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Laplace Transformation
LAx} =X = /OO x(t) et dt

x(t): R->R X(s):R+jR->R4+j R




linearity
similarity
shift

damping

derivative ¢

derivative s

integration ¢
integration s
convolution ¢
convolution s

initial value

final value



—a(t) = A a(t) +b-u(t) X(s)=(sI—=A)""-b-U(s)
o—o
y(t) = ¢ a(t) V()= (sT = A) b UGy
ooy CAdI(T—A) b _ bys™ + -+ bis + bo
(8) = det(sI —A)  s"+an_1s" '+ +ais+ag
_ ...T:l(s_gj)
T (s —m)
TD FD

La(t)=Ax(l) + bu(t)
y(t) =cx(t) + du(t)

SP Y(s)=(c(sI—A) "b+d)U(s)

o | v O+ FayV O +ay®) | oy o bmsT b g
= b?-nu(m)(t) + .-+ bOU,(lL) s" 4 - 4+ aist + ag




Cramer’s Rule

i-te Zeile

j-te Kolonne



QC: Are the eigenvalues A; of A equal to the poles 7 of 2(s)?



Quick Check: For a system defined by its internal description

')'cl' +1 3] 'xl'
— . +

X, | 0O -1 X, |

-

o 1]

y = ] N

Compute its transfer function 2{s).
Is the system minimal?
Eigenvalues and poles?

Is the system stabilizable? Adj




20.09.

27.09.
4.10.

11.10.
18.10.

25.10.
1.11.
8.11.

15.11.

22.11.

29.11.

6.12.
13.12.
20.12.

Lektion

Lektion
Lektion

Lektion
Lektion

Lektion
Lektion
Lektion
Lektion

1 — EinfUhrung

Modellierung

2 — Modellbildung
3 — Systemdarstellung, Normierung, Linearisierung

Systemanalyse im Zeitbereich

4 — Analyse |, allg. Losung, Systeme erster Ordnung, Stabilitat
5 — Analyse ll, Zustandsraum, Steuerbarkeit/Beobachtbarkeit

Systemanalyse im Frequenzbereich

6 — Laplace |, Ubertragungsfunktionen

7 — Laplace Il, Losung, Pole/Nullistellen, BIBO-Stabilitat
8 — Frequenzgange (RH halt VL)

9 — Systemidentifikation, Modellunsicherheiten

Lektion 10 — Analyse geschlossener Regelkreise
Lektion 11 — Randbedingungen

Reglerauslegung

Lektion 12 — Spezifikationen geregelter Systeme
Lektion 13 — Reglerentwurf |, PID (RH halt VL)
Lektion 14 — Reglerentwurf I, ,loop shaping®



The “DC-Gain” of a System

u(t) = h(t)

I

U(s) =1/s

final value

2

y(t)=7 for limt —

: lim f(t) = lim s- F'(s)

S—>0+

y(o0) = lim s-Y(s) = lim s 2(5):-U(s)

= lim s- Z(s) — = hm 2(s) = 2(0)

s—0,

\)



QC:
25+ 3

DC gainof 2(s)=
s”+35+2

s+ 3

DC gainof 3(s)=
-s+ 7



The Impulse Response of a System

u(t) = 6(t) : y(t) = a(t)
29—
U(s) =1 Y(s) = 2(s)




BIBO Stability

u A ,
oy Ny

Test for BIBO stability: / (t)]dt < oo



BIBO Stability

1 X )
u- Z\ y

Y(s)=b 1= (s~ 6)
" ....?:1<5 — ;)

Main result (valid for LTI I/O systems ):

BIBO stable iff all poles 7; of X(s) have negative real parts;
not BIBO stable in all other cases.

17



BIBO Stability

Quick Check: Is the first-order system

d
%az(t) =u(t), y(t)=z(1)

asymptotically stable, Lyapunov stable, or unstable?

What about its BIBO stability?



Lyapunov vs. BIBO Stability

For a system that is completely controllable and observable:

asymptotically stable
asymptotically stable
Lyap. stable or unstable
Lyap. stable or unstable

9

é
9
é

BIBO stable
BIBO stable
not BIBO stable
not BIBO stable

For a system that is not completely controllable and observable:

asymptotically stable
I?

Lyap. stable or unstable
Lyap. stable or unstable

9

é
9
é

BIBO stable
BIBO stable
2

not BIBO stable



Inverse Laplace Transform

— difficult — .
Sry(t) = —y(t) + u(t) [l'D/ODE j > E‘D/Solutlon [ret=r - u(p)dp
A
cansf Laplace inverse Laplace
transformation transformation
easy

sY(s) ==Y (s)+ U(s)[ FD/TF j > @D/Solutio@ Y(s) = ﬁ -U(s)

The output of a LTI dynamic system in the frequency-domain is

Y (s) = 5(s)- Uls) %

How can we find y(r)?



Inverse Laplace Transform

The rational function Y(s)
vis) - &) _ £(s)

/}!.(S) - (S T 7-{-1)01 * (S - 7-{-2)(;)2 L (S _ 7-{-1))@51)

can always be written as a partial-fraction expansion

p C)

ZZ ;{ pir € C

?lhl

where the residuals p; ; are found using

. 1 duﬁi_k) ;i
= Jim o o (V) (5= m)”)

The time-domain solution y(t) Is then found to be

& Pi,k *t— ATt
Z = & h(t)

zlkl




Illustration:

542 -2/13 4-7j 4+7j
Y(s) = = + — + :
(s7+2s+5)(s+4) s+4  52(s+1-2))  52(s+1+2))
Ci=-2
T =-4 p1='2/13
m=-1+2j py=(4-7j)/52 = A 1Y)
ny=-1-2j ps3=(4+7 j)/52 [ﬁi
Im [\ | 'il;

f l\.‘ P “ Re
Map: s — 1Y(s)l | AR |

s
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Example
YD)+ 7y 2@ +15-yP () +9-y(t) = V(1) + 2 ult)

u(t) = sin(t) - h(t)

ST s +15-5+9 T4+ 1 (s41)-(s+3)7 (s +]) (5 )

Y(s)=

. 1 d(¢i—Fk) b,
Pk = I Gt (ds@f’f) (V) (o= ZD

| 1
= —1. o1 =1, = -
T , O , P11 3
3 h 2 —1 —1
To = —3, Qo = 2, = : —
2 , 02 , P21 200 P22 50
, ,. —13 4+ 79
= —17. (O3 =1. =
T3 1, O3 , P31 500
. .. —13 - 79
— 7. f) — 1-. 14 =
T4 = +), @4 , P41 500
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’ :—1 !"Il' :1 - =
1 . P1 . P11 3
3, Gy =2 ! !
— 3. o0y =2. - — - —
2 , P2 . P21 = 200 P22 = 50
. .. —13 4+ 79
m3=—J], @3=1, p31 = QOOJ
o —13 — 9
T4 = 1], Q4 ;P41 500
/Oz k k—1 it
y(t > > ot e h()

1=1 k= 1

Remarks: « BIBO stability “proof”

 Real coefficients always yield complex
conjugate residuals

* There are only first and second-order
“linear factors” (elementary systems)



d
dt

Pole of 15t Order System

y(t) = x(t)

—x(t) = =2 - x(t) + u(t)

u(t)

r

y(g)




Poles of 2"9-Order Systems

Simples case 2"%order system with no zeros and gain 1

2 Im A

E(S)_ 0 5:\/§ 5 =73 5=0 o&6=-1

$24+2-0-wo- 8+ wh _—
wov1 — 62 \
— 0w e
I B P A :

The poles of this system '7/
are at ,

7T1,2:(—(5:|:\/(52—1)‘W0 "( \

wo,3




Step Response

Use the partial-fraction expansion approach (details see book)

for the case 0 < 6 < 1

y(t) = h(t) - (1 et (O_O -sin(wy - t) — cos (wy - t)>)

Wi

for the case 1 < o

- 0
y(t) = h(t) - (1 + et (—O - sinh (wsq - t) — cosh (ws - t)))

W2
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>

t/To

Figure 7.2. Step response of the second-order system (7.12) with normalized time

t/Tp and various damping ratios (6 € {0.17, 0.34, 0.5, 1/v/2, v/3/2, 1, 1.2, 1.5, 2}).
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Poles and Time-Domain Behavior
of 2"d-Order Systems

The system output has a zero gradient at t = 0 and
asymptotically reaches its final value y(x) = 1.

The system outputs overshoots for 0 < § < 1 and
increases monotonically for 6 > 1.

The system output scales with the system’s natural
frequency.

For 6 > 1 the step response is dominated by that pole
which is closer by the origin.

More properties later (lecture 12)



Y

Where are the Poles?

Y4

yJL

b)

ImA




y

Where are the Poles?

AN
U

ImA

Yy

f)




Zeros

Z(s):b(s): b,,s™ + ...+ bis+ by bR
a(s) s+ ap_1s" L+ Fars+ag

the zeros (; are those frequencies s at which
X(s) is zero

The zeros (; are those frequencies for which a non-zero input
u” () and initial conditions x"(0) exist that produce a zero output
y“(t)=0 (details see book).

If the real part of all zeros ; is negative then the system is
minimum phase. If the real part of at least one zero is positive
the system is non-minimum phase.



Zero of 1st-Order System

y(t) =x(t) + 0.5 - u(t)

> 0.5

u®)

i y(t)
>

2

TJ




Y(s)

B 0.5s+3
542

-2
-1 1 2
Time (s)
—354+ 3
Yi(s) = s
2 L
0
-2
-1 1 2
Time (s)

1.5 +3
Y(s) =
(8) = —75
2 L
0
-2
-1 0 1 2
Time (s)
—1.554+3
Y(s) = P
2 L
0.
-2
-1 0 1 2
Time (s)

Zeros of 1st-Order Systems

s+ 2

3 3
Z(s): S +
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Zeros and Time-Domain Behavior
of 2"d-Order Systems

(—s/C+1) - wj

Y(s) = - 5 =0.5
$242-0-wo- S+ wp
Y A
— u N
- Z L S
0— T >
1
\“-\ - 0.5 o
0.5 4 \
N




Zeros and Time-Domain Behavior
of Higher-Order Systems

A zero close to a system pole will reduce the influence of
this pole.

In the limit case {; = r;, the residual becomes zero and
the system order appears to be reduced by 1.

The closer to the origin a zero is, the more important is
its influence. This influence manifests itself in an
increasing overshoot of the step response.

A nonminimumphase zero poses an important limitation
on feedback control.

In contrast to system instability, nonminimumphase
zeros can often be shifted by a different sensor
configuration.



Transfer Functions Inverted Pendulum

p
cart position sensing :
d—
Y stick angle sensing :

R om0
u
& | C

- tip position sensing :
r

[-s°>—¢g

Cl =

Co =

C3 =

100 0]

(001 0]

(1 011 0]

_ g2

2 (1-M-s2—g-(m+ M))

— 9

2. (1-M-s2—g-(m+ M)
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