac, ¢ is Unique
and can be denoted c¢=b/a . _needs
Z,, can only be a integrol domain i} m_, is prime. proof
D.5.25. A polynomial a(x) over R is al)=Z;., 0;x’ for some
d>»0 and q; €R. o\ea(ﬂ(x)) is equal do +the lorses-‘- i#0.
If all a;=0 i} hos degree —co. Rpag denoles the
se} o Po\,nomials over R.
T.5.24. For any fin R, Rpa is a rins.
L.5.22. ? i{: Dis an ia-l»earol. dowain , dhen so 15 Dpg.
it) +he unils of Dpg are the conslant polynomials  +hal
are vnils of D: D"=Dpy

Coledlale  mod in 2501, ,¢ simpl\,L subslilole

2 . . 2 x —_ -
¥t with U since X4 =0, 0, X" =241
X E‘..*‘;l-i .




Ex. Lot <R;+,-,0,,1) be any ring such hal ot=a
(ove 0.+0.3O0.
&-t a) = (a+a)-(a+a)
T aa +aa taa taa

= a+ata+a
=2 0 =a+a
ow prove  commutakivily:

o+b = (a+b)(a+b) asb+(-a)+(-b)= ab+ba

= aa + ab+ba + 0 = ob+ba
z=a+ab+ba+b ~(ab) = ba
= O0=oa+o. ab = ba

~a=a
Ex. Lisk oll elements R\R* (R-=Z, L axaq)
We hove 0 remove all ynits . x*+x+4=(x+3)-(x+5)
all elements that are not a linear combinadion of
these {-ou:l-ors are uvniks, Therefore R\R*= all
mv“-&ples o{— Xx+3 and x+5.

Let R be o ring. Prove +hol i{- A-ob  has
o molliplicalive Vinverse ¢, then “-ba has
the mulkiplicative inverse A+bca.

Assome  (1-ab)-c =41 (List all sheps)

(A-ba)- (14 bca) = (A-bo) + (4-ba)-bea = 1-ba+bca - babea
=4+ |>('0\ +tca- abca)= 4+ b((-1+< - abe)-a)
=A+b((-1+(1-ab)-c)-a) = 4+b-((-1+1)-c) = 4+b-(0-0) = 4

Fields
D.526. A Fie\d F is o non-trivial commolalive ring in

which every elemend 0 is a unit: F*=F\{3'%.
T.5.23. Zp is o fied iff pis prime. Z,= GF(p)
T.5.24. Every {'ieu is an inlegral domain.

unit =7 nol zerodivisor uv=0= v=4v=d'uv=u'-0=0 o

D.5.23. A polynomial a(x) € Fa is called monic if the

leading coefficient is 4.
D528 A polynomial a(e Fpg with dearee 341 s called
irreducible if 1H's divisible only by a constan}
olynomial or a conslant mulkiple alx)-
The monic. polynomial oF lorges} deqree such }thal &[r)lo(x)
ond qls) |blx) is $he ccls of a() and b(x).
For ony alx) and b(x)*#0 in Frcg, here exisls a
unigue  monic q(x) and a unijuc. r(x) such lhal:

o160 = )b+ 1) amd deq (40) 7 deg ele)
Po|\,nomia\s as Funchions

DSB Let alx) €Rpg, x€ R (‘or which a(«)=0 is called

a root of alx). _
L.5.28. For a field F, x€eF is a roo} lf x-o divides a(x).
C.5.29. A polynomial oF deg. 20r3 is ireducible iﬂ  has no
D.5.34.

roots.
T.5.30.

Ex.

D.529.
T.5.25.

If « is a rook of a(x), +hen is mulkiplicity is the
hiahes-l- power of (- dividin\cj a(x).

For o field F, a nonzero polynomial of desree d has ot
mosl d roo-l-s,counlins molhiplicidies.

L.5.31. A polynomial a(x) € Fpg of dearee d can be uniquely
dalermined by d+4 valves.
«(x) =§4 B;ui(x) where u;()= Gl (K ). ()

(sti-et, ... (= stiea) (ot % aq)e (i=%2n)

Sccl of +wo polynomials: apply evclid. a\sorilm

Ex. Sc.d(xz+ x+2, x"+x+4)=3co\ (ex+, x+3)=3<d(x+3,0)
=x+3 always divide by the smaller po[ynoma'a[.
ond keep the remainder

Ex. 2x+4€Z,[x],20yuq J:incl the mulkiplicative
1nverse.
@ Divide X+x+4+4 by 2x+4 o get dhe result.
Irreducibilid

'deg4  olways imeducible
+deg 2/3 irceducible if they have no rook C.530.

of Polynomials:

'deJ 4 ireducible i} they have o too} or Jaclor deq2
-4035 irreducible  if they have no foot or faclor deal/.?
Ex. GF() GF(3) GF(5)
10 10 1112 10 123 1021
11 11 1121 a1 124 “oz24
111 12 1201 42 133 4032
1011 101 1211 44 134 1033
1101 142 1222 102 4441 4042
10011 122 100172 103 142 :
11004 4924 114 1014
11111 1102 112 1014
GF(3)
A0 15 443 125 A4uS 163 4004 1026 1052
1 16 4144 131 146 64 4005 41032 1055
12 401 116 135 452 466 014 1035 1062
13 102 122 136 453 1002 1016 Aoy 1065
14 104 123 141 155 41003 4021 4046 1104

Ex. Solve vy2+(@+4)y +(+x+4)=0 for yeAh.
We try l;/ {:ind -l-he\/rools o{- dhe pol nt:niel\(
We do this L\f il\ser\ins elemenls a{- 1 for Y
Once we {-ind soch a element ¢ we can divide 15-/ y-r
to ael- y+r' where ¢' is Jhe second rool.

Finite Fields

D.535. Let m(x) be a polynomial of deq. d over F. Then
F["]m(x) ={a() € FGA) de;fa(;)]3< dt.

L.5.33. Let Fbe a(&nik {\icld with q elemends and le} mix)
be o{ dgaree d over F. Then |FB]M(‘)|=qd.

L.534. Fldmi is a ring with respect 4o addition and
mulkiplicalion module m ().

L.535. FLQ%, = fal) € F1d,0 0 | ged (b, m() =4}

T.5.36. The ring Fidp g is o field iff m(x) is irreducible.

T.533. |GF(a)I¥=q-4 for q=p% , pprim e24

|{- Fisa {ie\el FEQ can't be a ](u'eld.
'Proo{= Al least one element in F[x] has no inverse.

Given o} least 4wo elemends we have 0,1¢Fand 0+4.
Now we wolligly +wo polynomials of degree d,d', which will
yield a polynomial of deacee d+d'2d as ay:b, %0

(ne zerodivisors). Hull-iP\ice.§|'on on\\’ increases +the dearee,
i {ollows Wl a polynomial with d %4 does not"have
an inverse . '\T\ere{ofe is FIX3 not o field.

Cons-‘rucling -'Fu'n“e Jield with pd elements:
°picl< GF(P)
- pick m(x) of dearee d in GF{p) +hat is irreducible
= GF(p) X mx)

Ex. moanod : (z;+,0)
ﬂroup <Z, +I—IO) I(z [".JI +I-IO)
r'mg ('k, +I—Iol.l4)l Zxz
finle ring:  (Z,i+-0,,1)

(G;+0,1) are

integral domain : Z, Z prime, QI
Lef oway. o simpliciy

ield : Q,R.C,6F
f:.\u. field Z peime

EX. Le-l F bco-l:inu»t FEeld, Prove, -‘-ho.-‘- -“\v.r& exis-\»s
$6) € FBO  which has no rools.

1. Lel 3(:()-';IIF (x-), clearly 3(«)=O {:or all xeF

2. Now let {(x)= qlx)+4, since Yx€F qlx)=0,it
Fol‘l:ws J-afal 3\7"'\(‘:F {-;h)n:/el RN b

Applicakion: ECC

D.5.36. A (n,k)~encodu'n3 Fvncl»:m maps A Lo An, where
n>k , the resull is called o codeword.

D.5.33. An (n,k)-ECC over A with |Al=q is o sobsel o{-
A" with cardinam\, qk.

D.5.38. Hamminj Distance: number o& pas'-l;ans in which wo
shtings ovee A dlﬂ-er.

D.5.33. Minimum Distonce: minimal Hamminj distance belween
any two codewords an ECC.

D.5H0. A decoding Fonchion for an (nk)-encoding
onckion is ‘a funchon D: A" —> AK,

T.5H0. A ECC wilh minimum distance d is }-error correcl-irﬁ
it d>24+1.

T544. Lel A=GF(a) and let o,,...p, €A . The encoding funchion

E((ap,--1k-4)) = (als) s almn.a)) , where G(X)= Qk..("k-a""‘“o

This ECC has minimum distance n-k+4.

uek *com do s}
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