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Last Week

System Analysis - Different Transfer Functions R(_.i)@ coll7e Yr(s)
= Transfer Functions for different Input-Output pairs -
W(s)
__P(s)C(s) __P(s)C(s) Y (s)
R = T e B W) = pncE Y (?: C(s) O P(s)
= P(S) . £ §) = L . £
W) =1 pe T P = g eE P

Y(s) _Y(s)  L(s) _ C(s)G(s)
N(s)  R(s) 1+4L(s) 1+C(s)G(s)
E(s) _Y(s) 1 1

R(s) D(s) 1+L(s) 1+C(s)G(s)

= Complementary Sensitivity: T(s) =

= Sensitivity: S(s) =

= Linearity allows us to: Y (s) = Yr(s) + Yn(s) + Y (s) + Yp(s)
Y(s)=S8(s) - [D(s)+ P(s)-W(s)]+T(s) - [R(s) + N(s)]

= Learnings:
1
1+L(s)

= Conflicting Goals: S(s) + T(s) = 1

= System is stable iff IS stable

ETH:irich
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Last Week

System Analysis - Steady State Error

= Sensitivity describes the relation between r(t) — e(t): E(s) = S(s)R(s) = R(s), ideally e(t) —» 0

1+ L()
= Steady State error for a step input R(s) = - —> E(s) = - 1+i(s) e, g=0 |qg=1|q=2
L = llm e(t) = llm sE(s) = hr% 1+i(s) 1;(0) Type 0 1+}(Bode 00 00
= Steady State error for ramps r(t) = —tq - R(s) = Sq1+1 Type 1 0 k;,de Olo
. = llm e(t) = llm sE(s) = hn(l)s_q 1+i(s) Type 2 0 L

= To have 0 ss-error we need at least one integrator more in our system
Ko g (_izl+1)(_izz+1)...(_izl+1) 50
s4 (_STl+1)(_ip2+1)...(_p:_q+1)

= qis called type L(s) for g = 0 we get L(0) = kg which is called the DC-gain
= q>0:L(0) >

> L(0) — kbd

L(s) =

The same derivations go for disturbances!
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Time Response
Step Response: 1 order system AY (IL) / '

= First order system:

= Time response to a step input:

() = —2x(0) +2u(®), yO =x() > G === ,_; P

»

t t
y(t) =xpe t+k(l—e )
/ #

=  \What we can see; d=0.8 /

Xo determines the start value
DC-gain/Steady State: y, = k
Evaluating the derivative at t = 0:

|
1
M~
|
|
|
|
The tangent crossesy =k att =t | |
Large t slow convergence () 1)

Settling Time: Time it takes to be at d of y¢  (eware this is the opposite as in the lecture)

Ty =rln(1T1d) —>T=1n(T—dl), Ty =rln(:1€) - T=

_Tg_
In3)

T = f(controller parameters) tune them to reach desired performance

ETH:irich
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Time Response y
Step Response: 2 order system w"l |
| @
= Secon order system: Re
. 0 1 0 o -
= x(t) = —w? —206 x(t) + 2 u(t), y(t) = x(t)
n n n Wy =02+
_ Wn _
G(s) = sZ+2lwp+w2 o] = Cwn
. ) @ = arctan —
= Time response to a step input (depends on {): (in Mechanics ) ¢ il D“’
= sin(|¢
= Underdamped (¢ < 1):
_1__1 ot y A § =0.17
y(t) =1 os) ¢ cos(wt + @)
@ = arctan (%), 0=, ®=y0z—{w)?=wn/l-—7] \
1! /. ;.;_‘.\ —
§=1
/ =2 iy 2L
0 v : >
1 2 t/To
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Yss

e”" cos(wt + ¢),

t

Yss

Time Response Y
S
Step Response: 2 order system = 4;5%
= Time response to a step input underdamped (¢ < 1):
o =1- ot y(t)=1-
y(t) =1 oot € cos(wt + ) E cos
= (@ = arctan (%), 6=, 0=+y0:—{w)?=wy/l-—7 37
= What can we specify?
= Settling time: (on exponential envelope)
N .
_1y (2 _ ()
To=5In(55) » o == M TN
= Time to peak:
m A
=3 S
= Qvershoot: (low damping = high overshoot) y(t)=1- Coi(pe“ cos(wt + ),
2 L
on In(M )) o
M,=eo - 2 — ( P — >
P T ) Tioos Ty :

= Rise Time;

TT
T _ ;—(P _ T
ETHz(irich 100 ™ o 7 2w,

t > 0.

t > 0.



Time Response
Step Response: Higher Order Systems

= What about higher order systems?
= Approximate them with a 1 or 2 order system
= Apply the specifications to the approximation

= What poles to choose?
= No zeros: Chose the poles with the slowest decay time
= With zeros: Highest residuals

= In General:
= We want high real part (fast decay)
=  We want low imaginary part (smaller overshoot)

$|m

Excessive overshoot

Good

= We can see this in the Imaginary Plane

ETH:irich

Settling time too long
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PID Control b

Y

K e(r)

Proportional Part

General Formulation:

+ ¢
—Setpoint Error»{ 1 K, I e(t)dr
0

Process

— Output —»

= u(t) = kpe(t) + kge(d) + k; [ e(Ddt

J D g 40

di

= U(s) = (kp + kas + ) E(s) = C(S)E(S)

Proportional Part:
= Faster response, Lower steady state error
= Higher sensitivity to noise, Reduces stability margin -> can make system unstable

Integrator Part:
= Eliminates steady state error (step input)
= Introduces oscillation, Reduces stability margin -> can make system unstable

Derivative Part

= Reduces Overshooting, Increases Damping, Improves stability margins
= Very sensitive to noise

= Not physically realizable (use approximation)

ETH:irich



PID Control

PID Design/PID Tuning

= Freestyle:
= Start with k,, add a bit of kg4 to dampen and add k; to
Regler k, T; T,
remove ss-error, see what works
P 05-k5 oo T* 0-T*
= Root Locus in the lecture PI 045-k% 0.85-T* 0-T*
: : PD 0.55-k* oo-T* 0.15-T*
= Recursively changing the values of k,, kg, k; L . .
y ging p Kd» Ki PID  060-k% 050-T* 0.125-T

Ziegler-Nichols: systematic approach

= Increase k; until the system becomes marginally stable o1 o o . gO1,p g g2
. . . |P(0)| . k; ’ 0,z
(start oscillating without decay)
w* Mmin = 0.7 Pmin = 0.5
Getkp and T" = —— z | d0e 01 0ne | 0. 01e 0 |
) ) _ *p 10053 290 —26| 013 1.9 —1.30
= Astrom-Hagglund: systematic approach Ti 0900 —440 27 | 090 —44 270
= Getkp and T* like Ziegler-Nichols foin = 0.7 T
. T a0,z X1,z QA2 | X0,z 1 a2 o |
= Get |P(0)| using measurements of a step response Fo | 0.33 —0.31 —1.00 | 0.72 —1.60 1.20
: . . T _ _ _
= Optimal Design and Stability not guaranteed Tl ot Cove aie | oos Tla one
Ta | 017 —046 —2. 15 —1. .

= Real world testing often needed
ETH:irich



Outline

= Frequency Response
=  What?
= Why?
= Bode Plot
=  What?
= Example — Reading of a Bode Plot
= Drawing a Bode Plot
= Example — Drawing a Bode Plot
= Bodes Law
= Polar Plot / Nyquist Plot
=  What?
= Example — Drawing a Nyquist Plot

ETH:irich
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Conceptual Recap

Classical Control Approach

System Introduction of Controller Deployment on

System

Analysis Feedback Design System

Descripton

BIBO Stability
If Lyapunov Root Locus

q Test Different
. asymptoticaly Stable
x(t) = f(x,u,t) ymp i System Parameters

y(®) = gxu,t) H
Controllability and
Observability (CSII)

q

For convenience

Lyapunov Stability
System Modeling A <0V

PID Control
Effects of Poles and
Zeros

Linearizatrion Other Control Methods
x(t) = Ax(t) + Bu(t) (CSll and onwards)
y(t) = Cx(t) + Du(t)

For convenience
New Theory

Frequency Response Performance Limitations
Robustness (Uncertainty)

Transfer Function Time Delays

G(s) = [(s1 = A)BJU(S) | Time Domain
Y(s) = G(s)U(s) Response Nyquist Diagram

ETH:zrich 1



Frequency Response
What?
=  We want to find the response to a Harmonic Input:
= u(t) =a-cos(w-t+ ¢),d = 0in most cases
= Reminder General System Response:
: t _
= y(®) =c-et-x(0) + fO c-eAlt=P) . p. u(p) - dp +d - u(t) = yeransient(t) + yoo ()
= [fthe System IS asymptotically stable: (again if not the following math can still be done)
- ggg Yiransient(t) = 0 = y() = Yo (D)

= For a Harmonic Input we get: (see Derivation in my old Script)
= y(t) =m(w) - -a-cos(w-t+ ¢+ plw))
= m(w) = |G(w)] p(w) = £G(jw)

= Resulting Response:
= y(t) = |G(w)| - a-cos(w - t+ ¢ + 2G(jw))

ETH:z(rich
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Freqguency Response
Why?
= System Response
= y(t) = |G(jw)| - a- cos(w - t+ ¢ + 2£G(jw))

=  What do we see?
= The system oscillates with the same frequency
= The amplitude is frequency dependant
= The phase shift is frequency dependant

= We can measure this response on a physical system (if stable)
= We can analyse the system behaviour and robustness using this response

= We can in general combine infinite harmonic inputs to model any input
= Fourier/Laplace Transform

= How can we plot |G(jw)| and 2G(jw)?
= Bode Plot
= Polar / Nyquist Plot

ETH:z(rich
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Freqguency Response

_ (s=0.1):(s+100)
= TTs+5)(s430) £ AEOQQ G

—input
——output

Frequency Response for w = 1, X(s)

B | |
0 2 4 6 8 10 12 14 16 18 20

Time(seconds)

Frequency Response for w = 10, X(s) = % s ameean

10

Time(seconds)

m zZUuric h https://n.ethz.ch/~jgeurts/ 14. November 2024

14



Bode Plot

What?

=  Two separate frequency explicit plots for both |G(jw)| and 2G(jw)
= Magnitude Plot |G(jw)|:

= Logarithmic w axis and dB(decibel) |G(jw)]

= Decibel:

+ 1660 = (Re(G()” + Im(6(w))”

1G(jw)lap = 20 - log10|G(jw)]

IZ(w)lgp

|G(jw)| =10 =20

Caution when reading of a plot (convert if necessary)

= Phase Plot £G(jw):

= Logarithmic w axis and linear £G(jw) (in degrees)

= £G(jw) = arctan2 (M

ETH:irich

Re(G(j oo))

)

atan2(y, z) = <

( arctan( y)

= — arctan( " )

—Z — arctan(%) ify <0,

2

arctan( X

| undefined

Dezimalskala | Dezibelskala

100 40

10 20

5 13.97...

2 6.02...

1 0
NG —3.0103
0.1 —20
0.01 —40

0 -Inf

ifx >0,

ify >0,

ifx <0,

ifr =0andy=0.




Phase (deg)

Magnitude (dB)

o
\

AN
\,

Bode Plot of a system

Bode Plot of: X(s) = %

10 T T T T T T T T T T T T \‘ T T T T ,‘_,,.LJ-*'»_*’”-'—.,,_, T T T 1T

T
N\

\
\

20 —

25—

30

R \\I\' II\\‘ \\I\' II\\‘
1SD;I7\—\—\—I7I_LL{_7_7_W_7\ I I I \\I\| I I I III\\‘ I I I I \\I\| I I I III\\‘

w©
o

90 = L IS N | S | S ) B S

T T

L

102 102 107 100 10 102
Frequency (rad/s)

ETH:z(rich

16

10*



Bode Plot

Example

= Read off the values from the bode plot on the previous slide

Frequency w [~ 0|~ 17| 4| 1024 60|
Magnitude |G(jw)| 45 ~ —23.5 ~ —3.7 ~ 6.3 ~9 ~ 4.7
Magnitude |G (jw)| ~ 0.06 ~ 0.65 ~ 2.063 ~ 2.84 ~ 1.73
Phase £G(jw) ~ 180° ~ 83° ~ 47° ~ 14° ~ —28°

ETH:irich



Bode Plot

Drawing a Bode Plot

= Using Logarithms is very convenient, we can combine different systems
=  Total System: G(s) = G1(s) - G(S) * ...- Gy(s)
= Amplitude in decibel: |Z(s)|gg = |Z1(s)|ag + 1Z2(8)|gB
= Phase: £X(s) = £Z,(s) + 22,(s)

= When drawing combine the effects of poles and zeros of the sub-systems (addition)

= The effect is at the position of the pole/zero
= At the pole/zero the phase shift is approx 50% done
= For multiplicity k > 1, the change is multiplied by k

ETH:irich

Type Magnitude Change |Phase Change
Stable Pole -20 dB/dec -90°
Unstable Pole -20 dB/dec +90°
Minimumphase zero +20 dB/dec +90°
Non-minimumphase zero| +20 dB/dec -90°
Time Delay 0 dB/dec -w T

18



Bode Plots

Standard Elements — there are a bunch

A.1 Integrator Element

Element Acronym:
Transfer Function:  X(s) = -
Poles/Zeros:  m =0, (; =

Internal Description:

Nyquist Diagram Impulse/Step Response

y(t)

-1 Re

w=1/T

T |- — ——

Bode Diagram Analog/Digital Realization

dB 4 m(w)
—20 dB/decade l l
0 C
w= IWN w
deg 4 @(w) analog_input(ek);
0 uk=u_k 1+T_s/(2*T)*(e_k+ek_1);
analog_output(ul);
w
u_k_1=u_k;
e l=el;
-90

ETH:z(rich

A.2 Differentiator Element

Element Acronym: @

Transfer Function:  X(s) =T - s

Poles/Zeros: w1 =020, ¢ =0

Internal Description:  y(f) =T - 4

Nyquist Diagram

Impulse/Step Response

-1 Re

y(t)
not defined
0
t
y(t)
Ta(t)
0

Bode Diagram

Analog/Digital Realization

dB 4 m(w)

20 dB/decade
0
N w
/; 1/T it

deg 4 (w)

a0

71

analog_input(e_k);
nk=2*T*(ek-ek 1)/Ts - ukl:
analog_output(un_k)

uk-l=ulk;

ek l=ek:

O =—0

A.3 First-Order Element

Element Acronym:

o sf, - _ &
Transfer Function:  X(s) = o
Poles/Zeros:  m =—L, (=0
Internal Description: %a:(t) =——-z(t)+ % -u(t)
y(t) =k - x(t)

Nyquist Diagram

Tmpulse/Step Response

y(t)
k/T
0
t
yl(t)
- —= -
I
£0.63 1
1
0

Bode Diagram

Analog/Digital Realization

B f m(w)
k N’dccmﬂc
|
0 ‘ w = 1;’7:
: w
deg [ plw) :
0 |

l

analog_input(e_k);

uk=uk_1*(2*tau-T_s) /(2*tan+T_s)+..
(ek_14ek)*(k*T_s)/(2*tau+Ts);

analog_output(u_k);

19



Bode Plots

Standard Elements — there are a bunch

A .4 Realizable Derivative Element A.10 Delay Element

A.5 Second-Order Element

Element Acronym:

Element Acronym: LP-2

Element Acronym:

L]

] ) B . Transfer Function:  X(s) = e =7
Transfer Function: X(s) =k =k (1 = 5+1) Transfer Function:  2(s) = k - m
' Poles/Zeros:  not a real-rational element
. _ 1 s
Poles/Zeros:  m =-+,G = Poles/Zeros: m o= —wo- -8 £weVd: -1, 2= o
Internal Description:  y(t) =u(t—T)
Internal Description: %.’E(f) = 7% z(t) + ‘% -u(t) Internal Description: %:{:1(1‘.) — 25(t),
y(t) = —k - x(t) + k- ult) Laa(t) = —wi - a1(t) — 28 -wp - wa(t) +wf - u(t)

Nyquist Diagram

Impulse/Step Response

y(t)

Bode Diagram

Analog/Digital Realization

ETH:z(rich

Nyquist Diagram

Impulse/Step Response

Nyquist Diagram

Impulse/Step Response

Bode Diagram

Analog/Digital Realization

T y(t)
m k8(t) y(t)
Im a(t)
o T
r t Im
0 0
—k/7 ] w=00 w=0 i T
v L Re 1 Re ‘
k y(t) " T ult)
- w=12m
v(®) =01
.rc-k k|- £ - 14— ——1
! 0
1]
,~ : 0 T

Bode Diagram

4B m(w) 4B f mw) dB m(w) )
Analog: use Padé elements
k O—:If‘ o | o = (allpass elements)
- J i k | = as approximation
w
o - | —40 dB/decade l l 0
! o o
0 : \ O 0 w KTZ=integer(T/T_s);
; analog_input(e_k) ! w analog_input(ek): analog_input(e_k):
deg | elw) | nk=1/(T_s+2*tan)* (u_k_1*(2*tau-T_s)+ ! - wk=e alt(KTZ);
a0 : | (e dee e 1) 2%k tam): deg | @(w) ! use Matlab's c2dm deg { #lw) analog_output(u_k);
| analog_output (uk); ] for i=LiKTZ-1
15 u}l(\,]l:u: 0 ‘ - :’:"IEE:\_:-T_"\”-“ ealt(i+1)=ealt(i);
ek l=e] hd - - ; end;
g0 ek 2=ek1; © alt(1)=ek;
0 » uk_L=u_k 573 F——-————— - e-alt(l)=els
- —180 el l=ek

Analog/Digital Realization




Bode Plot

Example - Drawing

=  System 1.

= Gy(s) = -

s-(s+1)
= Pole 1wy, =0
= Pole 2. wg,,=1

= NoO zeros

ETH:z(rich

Magnitude (dB)

Phase (deg)

j

-1 O%

Bode Diagram

50

-50 —

-180 —

E EEm O S F B 5 B D IS O S D -

102

10°

Frequency (rad/s)
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Bode Plot

Example - Drawing

=  System 1:

= Gy(s) = -

s-(s+1)
= Pole 1wy, =0
= Pole 2. wg,,=1

= NoO zeros

ETH:z(rich

Magnitude (dB)

Phase (deg)

Bode Plot System 1

50

-50 —

©
o
I

-180 —

10°

Frequency (rad/s)
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Bode Plot

Example 2
= System 2:
= Gy(s) = 2900:5 = (83.3333 - 5) -

(5+0.2)-(s+10)-(s—30)
= Pole 1l w; =0.2

= Pole 2: w;,= 10

= Pole 3: w;,= 30

= Zero 1l wg, =0

= Non-stable zero Phase shifts from -180° to -90°

ETH:z(rich

1 1 1

(5s+1) (0.1-s+1) (0.03-s—1)

23



Gy(s) =
Pole 1. w;, = 0.2
Pole 2: w,,= 10
Pole 3: w,,= 30

Zero 1: a)(1=0

ETH:z(rich

1 1

. (0.1-5+1) . (0.03-s—1)

Magnitude (dB)

Phase (deg)

Bode Diagram

Frequency (rad/s)

50 T | |
I

0 T e ™ MmN e T e e B T a0 R n — —

P
50 — ~|
_10 1 1 | 1

% o = ]

90_-l P i T s T 2 e e e TR T B e TR o R B s w — ]
180 |- \ \ |

L Ll L1 — e ] e E—— e D — —Em e
102 107 10° 10 10°



Gp(s) =

Pole 1. w;, = 0.2
Pole 2: w,,= 10
Pole 3: w,,= 30
Zero 1: wg, =0

ETH:z(rich

1 1

. (0.1-5+1) . (0.03-s—1)

Magnitude (dB)

Phase (deg)

Bode Plot System 2

. 5OQaq

50 T T T T T T 17T

90 —

-180 —

10

10° 10
Frequency (rad/s)



Bode Plot

Bodes - Law

= Phase and Amplitude are not independent

: dB _
* 1G(w)lgg =20 -k = 2£G(jw) ~ k-7

= System: X(s) =

by :s™+ ... +b;-s+by

sq-(s~9+a, k-

;-sh~k=14  t+a;-s+ag)

= Relative degree:r=n—m
= System Type: g = number of integrators

=  We further have:

= Forw—- o:

5|G(j(0)|dB —
0 log;o(w)

= Forw—0: 2G(jw =0) =

ETH:z(rich

= —r - 20 dB, with r = n — m being the relative degree

—q - g, for sign (:—Z) >0

—T — q-g, for sign (b—o) <0

dp

26



Polar / Nyquist Plot

What?

= |G(s)| and 2G(s) drawn in the complex plane.

= From —oo < w < ©
= The values are now frequency implicit
= Drawing usually using Python or Matlab

= Sketching
= Look at the extremes w = 0,w =
= Read values of Bode plot
= Needs to be qualitatively correct

= We mostly want to know where

= |G(jw)| =1, and £G(jw) = —180°
1

L) IS stable

= System stable iff

= L(s) = —1 not allowed!!!

ETH:z(rich

Imaginary Axis

Nyquist Diagramm of: X(s) =

(5—0.1)-(s-+100)
(s+5)-(s+30)

27




Polar / Nyquist Plot
Example — Drawing a Nyquist Plot

= Draw the Nyquist Plot for:

. __5(s—0.5)
G(S) - s(s+5)
= -0
" [G(w)| »

—q - E, for sign (ﬁ) >0
= LG( )_ 2 dg _
](1) - TC . bo -
—m—q-, for51gn(a—0) <0

= @ > 0
* |G(w)| >0
Tt

. 1_ m
= £G(jw) NLo=

ETH:z(rich

Imaginary Axis

-10
-1

Nyquist Diagram

CASAWICEENA)

10

2 3 4 5

Real Axis

28




Polar / Nyquist Plot

Example — Drawing a Nyquist Plot

Nyquist Diagram
= Draw the Nyquist Plot for the System 1.5 ‘ . .
with the following Bode Plot

Bode Diagram 1t _— 1
T ] A A A -
~_
-

Magnitude (dB)
& A & o N
3 3 8 3 > o
T T T I I I
| | | | | |

&
3
T

1

o
T
|
|
|
I

Phase (deg)

SRR SRR R R 1 -0.5 0 0.5 1 1.5

102 1071 10° 10 102

Frequency (rad/s) Real AXiS
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Bode and Nyquist Plots
Summary

= Graphical representation of |G(s)| and £G(s)

= Bode Plot:
= frequency explicit
= Logarithmic, decibel and linear axis scale
= Quantitive analysis

= Nyquist Plot:
= frequency implicit
= Linear axis scale
= Qualitative analysis

=  Why though?
= Determine system properties from plots (stability, DC-gain,...)
= Analyse system with controller
= Determine robustness of the system

ETH:irich
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Exercise 08

What to do?
= 1

= Do two
= 2

= Do all
= 3

= Not nessecary
= 4

= Not nessecary
= 5

= Do two distinct once

ETH:zrich 31



	Slide 1: Control Systems I Recitation 09
	Slide 2: Last Week
	Slide 3: Last Week
	Slide 4: Time Response
	Slide 5: Time Response
	Slide 6: Time Response
	Slide 7: Time Response
	Slide 8: PID Control
	Slide 9: PID Control
	Slide 10: Outline
	Slide 11: Conceptual Recap
	Slide 12: Frequency Response
	Slide 13: Frequency Response
	Slide 14: Frequency Response
	Slide 15: Bode Plot
	Slide 16: Bode Plot of a system
	Slide 17: Bode Plot
	Slide 18: Bode Plot
	Slide 19: Bode Plots
	Slide 20: Bode Plots
	Slide 21: Bode Plot
	Slide 22: Bode Plot
	Slide 23: Bode Plot
	Slide 24
	Slide 25
	Slide 26: Bode Plot
	Slide 27: Polar / Nyquist Plot
	Slide 28: Polar / Nyquist Plot
	Slide 29: Polar / Nyquist Plot
	Slide 30: Bode and Nyquist Plots
	Slide 31: Exercise 08

