


Ch.4 Inlroduction VA

,D;SCVQ'\G. mo'\'ke.me\lc‘cs is ¢oncer¢v\c‘ wi-u‘
mile cnd cowmboble in}iaile mothemalical

s‘ruc-\-ures .

The man theme o{- Jhis course:
Withoul rl—, wr‘\liv\j aoocl SO%l—wone. becomes

.

impossu\: Q.

meaning ol there s a

\-\’-\onl- W+ 1w correct.
Hal\\e.mal:ca( slcliemem\s ae elther frie or ,Balse.

|mPorluv\-L Styns: * V or all
d -3 Jfkero. exisks
* =, conarueml fo module 3



Ch2 Molhemodicd
RQQSOMIQ " proo‘-

A mathemolicol slalemend Jhol s edher lrve or #a[se.
s colled o . When lroe | o proposdion s
o*&en ca”ecl ax or . fu(-\ker 4: 3\“5 incle_ar

i]fls co\([eol (s
TO connecl mcl-n\ema-‘c'ca\ slo-‘-e.mu\-ls we ean yse-

S T  -both need 1o be {rve
S T " one needs o Le. -I-rue.
S T -8 ;mPlfes T

S T S=Tad T=S

A is used to show thel oo modhemalicl

shelemend s Yrue or {u‘se.

- bosee\ on a‘reocl\/ Pfoo{'cn OLX;omS
and known fuc‘s’ ormuleled in
common \emavo.ae

-~ rigorovs and Formq(, with
e” advanleqes .f:
. P'QVQ"\“""S Qrrors
e Proo(- complaxil\/ ond
Ou‘omal;c VQ!: ‘.cnl-c'cw\
* Precisicn and deeper
uneler.slauolina



/Pmpos'\\ ional L oaic

The \c“,“ical values (conslonds) ,drue” and

w felse Yore  usvaly dewoled as 1 ond O
. NoT
ln *ac"','! ondl\ are ' AND
Su“ic'um-‘ Yo express * OR
euery \oa;cﬁ‘ "'U““‘M ‘ |r.nr)lica-hon
° ' on Lo-“t s;o\l?.s

These opevalers ore {-onci(es\s (e.x. V is o

{»w\c“eh o-'— {0,4}x{0,4} e {O,'\}‘ s coan

ba skown ot < lebel.

Al B Av B —
0| © Q]
o| 1 1
1 (@) 1
11 1 1
Tke«z are For loaical
OPercAorsf
1. =
2. 2 [v

3. — [/ <«



/

'{" fwo lo el uv\clions are
we denole .Law:w { &

5\, vsingg = or F i} becomes
Bas\c e.quivalences: a s&aleg\eml.

Lemma 2.1.

1) ANA = A and AVA = A (idempotence);

2) AANB = BAA and AV B = BV A (commutativity);

3) (AAB)ANC =AN(BAC) and (AVB)VC = AV (BVC) (associativity);
4) AN(AVB) = A and AV (AANDB) = A (absorption);

5) AN(BVC) = (AANB)V(ANC) (distributive law);

6) AV(BAC) = (AVB)A(AVC) (distributive law);

7) ——A = A (double negation);

8) —-(AANB) = -AV-B and —(AV B) = ~AA-B (de Morgan’s rules).

|]t o meu\u s a s
denoled \)\, . I we codld wherprel s as
F<@, bol we dont do +hal ¥

! When usi:ﬂ Eor =, lhe re.sou- s & sjfu-\emenl. !
N\
“‘ (=¥ {-olwwlo. i.s a[vucu[s -l'me, we ca" a"- o ‘7“?;’-!
or s -frue fm alleas) é_?c_g_
one fevth assi‘cjnmenl 3 s ,;{_ not, it T-Z -g—
s sl
L E
i1
°q :_g



Predicate Lo Sic. V3

Pro'aosil-ional ‘oak. s opfen not copo.L\e o express a shalement

(e.a. fhere  are in{in}lly mony prime numbers) in such cases
we use predu'ca‘e \OSQC.

'PFL’O\!COAQ. ’o\T'c s Lo&ec‘ on n a universe U.
p on U is a {\unchon Uk—7 {0,4}. Tke prechca-‘e P(X) ass;&ns every
X -‘o o volue 0={u[m or 4=4rue.

lr\ precl;ca-‘e loaic, we can also use {onr.-‘-iom on u, {or exomp'c

addidion and mulliplication.
Furdher we use the and

VX P(K) P(X) is 'lrue tr a" X 10 u.
3" P(") P(x) is e « some x i U

vy
Formulas are o]flm leave room open ‘[or inferpre dotion.
The~( do this LY "\av;nj ,,Free por"-s" thot are not Fixec\.
S\ICL {ormolas con"l' b@ -I-rue. or ]Cc.lsc. unJ—i\ a ;n-‘erprela-“on

{or the “Free. packs" is opplied.

H— Qa {»armula. has no ;n"'erpre"wln‘on -"\al 0“0«/ r'- "’O b?. -‘ruel
IL ;S Co.l(ecl l{: -u\ere ;s a ;n'!-erpre“-wl;cn '“lol
allows i 1o be doe #is called and r‘» his

Lrve {»ar an inl-erprelu‘lon, s a



L ‘co\. FJr u\o.s an
03 Hu-\-\\urm CO‘. S iemen‘-s

Formu\as and s‘nl-o.menls are di#eren-!-, l)eccwse the stLols
0{ a Formulm con ln in"crprel@l oli(-l-eren-u\,

WHen a In-‘-erpre‘l'alnon |s{|x24 J:-o r o~ zormul& l'L becomes o mal\nemal-col
S-l'a-‘-emenl- l)t “us 1S J-ke case we con also jfc“ 1{- ]cormulo_ IS

‘|‘ rve or (uls&

While ][ormulas are no slu‘cmanl, we can make Sl—a-‘-emen\—s about
Mem:

“F s unSaLc‘sFaHe.

*Fis valid (FF)

‘FFG

- {F.G} FH

* Fis va‘;J = G s valid



?FOO{' (PQ ‘H erns 3

I‘ S=?T and T=2U are -‘vue, lhen S=2U s

O‘SO "'VOC .

Pf»(. One wriles down the drolh dobles For
(A"B)A(R-PC) and A= C. q--n\e F;rsl
evaluates Yo drve . dher +he second one will
as well.

T’\Q pren-(— o‘- an ‘lMPl;c&'lt‘on S=>T y b\, QSSUm;qJ S uuo‘
+hen prov :ﬂj T vader 4his assvmp"-«.on.

T-h¢ Proo‘ o{- S=>T wwl« L Qssuming 1 is se
and Provin\a, S s {nlsc under 1“\:5 assm\zfln'on. {‘J

EX. PrOO{ -n\a'l ;{- X :s ;rral“onal, -“\en 4;—‘ L\uc -l-o
be ifra-'t.Ov\al \loo



4. Fd o shbemesd R Ex. 2°°=,.4 (a Seripl.)
2. Pove R
3. Prove RS

1 td a {:inilc sk op m. slalemenls R Ric (casos)
2. Prove thal one R; is dvee.
5. Prove R; = S {or \ = ’1,...,I< .

EX. ChecLerLoavo\ u}“s one pl‘ea m?ssinj, can L('. CO\rerec‘
B\l L" S‘\GPQS.

1 Find o stalemenl T.

2. Prove o} T s {-'olsz-

3- A$$ome S ;s false th Prove Thos ‘o
be droe (ov duie. (a. con-‘»vo.diel;on)



Ve
Coasic‘er Q .se-'- ‘X 0‘ Parame-lu's and For m‘) X 6.& a sl-alemm‘l- gx.
A exisle«ce Proa{ is a Proo‘ -“na'l- Qa Slaltmen-‘- ;s -lrvc. {or

olleas] cne x €. 0o ifil exhibils an o {or
wl\;ci\ Sis -’rve, olherwise W} is .

S:'WL‘&JD Prinzip

|-(» o sel o{ n oLJec-Ls s pw-'iﬁond inde k<n se-l-s ‘ Hhen ouea.tl- one
seb  musk conbain [ {l OL:)ecl-s.

Ex. Amcn 100 Peop'e, oleas! Jae born in he same month.

CO“S;AQC;V\S a set X o‘ Parameltrs ond {or each x €X a
S-‘-al-emew\- Sk. A proo( By c:wnlerexamp': is proo{- Jhal Sx is na'-
-,-rue, {or ol xeX.

See noles on ALD.



Ch.3 Sels, Relakions
& Funchions

A ;s aco“tcl;on o[— . For euen' °‘\i¢°l II- c‘;
Ae{;v\ed w‘\e'“ner I-‘ ;; o o{- (» % SQL or no‘-

(Jev\oleo\ Ly X € A). Order and Muu(')le occurrences o\L
elemends s irrelevant.

The number o‘- elemenls in a le\;\e sel s lhe

,c\ev\u‘cd b\' 1A].
A sed con aso be JQFMJ ‘)\I a PropuLI o{‘-

he elemenls.
{x €A ‘ P(")} e\emen\s o'— A }\owia\j propel-‘-Y p
Sels are i{'— l-\rml conlon the  same

elemen-l-s.

A SQ‘I' can B& Qa e‘emen-l— Oﬁ anuttl .SQ-L

ASQ’L A i.s Q o{- ovm“\er SQ‘- B :{-
oll elemenls o} A are also Parl— o{- B.

A ocdered poie (a,L) s c\e(‘ineJ as {{a} ,{a.h}}.




A se-‘ s |‘- 4 does no‘\ conlain any
Rlemenls. This s o-Hew devoled as

@ }s o Sul)u‘ o-( evevy se.l-
With  the e""‘f’“’ Scl-, ve covld cle(;m. the

V\a‘ Wa\ Vme ers.

VF

0% g, 1% , 2 ¥4p.903)}
DQP“;':] He {)vm;lfon s(n)-'- n U{uy
One con ‘u\QV\ S‘O('I- ‘o AQFA&. Oqua-‘:on; “(g +

m+0=m m-+ s(n)= s(m-m)

The power seb of o sel A | denoled ’P{A),;s {he
.SQ-‘ :;E all SuLseﬁs of A l

P(A) = {S|ScA}

e.x. P ¢) = {¢} @ i« pact of ever
@((a) = $6,4a3} power Pse‘-. ! !

P(A) hes cardinqlfLY 2IAI.



AuB = {x|xeA vxeB} logicol o-
AnB ={xIxeh A xeB} lgicel and
This con be edended doa seb of sels.

UA = £x|x€A [ come AeAY

NA = {xlxeA for ol AeA}

Typically sels ia A are iwdexed by a hdex sel I.

|n -l\\;s c0sSC one wrﬂes {A33i61 . The yuion

l:ecomes U;eI A; anel dhe ;nl-usec-lc‘on n;GI A; .
Z = {"éul X¢A} ‘oJical neJa-l:cn

B\A = §xeB|x¢ A3



AxB = {(ab)| acAsbeB?

The set of oll ordered pairs (a/b Jtl«‘necl
as ?atlp) =S§Q}LS&,L}}) wherg a ;s(fuw). s(e‘A- andl

i1s from se

Cardinolity:  [AxB] = 1Al |8l
Gerecally:  Xit, A = {(au-ia)) a; € A; [ Acisk]
Mot associalive ¥

Ve

We can de(ine. re\a\‘tm\s Lelween (o} sel A an a
Sel B Tk\s (B;V\Or\l) D.S Qa 5v|>se'l- 0{ A X B
‘F A=B Hen P s a relalion on A.

(a.L)Cp = apl-.\

(Relc.l;ons can Be. :nlmpre"eel Qs 3'°‘PLS Oor OGS
matrixes:  A- {o b B- {J,e,f}

Al xlsfmu-\';x
] p = () (bd) (o) (G

00a

e
o
o
1

cA=ga

MP =
]



TWZ Conce ‘A— o{- re\o‘;ons con LQ aema\:tce\ -r om
bin o k-ar L;r iven se‘s A.”... Ak .
=y 1 b3 :
This can {vr example be u.sc{vl {or delabase
modeling. Bol in fhis course we Oﬂl" leok ot
L'monl 7eladions.

Ve- con  gse on relakons.
(e.s. €u 2 s le 'n\tam‘, ve\a‘ion)

Furlher we can loke the o‘-

Qa re\c«“on P

ot LG 1ke) ep
We con also  doke Ihe o(.

re la-“o ns.

pes = {(a,c)\jg eR ((a,t,)ep A(b,c)éc)}
The Com()os‘\“on pep - P" . Generalized P"_



Nome Dc{ini\;on d- ,“‘“"uE xamp|e

v
aeq is drve {or a“ G€A,i.¢ t( HS-P LY

G(a ;s-‘w'. {w all qu’ Pn|A=¢ <

aph & bpa i drve, p= ﬁ

(apb A B(.\q) =2 azb Pnﬁ cd

<
(afb/\ Lfc)=> ape, p’“é'o <
p=U ¢
n EN\So}
VY

A is o relabion on asel A Ihabis

refluivel 5\lrme;'-r;c and fronsilive (e.a. Em).

For QGA, {he sel OF elemen-ls OF A lhed
Gre equ;valen-(- -‘-o a \ts C‘&“?d '"12.
[od, .

1, ¥ dbeA| boal}



The sel of equiva\eucg cloasses of an

eqoim\euce. relabon Bon A is &

o} A.

A onaset A isa reloben Jhal is
TQ“QKWQ, anlisyme-‘r;c. and {ronsibive. A sel- A with

a Parlial order on A is called o pnrl&ally ordered
set or and is dendled as (A;-é).

For o porlial order  we con Aef\‘nn. similor 1o how
< is oblomed trom <.

a<b & a<b A a#b

lf_‘_ cfv\v -‘-sl.\llod el¢m¢b\ls Of (v} pose-" are mmparaue,
i+ 13 calle .

l‘v\ o.fosel & elemen-l a b, 4 and Ml{
f a<b wth no a<c and c<b.

A o( o Poscl ¢ )
s e amek whose verlices are ) ’

elemenls o{- A and  where Lhere
‘\S a ed Q {mm Qa '10 L |{' Hasse d(narom o{: the
Cmd Onl\‘ |f L covers O., Pose-l ({2,5,‘1,5,6,?,8,3} ;I}



For {we aiven Posels a relalion € can be V10
c\e{iv\ed on AxB.

(Q4IL4) € (°z:l>z) & ci$a, A byEb,

Mis is aae.'m o Porlial order relalion. Furdher lhe

relolien €lex 18 de{ined as
(04, L*l)sm(‘?z I Bz) g} 04=<a, vi{a,=a,2 L.‘ c Lz)

Aao‘in Ihis s o Porlu'o' orde- relakion. Slu is  usefoll {{. Aond B
are l—ala"y ordeced.

A miaimal [moximal  element @,L €A exisls no b<o\a< L)
2. lens-‘ I srenlesl element (a ,beA {w ol agb\bx a)
3. \cwu [ vpper Lounel o{ S < A (a éA, beS {or all o< L\|>$&)

4. Stca‘esl lower /leas-l» vpper bound o( $<A (afemlcsl / (eas-‘-
Q‘emewl- o{- all lower I“I’P" |>ounc|t)

For & sel o bl €A almeed is aAb awd o

'o'm s o \IB. |[-ev¢v7 Puir hos a \"oia and mn-l it
is called a



Funchions are a syf.cinl {crm o‘- reladions. A {:uncl'wn

{AHB {rom a Al a B s
a relalion from AloB (&(:L).
VaeA 3beB  afb ([ is Aolelly  defined)

Vaeh VbVeB (afbaafl! =b=b)  (fis well defined)

T‘\Q .se-‘ 0{‘ &" {vnc‘;ons A|-7B ;s BA.

A oF Av B s a relalion so thel
2. l\o\els lme.
For a stbsel S of- A, fhe st

f )= {fE1aeSY
The subsel (:(A) of B is the |
denoted as  Im (f)-
For (v 8 SUBSQI T o‘- R, Jhe o{- T ({4(1')) is

{"m 4 Laeh| [ €TY



e ath s ()¢ {(¥)

i F(A) =B [ for every beB, b=[(u)

\>o“\ l‘n\"ec‘;vt cmel Li;\ecl:de
Compos'\\;ons of ‘\wclt‘cns °f s cle{-.'v\ecl ag

(3:{) (c.) = S[f(n)) . 'Dl“eren‘- lo  normal relu-‘fons.'

I is associalive.

i bwo sels A ond B are , A~B, o
hece exisl o LQ"‘edu‘on AV R,

it The set B Be sed A, A<B, i} A~C fo-
CQB or |( “\Ete exisl -8 ih‘iec-hvt {\mc-‘(‘cn A\‘7 B.

. Asd A s i A<B ond
otherwise.

A<B A B<A = A~R
For Fnale sels we have A~R if [|A=IB.
All P nle sels are counlable.




A1

P ‘;n;‘! Sequence

° {014}‘,“« sed of {n’nﬁ\: binary sequeaces.
* INxIN | $he set of ordered poirs of nolurol numbers

AxB s Co\mlnue |‘- A‘N B <N
R s counloble

I+ {‘ollows hal: . neN, e seb A" of n-duples over A

l S CDUV\‘QL‘G

. Vhe union U A‘ o{la coumlable
Lisd A1, ,A f covnlable seds s
Coaw‘&\)‘c

i, The gel A 0(*{!1\\\2 sequences opA s

Cov n\euut

. {0,4}«’,"\2 sed o‘- all :nfln'rl binary sequences

L can b?— proven with Coulor'.s d(‘&:ﬂ\&“:u‘«'m araomewl



P 63 scripl

& !a\sc, ‘l»wc.

A [\vv\c“cn {-i N— {0,4“3 is  called compulable
l‘ ‘H\Q\'@ ;S (« N Pro&rom "'\\n‘, for even’ V\€N \\os [ § ou‘\‘wl {(n).

Ex. prime: N -2 {047%
-n\efg Qre IYnco mpol-que Fvnckms N -» ior"S

Ex. Hq“;nj pro\\em ;mpor‘unl (or (&Y



Ck"\ Number Theov\' VA2

Number Theory is Ihe mathemakical Jheory of the natural numbers
IN o more Senera“‘ o[ Ihe 'nleaers Z . While we {ocos on he numbers
2, everylhing should also be applicable 4o any ring. (def. by riny cuxiomes).
We assume thal we know what inleaers, operotions and basic {qcls about

il\l-e gers are.

For a,bez we Say Q divides b, dencled alb, n(- bisa mouip\c

of a. def. Liend
alb & 3¢ bra ™"
divisor

"F a is not a divisor o( b, we ael o resl. We con say that
vniqw. inle&ers Qe r exis| {or any b, a+ 0,

Kremo{mc\er
b=c1-o.+r where 0<r<lo)

The remainder r is denoled as ?q(k) or b meda.

For twe ;nlgaus a,b (ol belh 0), an inleaer d is colled the Srecrletl

Common c\:visor, |-[-

dla A dlb A Nc (@l Ac\b)"7 c.\e\)

w 3cd(o,b)=4, Lhen Q av\cl b are re‘alive\\l Pfime.



Fuclher holds, Scd(m,n) = ged (m; n-q'm) = ged (m, R ().

For a,|> é -Z, Ihe ideal aenereletl |>7 a ond B, denoled
(a,L) is the set {_u-c\ +v-\>| uvE Z}. Similarly, the

1deal aeneralee\ by a s?na\e. inl-eaer oo is (&)={valeezZd.

FOf Ony (a,k) exisls a (r.) such thal (a,L)=(c). l{- at0,b+0
Men dis bhe acd ofa oand b. M (o"cwg Jhol sccl[n,k)= va +vb,

The leas{' common mo“-'p\e. L Jx{;nod as,

oH A bJ2 A Ve (alc A ble)= €

A posi-\»;ve inle&er P >4 is called i‘ Jhe onl\' posu;ve
divisor o‘- p ore 4 and P- Every olher iv\\eaer s o

The (undumenlal theorem o(— ardhmebe  slales  Ihal every posibive
inleser con be wrien Un'u‘uel\, as the Prodw‘- o‘ primes.

WQ S&Y o is Conawev\l- o b modulo m, i{— m divides o-b.

OE,,,') g‘; ml(o.-k)



VA3

For any  m 24, =, s equiva\u\ce relebion on Z .

l(- o =, b and c=.d then  a+c=, brd

and ac =, bd.

l{— «F(X,,...,Xk) IS o mu“i-variaut Pol\,nom;e\l with k
variables . Thea a; =, b; For 1<i¢k,

= {'(0‘4 l"'lqk) = {'(L"l"'l Lk)

Since =, is a equivalence relabion on Z we qel  the
Qqulvo\ence closses  [0] B, 1] Each equivaleace class [o]
\r\as a v\aluro.\ reprensen‘-&l-;ve. R” (a)e [0-] if\ -u\e se‘-

Zm = {O,...,m-'f} o(- remainders  moddo  m.

For any a,‘),m €Z wih wm24:

a =, ’RM(Q)
Qa Em b & me (a)=‘Rm 0))

I (o“ows el
'R,h (‘-(m---,a,,_)) =, R. ({-(K..(A.).---, Rm(uz))) .



COnS\d?r‘AS oX =, t) [ OLVllousl\I .‘, x is a Solv-l('on‘ So
is x+kwm l\,w any keZ, OP speciol inderesl  is the
case  where acd(a,m) =1 ond b=1.

OLXE.M 4 ¢7 SCA CQ !W\) = 4 X € zm is Un;elve.
X is Ca“ed “\& o’- a moo| m . Oflen
denoled or .

To calecvlole the muuipl(cal(ve verse | the
is used.

Ex. Scd(ﬂs,fls)-'

3= 38+ 21 & M
8= 321+ 15 < 48

99-38
38-2-24 = 4-38-3-33

21=1% =+ 6 e 6 T 24-457Y4-33-8-318
15=2-6 +3 &> = 45-2-67-M39 +14-38
6’ 2-3 "‘Q ends when r=0 o r:4 i-w:m, ;G

- B . =4
”u‘— vr=0 Jdhere 15 no \averse



Le\— My...m, be Poirwise relclivel\' Prime ond let

P

,1: VI L LH For Oveh' lu's" Q9 Qp wilh 050;‘“\; for

Asice, 4he s,s-‘-tm

has  one um‘que, solobion 0 € x<M,

Ex. So‘vinj CRT

@ X =32 @ M M, =
x =, 1 M=, Mg =

x =g Y * M, =

@ *Ni2oz, 4 &= N2
N-H=. 1 “No.as= 4 & N3
Ny A & N2

®

349§

3 T 20
19495

E) = 18
145

= =12
51 2N=2
=, 1 =2 N=3
z¢41 = N,=3

Z 0 Mo N;= L:20-2+4:45.3 44423 = 4045 < 444=263

=23 =%
(7] —



'DL“:'I Hellmon is one of Mo mosl used probocols {« key -

exchanoe. H uses {he pvinc.‘ple oF a
(N {'\mdiw\ ‘l»hol ;s ean’ "0 caku‘oie ‘)u-l ex‘leml\' hord l-o

feverse.

Alice poblee Bob
3 : Senera‘w

!

P: larjc Pro'mc num ber

YA=3moc|P ~ ,\l8=3moap
I

Kag= Yo = 9 ? Kaa= Ya = 9

H's easy lo see lhal kAs = l‘KA . This is now ke
secrel ke~' . on\\' known B\' Bob and Alce.



C—h. 5 Alje‘)r& VAY

An oPera-\lon onased S is a funclion S“-’S,wkue n>0
is  called 4he of an oPenAion.

arily 4- unary 01(‘\, l= kmanl

An IS & pair <Si Q> where S is ased (carrier)
and Q'-‘(u:,.,u,,...u,.) is alist 0[- o‘aeru‘ions on S.

<Z,' +,-,O,.'4) Is an e.xample of a alJeLm.
bl'nqr

rator nEU‘ o\l
ope whois e(em;nl»s

A o{ an alseLm {S;*) is an element
e€S such el exa-a or ax¥e=a or bolh for all a€S.
There is aoF most one nevlral element per opeml-'on.

A ‘)inur, ofcrql;on % on a szl S s i{- at(bﬂc)=(atb)*c .

A IS on olaal)ro. {M; *#,e) where xis associadive
ond e is Jhe nevlral element.



A b 0(- an element & 1o an alaehrn. (S;%,e?
exisks £ bsa=e or o wbse or bolh

A is an alqebra (6-*,'\,&) sokistying {he axioms:
J / LN
G"-‘ X s associohive These axioms are not
G')_Z e is a neovol element minnmal  and con be
G3: every element @ has an nverse Q. s(mpli{ke\.
A aroop oc monad s called or i{‘

asb =bxa (or all o,b €G.

VA%

The direct erocluel- 0‘— n waps £G,; %) ... LG, ; %, is the
o\aelmx
(G,‘ x..x G, ;%)

where ke oeem\..‘u\ X is componen) -whise (so ae inverse and Jhe NE)

(00, 80) * (baniby) = (cu%by, . a, ¥ b,)



A {\m\cl;on L {cow\ o 3«.09 (G;*,A,e) 4o a grevp
{Hix, ™) s o if

plosd) = (o) * ¢ (v)

W Y is L'\iec]'ive, Hhen itis G — G

colled o and we

wile G2 H. ‘P Y
H—2—5H

A svbsel He G 0{-0. grovp CG; %,%,e) is coled a
0{' G i{ (H; x,% e} s o gop i.e. His closed with respect do all

ogera“on: d

1) ax*b eH {-u all a,beH
2) eeH

3) 6‘.€H ‘or all a€H

For on foup {Gjw,*,e?, here exist dwo drivial so\sarwp.v
the sobsels {e} od G-



row Mu" P'ICQ‘OVQ

FD( now we WI“ laoL Ol‘ arovfs wr“\ -"\e
opecclion, , withoul loss o{» ae..ml.k,

Fer nézl o s dz(ineJi cao’-e

h-4

- al9 {Ibr n )4
n

'o“ = a.‘ {or h$'4

Lel G be o vp ond a€G. The of o, dencled
ord (), s dhe least m24  such bl oM =e, i{» such exisls.

Other wise ord(c) s :npn;‘e.

ln o E'm-r‘e rovp G .

6] 1s called we ocder af— G.
N’

Curdinal;‘y

|{> G is o 3{0\0? and aGG has mcle order , hen (or any

m€Z we hove o Fodey ()

'O

For ?roup G and ae G, He rovp by a , dencled <o),

is de <o) def {Q"‘né Z}

wed



I s casy lo see {hod @) s {he smallest Subdva o( G

cwluim':j the elewment a. For r-'nﬂe grovps we have
<o.) def {e,a,a'“,...,of""’"'}
A grovp G=<S) sevma-led by an elemend 9 is called

V\d ' -l-\\ G. g I
a 3 S e O‘F (.(-...\.
' s o enera-‘w, so is 9 . ° o ° *y
(' 3 a 3 .o o L‘ o}
NS P
A cvc'a'c grovp of— order n s e {2,:6) and

hence abducm.

! Laaranae: Lel G be a G;n;‘& fovp and H ¢ G, Then

bhe order of H divides” fhe order of G, M) | 16)
hd For [« {\'n;‘e &Iw') G, 4\\0 Ordtr of— every (o Y4 G, JI‘G;JQS lGl .
= Lel G beo {Jn;lc grevps Then o =e fcr Query a€G.

=7Ever1 arw': o[» ‘)n‘me order is C\Ic'u'c Ov\d ewr, Q\aweu-’- excep,l
We neddral elemen] s o Senemlor.



\J‘\;\Q ZM={O,...,m-4} s O Qroup " resrecl- 40 © l"-ls
not {or © . We need do exclude all elemenls withood  inverse.

of
Z': = {G € Zm \ SC-d(a,m) =4} (excludes all wilh no inverse)
-“:\Q (.f: Z+ - Z+ is dt{;ntb‘ as U\e COrdl'nau-‘\’

of
plw)=12; |

K Bhe prime ‘uc\m;m\;m of w s

L e (R
{(Z%;0,7 ) s @ gyrovp.
[ m>2 oud ged (aym) =4, Hhen ot =_1. I

ar“mlw o ever fime ond a nol divisable
porliclar  fr ewry e p
Y P P

Z; s C\’C‘I‘C ;" OV\A Ou\\' |+ m=2, m=Y ,mzpe or
m:L?Q ) where Ps‘s o odd rrime and e %21,




s anolher wicleh vsed Prolocol

('or secure  Communica Yion.

TO unders‘ond how .1‘ uovlls, we need Hne {o“owias l—heorcm,fuml—
fellows from  Logrunge's Weorem.

Le"- G be some ¥\'n'u‘e Group (mvniplimlivel‘ wv;lcn) and lel e€Z be
re lo‘ive‘\' Prime lo 16). The vachion Y-' x—=>x% s a bi&ev\;on
and  the 4 Y €6, name\\' xeb Sa“shins « =y is

where d 15 the mv“;plo'eolive inverse o{ e wmodilo |6|,

|6| s known, fhen d can be Com‘mled Qrom ed =16l 1
with  the exlended E\)C—kdecm a\aoriﬂvm. Bol there s no
Senera‘ method o Compule W wilhout knowins 6].

Wilh  Jhol we con lock o how RSA works. In a
3!‘0\:9 Z; ' wkeve ns Pc‘ ‘ls -“\e ‘)rodvel 0(— -‘wo lalae primes‘

'“\e Ote\!v can on\~| be ComPuled
know‘vﬂ P o;vu:l (1.



Mice

Genera‘e (FK |
ns Pq
F=(P‘4)(q-4)

selec} ¢ € Z:

d E{ e.A ((nvusc)

Depmi“mn o“- o Q’ms-.

.
i

‘e

n".

‘e
.

Pu\:\ic

h, e 2 P\oinlew‘»
m € {O,..,.' n-4}
& Y dpl\erlexl
Y* Rn ("‘e)

A r;"j <Ri+n'no:':4) s an o‘ae‘na ;or which
{R; +,-,0) is a commulalive qrovp (a-t\,dno.)
{(R; '04)
a(b+c) = ab+cd ond (b+d)a= ba+ca {or all u.‘)‘c eR
(d;s“l;bvnve ‘aw)

s & monoid

Excmples are Z, @ ,R and €

N holds dhad
{or ol obeR:

(-a)(-b)= ab
i} R is non=lrivial

en 420

i. 0a=0 .
(~e)b = -(ab)

. .



The. 0(& rin is +he order OP 4 in lhe
addi hve waP if» i s ‘in;h, oﬁuuise W is 0. The characlerishic
ae‘s dencled

(R devoles o commulolive iinj)

Fer o,b€R, a0, |f ' ,  there exisls
a ceR such unal b=ac. b is o and
o is o

No‘e el Qve\r\’ 30 divides O ond 1/-1 divide
every b.

= l) Glb and Blo hen ale (‘-rcmsilu'v”,)
ii) Cllb then Ot")'c {or ol ¢
i) alb ond ale then alb+c)

FOr G,L éR ol ko“\ o, ll\m ex'\s\s o d Sudi l-lm-lv
dla A dlb & Vr.(cla A clb) — c|d)

elemen a# 0 such Mol ab=0 (ov some beR, b+0.

element 10 R Hhol s inverhible, ie. uv=vu=4, we wnle
v=u'. The seb of all invedibles is denoked R and is
a molliphicalive Jrovp-



a rinj (han lviv(o‘) withool  zecodivisor. ¥a Wb (eb=0- o-0 vb-o)

L h o ineacal dowain i olb  fheve exisl o Uniqe € such {hal

a-c=b, colled

A afx) ovee a n'nJ R s o( ('onn-'

d .
a(") = Od'xd*’ Gd.4'xd.4 ...+ a.-!' = Z a;x'
R4 =0
ror some Mn-heaqln'« inleaer d. The oF a(x) ' dej (c\‘k)), s Jhe Steu-‘cs’-

i for which o;¢0. For he PoL,mmial 0, the dealee IS minvs in‘&nily. Let
denv‘e l—\\e sel— o{- POlw’nomials (in x) over R.

P0l1nomiols can be understood as f;m'\c lisls (oo,a.,...,a,,)

0{' elements in R.
= Fer any rinj R. R[,] IS & rha. q. Di a in‘caw‘ dowain , so is Dpg-

W\& unﬂs DF D[,g are the Conslun-'» Po\\'nomiu‘s -“ml are  unils of D: Dt:, =D*
— VU

Jea‘ree =0



A is a nontrivial commubolive r;ns F n which every nonzero is o

it , 1. F*= F\{o}

ZP s a (&e\d JF and only if p is prime. We can denole lhis b\,

GF(P) ,sxmdinj for
A ‘ie\d IS an in‘eara\ domain. (o zevodivisus)

are OF seecia\ ;n‘ens“, since l-ke\, have Sim"ar
?(oge(\;es i common  with  lhe ialeaers

A ‘Jo\\'now\ia\ o(x) €F[x] s called if ke leae\o'n& coe#:ciml
is 4,

Examv\e. GF(%\L"] : Xs*lxl-t-x = (x-h'l)(x"*x)
A Po\\' romisl  alx) € F[x1 with de‘jru ot leas) 1 s colled
i‘- W ois dn‘uisout onL' L\' Cons"ﬁu‘- Po'ynpminls ond 51 cons-‘anl
mouip\es 0{ a(x). (cons:ponas -lo Primalnw’ n Z)
N0 ‘ e “‘\Q“' \ul\en MUN‘\ Pl\'"\J Poi\' ﬂnm;uls l‘\e d&a"( 52“'5 adtl(d-
The concepl o(- scd con olso be carried over {mm Z to FL4.

The monic  polynomial 3(:) of largest degree is the of a(v) and bl
b gtlat) end g0 |bl).



A\so -“\e concepx u‘: remeanders  can lx carried over.
For ch a(a() and L(x) #0 n FLJ  thee exisls a Unic‘ue
monic q(x) oand o unique r(x) such Vhal

o) = bl)q() +r(x)  ond deg(rld) < degy(bla)
»
These Oofe Sowme ub&lrac"—o'ons umhrL,iva both 2Z ad FL1]:
* aad b or i{ a: ub fw some  unit u, dencled a~b.

* ln on in‘earu\ domain, 6 non-unil pe D\ {o}y s if, whenever prob, then

either a or b is o umt.
*a~b <> alb abla

*A Evclidean domain i anm inleavc\ domain D wilh o dearn (vnr.-'-'on d: D\{o} =N
such ol every o and b#0 a D Mee exisls q and r  sueh thot
n*\;q*r and d(r) < d(b) or r=0.

* \n a eUC“C‘QW\ doma;n ever\’ e\emenl» con Le (oc-‘oveel unit.lvcl\l

(UP o l-olu'aj ossocia‘es) ialo irreduclible  elemends.



For o ric\j (k, o .)ol\'nomiul c-(u) € R[x] con be inlevprelecl os o
F\mc-‘;m\ R->R b\, evo‘uol-ivu a(® ol «xeR. This aiues s @
«‘w\c-lion R->R: = &(o&) .

A o 6R <o that a(u)=0 is colled a oF a(’t). Fer a {.'cld
F,weF is oroo‘of a(x) ‘H x-x divides a(x).

lF G ?ol\'v\omiu\ OF d03(¢¢ 22 hos no rools / ks

icreducible.

|F & s a tood, Jhen s is  dhe kfd)\es'l' power
o(— x-» thel divides a(x)-

Example : GF(2):  x*+x has rook 4 with molhiplicily
YU, since (x*/l)‘.' divides  x'+x.

Y
x-4 = x+4 — X +x : (x+1) =0

A Po\xpom%e\ alx) e F[:Q o[- dodcec £d con be Unie‘vd\l delermined
any d+1  volvec oe ald , ie. () alxg,) (or aay
dishact o, ... ) Fdeq o



Examp\e Co ek Bi=alw) al)] ul) | uels) | oo ]| ugul)
g Paf A o o
u; = (1(‘ "4‘ (""65-1) ("‘*:w) "'("'“d«) ‘*‘L ';l D 4 o 0
"i'“")"'(‘Q-“iw‘("i'“iﬁ)“' (*;-‘d«) V\S [Ls 0 (o] e o
P : : : :
o(x) = % b; u; (K) Kdﬂ bd“‘ 0 O e 4

We have q\reacly seen the (;n;‘ﬂ- {;Q‘c\ GF(p), bol whal olher
Pini‘e Fie\ds are thece.

—I’ke Some  woy as in 2 we can comPo‘e Fl<] modvle a Polynomiul

m(x) .
a()b) €FB  ald=, by €5 m(x) | (a@-bl)

Ccnaroewce module w(x) is a equivaleace relobion on F[x], and each

eqvivalence dass has a um'e|ue repre.senlmh'on o{' J¢3n¢ < da(m(x)) .

Let m () be o Po‘\'nomiu\ QF deame d over F. Then
F[x]m‘ c‘ﬁ—? {a(x)éF[,d\ c\ej(a(x)) <o\}

W¢ can slole QS\MP\Q (ch\- lkool— -h\e Carelma”- oﬁ FL%]
when Fis finde with q element and d@\j(m(l\) =d —? |F["]».¢,q\‘



wilk res?ec\- -‘o aclc\;-\»fon cme\

molli P\icu-\i'on moduleo ~ m().

a(x) b E”‘l*)4 only has a so bly if Sca&m,m(x))w

The solvhien s unio‘ve or in other words,

The rinj F[x]m(') s o FJGH ip ond onL’ ;r m()() Y
irceducible  (prime).

= The rin3 R[l]xzm is 1Somor phic ‘o €.

Finile F;Qlo‘s are impor-lanl wm CS, one cf“'\e applu‘cal-‘ons s Ecc.
To cncode a messoqe we uvse o inJecl-ive (‘ wnckon  thed
a b (a,y0.) e 'y o[: ket symbde o o lish (¢, -y (”\éAn o‘»\ n>k A

anoc]ec‘ s\'mlm's, (o"ee‘ a . KA: o‘P\\oLeL

E: A“_)A" . (go‘...ak) — E(a,,...,qk) = (cu,.., c,n)



For such encoo\:us {W\J\ons E, one urlen considers  the sl

o(— codewords , which is called an

An (n.\c\-ecc over oan a\phu\;el A wih |A\=<:| is O
SU‘)SQL of A“ \m-”\ corclinaln"w Clk

In (S one o“ew vses A= {0,4} or A-‘{Oﬂ}a.

The of— $wo s-'rknﬂs ofv eclual l“ﬂ“" is dhe
num ber o{ pos'.lions o which -\he' are A'-Huenl.

The

Belween un\' ‘\'wo coJewods.

OF an ECC is -“‘e Minimum d;slemcc

A decodzns gvnc-“on D {or an (n,l()-ECC. s a {un&hon
D: A=K

Asoao\ o\ecodin3 {'onclion fokes an npul (r,,...,r,,)éA" and
decodes i+ o Jhe most plavsible informolien

(a01-s ) »

A d9ccd;nj {'\mc-lion can Le cl\arac-lerlred in -letms o{ -“lal

can \>e correcl-ed .



A o\ecoo\ing Funchon D s ""euor co"ecl;nj {o.— encoo\iv\J {ungl{on
E l{ for an\' (0,,...,ak)

9 ((fl)l"‘!'n)) = (“o [RE) “k)

‘:or any (vo,..., r,.) wilh Ho-mm&»\J dislance o} mosl rrom E((n,,.h,ak)).
A code C is {-error Cov'?c'“nd i{ \here exisls E ond D such thal

C- m (E) whee D ois  d-errer mrvechv\:’

A code € with mnmom distance

d s d-eror coneg\inj ’l{ and ”
o e
d 2 24 +1 e

'l ~ef(ior -covrec le

Hammi-\j dislance

A’ Vef\' Power{ul C\st o‘: cocles can \yz ou'a;uee‘ Ly
| if A has a {&e\c\ slwcdore , i.e. A= GF(q).

COnsider the emcd(nj Fvnclion:
E((no,...,ak)) = (a ‘xn),...., a(u,,))

where al(x) s the po\vv\mia\ o, s a,x+0a,. This code has a
minimum diskance o{- n- k.,



Ch.6 Loaic

In dhis Porl we discuss  the founde.l{ong of loair. in o malhamol.'cnll\,
riaoﬂws manner. On a {\mdamen-‘nl level , the Soal oF loaic is lo
express molhemolical  slolemends and  express  and vevih proofs oF
such slalemenls.

There ave moldi ple di“eced \oaics wilh J\{{eunl nolodions, but the

Concepls we discuss  are 3¢n¢m|.

For e Fovw\ol lreodmenl we need a . K,P:cull.,

we express lk%nas as sln‘nds Over Sowme

|n -“us sec-‘n'on we sl»vtL, we L")es o(: ma-‘-\uemolc‘w\ ol“'u-ls-'
Gv\d pof -H\ese 4yft o{— slulemenls. By o -l\,pe 0{ s“alemenl

we mean for exam';lc the  class of- slolemends of dhe Fo'm n s frime.

Lel S€ZT" be lhe sef Of malhemalical  slalemenls o(— I -L"u
ond P<Z* be Jhe set o{l . Every slolemenl se€§
iS e;“\u -‘vve or Felse, ‘lhfs can  be expvessed LY G

T: S — {0,13

This chkom de{n‘nes $he meam'n\e, ( ) o{— o‘“'ecls in S,



A PGP s edher o ‘)r°°f for s€S or ned. This s ex?resseel

L\' G
47: SxP — {0,1}

Withool @ slron loss o’[ senml.'l, we can say thal
$=P- {o4%".

A S quqdruple - (S| P, T, d))

A proof system = (s,P, T.Q) 15 if no rolse slodemends have o
pcoo‘». For oll <€ {o' which  there exisls o P‘P with @ (s,p)=1, we

hove (s)=1.
I} s i{» every e slolemen) has o pnw'[. For oll s€S
wilth T(s)=1, dnere exsls o PP with d(sp)-1.

In adddion & chould be e“icienl Yo COM‘)V'IQ.

Ex. sce p-130

|mequl: .w\\.'\a ¢ musi ha Q“q'cu‘m-‘. P(oof aenemlt‘m aemrol\l s no-l

‘o~ Proo( s\'slem is resleicled  do ome 4";; of slodemend.

* ¢ can proceed n Moy Woys

° S‘w‘emew‘s and their neanln'm are aste“u'c. meominj -“\27 are

of J;Huenl J.‘H.'wll., Y prove, i‘ even PossiHe.



The soal is o prov.‘elo, o proof syslcm dhal  can be awl{ed o a
Ver\' lavJ class o{» mathemalical slademenls.

However o P'°4 sw,slem con hever be arrlieol o all possible malhemalical
Slw\f.menl»s.

A proo‘c consists of o sequence of syrackic sleps, called o derivabion or
o deduclion. Each slep consisls o "W"l“j one of Mhe allowed synlackic roles,
The se of allowed S\‘nlncl-'c roles s colled o

-ﬁ\e is the o{- allowed s\'mkols and s‘nciﬁ{es
which s-\r‘mﬁs n ..Af are meulu (covrec.l).

Ex. A v B A v X in each loa\‘t. some symbols are undershood
—E S as Wl cen  doke o valve in

o domain.
The de‘»ine onder  which  condidion o lormola is drue
or to\sc.
A vocoble or pmdfce.le s called if b needs do be ass:dmd

(+ & {l'xteé \lu\u!. befwc -h\e (omwh. has [ -"mu\ vnlve. .ﬁu‘s assianmen‘-
is Ca“ad o

A semantic defiaos a ]fw\cl{on fne so Jhal iefvn(F) =2 {; s Fru .



A consisls of a seb Z<cA of symbels of A,
o domm‘n rw each S\'MLJ, wm Z and o Fvnell‘on lhed

assiJns Jo each s\’mLol in Z a valve in ils assecioled domain.
Oﬂcn such o domain s der;v\ec\ in levms aF o so-called oyniverse U.

A in\crpve-\ulion is  called For a (ormula F i{: # assigns o
valve 1o all free .s‘fmbcls in F.

A semanlic a\so deeines a (unb’lﬂ‘on assiam‘nj -‘o euch (.’om\uk
F and each inlerprelalion A sudable for Fo a deolh valve in §043.
One of‘en simply wiites

A .Su“a“e ;n‘erprelakon A {or wh;c‘\ A(F)”' is ca\\ed

Q for F | ) l{ H s @ sCl 0# Fovmulus

we wrile . |-(- Ais not o wodel we wrile

A {ormu\o- F s caolled ‘F Yhere exists o model For
F ond o“nerwu'se . Unwll‘s,fialnle is denoled .

A Fotmu\a F s G if s -|er [or eve-«, suilaue

:nler P(Q‘G'\:Oﬂ .

A {ocmuln G s a o{ F, ) G{ every ic\leq«elnl.‘..\
suilable {or Fand G ,which 15 & model {u F is olse a model fw G.



\{— Fis a laule‘odxl one Onl\’ wries EF.

Twe {ofmulc.s Fond G are equivalenl, F=G,{ FFG ond GEeF.

”- F and G are FOrmulas, then -F, (F" C‘) and (F"G)

\
Gre FO( mu\&s. dn's\ivnclc'on Con\"oc-‘n’on

“? and -7 are s;mpL, no-l-ol-.'onnl convenlions.  The semanlies

0{1 Yhese loaical oPeralors is dermed ac (o"ws?

A (-F) =1 it AlF)-0
A (Fa6)-1 ff AlF)=1 ond A(s)=4
A (FvG)=1 ff A(FE1 o Afe):1

Some basic equivalences can now be slaled :
Lemma 6.1. For any formulas F, G, and H we have

1) FAF F and FVF = F (idempotence);
2) FANG = GAF and FVG = GV F (commutativity);
3) (FAG)ANH =FA(GAH) and (FVG)VH =FV(GVH) (associativity);
4) FAN(FVG) =F and FV(FAG) = F (absorption);
5 FAGVH)= (FAG)V(FAH) (distributive law);
6) FV(GANH) = (FVG)A(FV H) (distributive law);
7) ——F = F (double negation);
8 —(FAG) = -FV-G and —~(FVG) = -FAN-G (deMorgan’s rules);
9) FVT =T and FAT = F (tautology rules);

100 Fv L1 =F and FANL = 1 (unsatisfiability rules).

11) FV~-F =T and FA-F = L.



Fois Onl\' a l-uwlolo\]\’ if aF s unsaja's]fu'nue.

-‘—he FD‘\OW‘!\S s‘alemmls are eqvivn\tml:
+ {Feu Ry EG

‘ {F1 A..A Fk} - 6 s a Lavloltu\'

* {F'l R S 6} is uusalu‘s{(uug

-ﬁ\exe are {:aw Hpes oF Solemenls  one Moy wanl lo

Prwe,‘
+ Theorems
' S-\ale.men‘s oLou-l— For M
* The slolemend AEF {tw aiuen AF
* Slalemenls abosd the loa-‘c. ) e eample Hhal

o caleolus is sownd.



The soo\ o‘ \oaic is do frovde a rrumewovlt ?u expressing and vm’[yins
dhe Pfon{ . A Proof sholdd be « [?L"T s_\,nl»nclo'c derivolion consis‘ins o](v
S;MP|GI Pm\‘ vevi‘(oue s‘ep. ln eat‘f\ slep, a new S\'n‘ncl\‘cal ob\‘lec‘

is deved and ot the end  Ihe  desiced lheorem appears.

A we“-cle{inecl .se'l' OF vules 40 mauipulale {'ovmolﬂs is Cu"ﬂ‘
(o % (Pl calcu'i).

ln Hilbedi-éhle caku\vs “m. synLo;hco‘-oL\',oc-ls -“\a‘ are Mam‘pulolec(

are Gor MU\OS .

A 15 a ple fer den'uin:‘ a {o«mu\n ‘(om o sl o‘
sel oE ][ormu\as (p:econdilion). We wale

FheFl KRG o 2R ®

lF G can be deqved gtom {FﬂFz_,--.,Fn} by R.
The opp“cnuon oP a denvabion ride R 1o sl M of f.m..\ns means:

4- SE\QO‘L NSH

L. For We p\uceholdtr in R, seect foemilas EN suech et N 5 G
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