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Dataset = {(acl,yz)}Z LTieERY g eR
~—[5c‘17.. ]’ eRNXd,ﬂ—[y17---,yN] er”
Training Error (TE): L(fp)=w Z A(fp(xs), ys)
1.1 Least Squares: é(f(a:l) yi) = (yz (scz))2
Objective: & = argmin,, by Ziv Ly —wT)?
wfargmmwnﬂy Xw|| X= [1,X], = [wo, ]T

CF Solution: n > d — = (XTX) ' XTy
n<d—w=XT(XXT) 'y (many exact sol.)
non-linear fnct.: X to ¢(X) (¢(X) = [1, X, X?])
1.1.1 Ridge Reg.: £ = (y; — f(2:))? + ||w|’
Objective: w=arg min,, ~> . (yi—w” &) +\|w||
CF Solution: w = (XTX +AI)~'XTy

1.1.2  LASSO Reg.: £ = (yi — f(2:))*+ Al

2

Objective: W =arg min,, %Zfil(yi—wT@)Q—l—)\Hle
LASSO vs Ridge

LASSO limits model complexity (coefficients = 0,
sparse matrix), Ridge limits value of coefficients

0]

timization

2.0.1

1. Initialization of random wo € RN

2. Update: W41 we — ’I]tVL(’U)t)

Stop: [|[VL(w:)|| < € or t > tmax

2.0.2 (Batch) Stochastic Gradient Descent

1. Initialization of random wo € RN

2. Update: W41 = Wt — ntVL',s(wt)

L(we) = 157 Xies U(fw(@i), yi), (with replacement)
Stop: ||[VL(we)|| < € or t > tmax

Memory |, p(escape saddle p.)t, faster than GD
GD for Linear Regression

Gradient: VL(w) = (2)X T (Xw — )
= Jlw ™ =@l <[ -nXTX,, v~ @]

t+1 N
<M =nX "X, lw’ =l p=[I-nX"X]|,,
p<1— convergence, 17 < 2/Amaz(X " X) sufficient
Well conditioned: Amaz(X T X) & Amin (X T X)

Iterations until within e: t > 1125((;;3
Step size: Nopt = 2/ (Amaz(X T X) + Amin(X T X))
K — >\7na.n(x X) K—-1

Amin (X T X) K+1

GD less computationally costly than CF for large NVvd
3 Model Selection & Validation

Estimation Error: (EE) tells goodness of fp
Ex[6(f*(X), f(X))] = Exy [((fp(X),Y)] + K
Generalization Error: (GE) Ex v [¢(fp(X),Y)]
Test Error: (Estim. GE, unbiased) 15— > £(f(2),y)
Generally TE < EE, but EE not available

Split data: D = Dy U Dy, Train on Dr, test on Dy
Training loss not always smaller than test loss!!!

3.1 Cross Validation

Find optimal model — split into trainingset Dyse,
validationset Dy C Dyse and testset Diest K =
|Duse| : Leave-One-Out CV (LOOCV)

Large K: CV bad estimate of generalization error and

Gradient Descent

condition number — ppin =

comp. expensive, but fi closer to full model

3.2 Bias-Variance Tradeoff
Squared Model Bias: avg. distance to truth

Model Variance: avg. distance to avg. model f

. . 1 A =
Approximated by: Varp =~ 2 > (f;(z) — f(z))
J J

generalization
bias = “average - ground truth” / error
«  drives underfitting 2 «  drives overfitting

w sweet spot
« arises even for noiseless data « especially for complex models
lly in noisy setting n > d
~—_ B

for erent x
Vodel Complexity yield different estimators

Expected Generalization Error:

Ep[(fp(X) — Y)?] = Varp(fp) + Biash (fp) + o
A—0: Var—o00,Bias—0 A—o0: Var— 0, Bias— co
CV to find optimal size of A

4  Classification

4.1 Binary Classification

Label: y € {—1,1} with § = sign(f(z))

Loss functions: 0-1, Hinge, Logistic, Exponential
Logistic is more robust to outliers. = best loss
other losses upper bound of 0-1 loss.

4.2 Logistic Regression ({;,, with GD)

Aligns direction that maximizes the min ¢2-distance.
WM M = Argmax| |, —1 min; y; (w, ;)

4.3 Support Vector Machines

Hard Margin SVM (data linearly separable)
Solves the max margin optimization problem:

4.5.1 ROC: varying 7, fixed f—>TPR vs. FPR
7}— TPR 1, FPR 1, 7 t— TPR |, FPR |

False Discovery Rate

M
P ) FDR HEP o

Precision g ~BO=19=D| T gme ~RO=-19=1)
el #TP FPR HEP

O e W= 0= =) rpeleror) Fy=—qy < RO ==

Want large! Want small!
. _ 2 _ 2-TP
F1 score: F} = — " = STPIEPTEN

recall ' precision

Non-linear feature map — computational infeasiblity.
Featurize f via a € R" via f(z) = o ®¢(z)

} S fe) = S, aud(a) T ()

Ui, o @P(x:))
) - funtion of (¢(x), #(2))
k(z,2) = ¢(z) " ¢(2)
)

k(:vhxn) nxn
k(zn,zn) €R

1. Solve & = argmingcgn = >0,
Ouput f(z) = &' ®g(z
Replace (¢(z), ¢(2)):

_aaT — |klz1,m
K =0T = |fon )

f(z, z) without needing ¢(x), ¢(2)
5.1 Properties & Valid Kernels & Operations
symmetric: k(z, z) =k(z, ), psd: k(z, z) =0

Trick: k(z, 2)=

6 Neural Networks

Universal Approximation Theorem: Using any sigmoi-
dal function in a NN, then any function can be ap-
proximated by a finite sum.

6.1 Activation Functions
Identity: ¢(z) = S|gm0|d o(z) = +513
e o)
Tanh: ¢(2) = &= | RelU: ¢(2) = maz(0, 2)
¢'(2) = 1- 6(z) {0 239

6.2 Forward Propagatlon (predlct)

flasw,0) =370 wi(0; )

Input Layer: ;0) =20 =1, 0@ = [z;1]

Hidden Layer: z(l)*zzliolwﬁvfl 2 U;l):<j)(z§l>)
20 — W p(=1) 3nd v® = [p(z ®. :1)]

Output: f;=375" wiloft ™D, f=w Myt

Regression: y; = fi, CIaSS|f|cat|on y = arg max; f;
6.3 Backward Propagation (train weights)

Output Layer:

Error: 81 =V 0(f,y) = [('(fr, 1), - £ (Fo. )]
Gradient: V)l = 5B pE-1)T

Hidden Layer: (® componentwise multiplication)
Error: 8 = ¢’ (2V) @ (WIHDT§+D)
Gradient: V)¢ = 80~ D7T

6.4 Weight Initialization

wnn || argming |lw|[, s.t. ylw x; > 1VYi
Soft Margin SVM (data not separable)
Solves the max margin problem with slack variables:

warym || argming 0.5||wl| 2 SFAY &

st. gy @i >1-&, &>0 Vi=1,...,n
For given w unconstrained SM SVM: (hinge loss)
min, 3wl + A7, max(0,1 — y;w ' ;)
margin vy = m

4.4 Multiclass Classification

Label: y € {1,..., K'}. Often multiple f;(z) needed!
Prediction: § = argmax;_,  r fr(x)
One-vs-All: )
1. Train K binary classifiers fi(x)
2. Apply softmax: & :M
pply x: ok () K exp(fp (@)
3. Predict: §j = argmax,_;  x 0%(x)
Decision boundary: fi(z) = fi ()

4.5 Asymmetric Losses
Misclassification of one class worse. Choose as nega-
tive more important class — Null Hypothesis

TPR=

y=-1y=+1 ~1-FNR

=-1| m FN ©

= =

=+1 P ™

type | error
Minimize over weighted loss by crp and cpn:
ming ﬁ Zy:l Ly, =—1) + #Zilil Zy:—l Ly, =1)
Equal to: miny cFNﬁ—FI,V + CFP%, Terp 21T

+1 if fz) > T

vrp
FPR= 20

Inner product: k(z, z) = h({(z, 2)) psd iff Taylor:
h({z,z)) = ZJ Oa]((x,z>)j hasa; >0
Polynomial: k(z,z) = ((z, z) +¢c)™ psd for m € N*
RBF: k(z, z) = exp (—@) is psd for 7 > 0

7 is bandwidth, « is shape parameter
Gaussian: o = 2, Laplace: o =1

k(.’L’,y) = ﬁ = ZZOZO xzylv T,y € (715 1)

k(z,y) =2, k(z,y) = cos(z — y)

k(z,y) = min(z,y), k(z,2) = ' Mz, M 3=
oM =M"T

Issues: vanlshlng/explodlng gradients
Idea: Keep variance of w; ~ constant across layers:

) _ 1 o 2
Tanh: Wi, j NN(O 7) or Wi, j; '\-’./\/'(07 m)
RelLU: Wi, 5 NN( 5 7L7,n,)
Nin: # nodes previous layer, noq.:: # nodes next layer
6.5 Optimization
Optimize weights: W* = argminy, »  {(W;xi, y;)
Update Rule: W + W — . Vw (W x,y)
Minibatch: W« W~ 151 35, e VW (W 2, y)
Momentum: d<m-d+n:Vwt(W;z,y), W<+ W—-d

Sum: k(z,z) = k1(z, 2) + k2 (z, 2)
Prod.: k(z,2) =ki(z, 2) -ka(z, 2) =h(x)k(z,y)h(y
Mapib(n 2) o o)) b ooy o)
5.2 Kernel Linear Regressnon

W = arg min, cga |ly — dwl|; 2 = oTa

G=argmin, |y — 2 ol 3 —arg min, [y~ Kaf

fla) =" ¢(x) = AT‘M( )=y K ' ®()

Solve Problem: & = K~

5.2.1 Kernel Ridge Regressmn

& = argming g ||y — KoeH S+l Ka

Solution: & = (K + AI)~!

5.3 Non-Parametric Methods

Not by minimizing loss (classification and regression)
k-Nearest Neighbors

1. Given training set D

2. Pick k and a distance metric d in X
3. Given z, find k nearest neighbors x1,...,zr € D

4. Output majority vote ¥s,, ..., Yi, < Tiy,- .., Tiy

mathematically written as: § = { 1 if fa) <
-1 if f(x T

Caution: sensitive to k, erratic for d 1, needs large n

Decaying n:: check ﬁ, too small n 1, too large n |

6.6 Regularization (Avoid overfitting)

Weight Decay: Add penalty e.g Lo regularization
Early stopping: Stop when validation error converges
Drop out: Randomly ignore hidden units during trai-
ning with probability p, after training multiply weights
by p to compensate

Batch Normalization: Normalize activations to zero
mean and unit variance during training

Input: v;,¥i € S, Learnable parameters: ~, 8
Normalization: ¥ = BN (v;7, )

1. Mean: us = \Tél Zz’eSUi

2. Variance: 02 = ﬁ >ies(vi — ps)?

3. N li = “ES 4 Scaling: 0, = s
ormalize: ¥; e caling: v; = ~vv; +

Output: Replace v; with 7;

ResNets .
Recurrent Networks have connections between all
layers or skip connections to other layers. Allows for

efficient training of large nets and introduces memory
into the NN. Helps avoid vanishing gradients.




6.7 Convolutional Neural Networks (CNN)

NN robust against translation and less parameters
Next layer only depends on close inputs of prev. layer
min(i,k)

Z:W*ﬂ): Z WjTi—j541, ’Ul+1
j=max(1,i—d+1)

Often used for image recognition:

Applying m f x f filter to a n X n image with p

padding and s stride results in a [ X [ x m with

= %H + 1 output. Pooling: Reduce size of fea-

ture maps by pooling units into one (mean, max, min)

7 Clustering (unsupervised classification

7.1 k-means

Pick centers to minimize sum of squared distances:
min R(n) == S0, min, e |2 — 152
Non-convex, NP-hard (=not solvable). Lloyd:

1. initialize cluster centers p(®) = [uﬁo)
2. repeat until convergence:

= (W xv')

0
’ 7/“1’1(9)}

(2) zi < argminjeq (.t>||2

(b) 1"

1
Allways convergence to local optimum. Cost per iter
O(nkd). Dependent on initialization, finding good k
is hard (Heuristic approaches, regularization, infor-
mation theoretic basis, no CV), linear — kernelizing
helps

k—means++ (for data initialization)

1. choose first center uniformly from data points

2. forj=2,...,k:

(a) compute D(z) = min, - ||z — wl|?

kY [ —

5o Ti
\0‘5 ) i€C;

(b) choose next center with probability oc D(z)

3. R(Nk*means++) < O(lOg(k)) min,, R(lu')

8 Dimensionality Reduction

Data: X € R"*¢ — 7 ¢ R™** with k < d

8.1 Principal Component Analysis (PCA)
Centerd data: =1 27 LT = 0 z e R?
Empirical Cov: ¥ = " Z Tk = 1XTX 6 R2*4

C* = argmin ZHW% — x| = C* = Z Ai
WTwW=I, ;=1 i=k+1

Optimal solution: Principal Eigenvectors of X.
W* = (vi]...|ux), 1 <k <dand z; = WWa,.
W™ orthogonal v; to A1 > X2 > ... \g
Solution minimizes reconstruction error (¢ distance)
Select k when x% of variance is explained. Represent
any X € R"*? as
X =USV";U e R™*", S e R™*4 vV € R™*¢
XTX =VS?VT, V eigenvectors of X7 X
8.1.1 Kernel PCA
w =37, a;é(z;), |wl; =a"Ka.
& = arg max o’ KTKa; K : kernel matrix

aT Ka=1

ions (D) — 1 ) e
Solution: a'” = \/Tiv“ (vs eigenvectors of K)
Dk(axy,x) € R

8.2 Autoencoders

Idea: Learn representation of data by training ANN.
f(xa 0) = fdec(fenc(x; eenc); edec)

fenc : R = R¥ fyee : RF 5 R?

Optimize weights that output agrees with input:
W* = minw Y7, [|f (2 W) — x|

If activation function is the identity, solution is PCA.

9.1 Discriminative vs. Generative Models
Discriminative: y is a consequence of z: p(y|z; 6)
Generative: z is a consequence of y (classification)
Model: p(z,y;0) = p(z|y;y) - p(y;7), 6 = (v,7)
9.2 Probebalistic Inference

9.2.1 Maximum Likelihood Estimation

Find Px from data — MLE on data (unsupervised):
0nr 1, =arg max, p(D|0) =arg min,— 3 log(p(z:; 0))
Find Pxy using Px and Py |x (supervised):

1. Px MLE, 2. Py|x MLE, 3. Pxy = PxPy x
Classification limit y: (§ = argmax,c(; _1y p(y|7).)
9.2.2 Maximum A Posterior Estimation
Instead of p(z;8) now p(z|0) (0 is now a distribution)
Take knowledge of 6 into account (prior)

Posterior distribution: p(8|D) = %

Orrap = arg max, p(6|D) = arg max, p(D|0)p(0)

= argmin, > —log(p(x:; 0)) — log(p(0))
Unsupervised Learning
MAP: use p(z|f) and p(@) for MAP to find 0
Avrg.: p(z|D) = Egip[p(x|0)] = [ p(x|0)p(6|D)do
Supervised Learning (Pxy using Px and Py x)
MLE for Gaussian results in (weighted) LS problem.

MLE with logistic model results in logistic regression.
MAP results in regularized MLE problem.

Prior: y; = w' x; + €, e, ~ N(0,1),w ~ N(0,02)
Result: Wy ap = argmin,, 1|y — Xw|| 2+ %Hw” 2
Laplace prior: p(w) Hf ! Je ~Alwil

Result: warap = argmin,, 3 |ly — Xwl| 3 + Awl|,

9.3 Decision Theory and Decision Rules
Decision theory: decision rules a : X — A, A is an
action set. Want to find an a* that minimizes:

a* = argmin, E[L(a(X),Y)]

asymetric 0-1 loss with abstention (r):
UG(2),y) = Ty ey lgasn) + cly@)=r
Solution: §(z) =r, for ¢ < p(y = —1jz) <
9.4 Gaussian Bayes Classifier (GBC)
Prior: Y ~ Cat(n), p(Y = y;7) = 7y
Feature Distribution: p(z[y) ~ N (z; py, X))
MLE (Gaussian case): 7t; = p; = #2=J

I’Ly = ﬁ Zi:Yi:y Li

Ey = #Y v Zi:Yi:y(xi — fiy) (@i — fiy)"
Gaussnan Naive Bayes: Xy = diag(ail, .
MLE: yk = #yl yzzy y(mlk Nuk)
Linear Discriminant Analysis (LDA): ¥y =%
Fishers LDA: ¢ = 2, p1,p2 = 0.5, % = 3o

1—c

7U§,k)

zi=3 oz§

10 Gaussian Mixture Model 11 Generative Pretrained Transformer

10.1
Multiple Gaussians: p(z|y)

Gaussian Mixtures

=Yy wiN (| pr, Ti),
wy, mixing coefficient, Z,‘?:l wr =1 and w > 0.
(0", 5% w*) = argmin, ., — 3., log (p(=[y))
Solving with SGD hard — use EM.

10.2 Expectation Maximization (EM)

10.2.1 Hard-EM: assign fixed lables

E-Step: predict most likely class for each data point.
zgt) = argmax, P(z|z;,0¢™Y)

= argmax, P(z]|0 1) P(x;]z,0¢D)
M-Step: MLE with new D® = {(z;,z{")
Use GBC: ) = argmax, P(D"|9)

Problem if multiple clusters are overlapping.
10.2.2  Soft-E: assign probabilities
E-Step: calculate cluster membership weights:

A0 D =Dy

N
1=1

i) = p(z = jlo, 27,
wl VN (i, 5ED)
J

1 1 1
Zk L w (t )N( | (t—1) E(t ))
M-Step: fit clusters to welghted data pomts

N (0
o — Z Oy, 0 = Sl @z
l )
N POAREIRICH)
(t) (t) (T
. N Ti)(x; —
E§t) _ szl ,yj ( )( IU‘J )( I’L] ) (+V2[)

Efv 1 'ij( i)

k-finding: Same as k-clusters, CV works fairly well.
Spherical: & = 0?21, k parameters

Diagonal: ¥; = diag(o? Oitseno) O’id), kd parameters
Tied: ¥; =%, d+ d(d + 1)/2 parameters

Full: 3, arbitrary d + d(d + 1)/2 parameters
Degeneracy & Facts

“optimal” GMM chooses k = n at each z; (0; — 0).
Loss converges to —oo — Overfitting. Omitted by

adding diagonal term v*T to 25;)_ (v by CV).

Embedding and word position: Zo = XW, + W,
We learnable word matrix, W), fixed position matrix
Transformer: Z; = transformer_block(Z;_1) V1
Prediction: P = softmax(Z,WZ)

11.1 Transformer Block
Main part is Masked Multi Self Attention:

Attention: learns to predict weighted directed graph.
Z =3 iz} with ai; = score

Can be viewed as learnable lookup table

12.1 Linear Algebra

Positive Semi-Definite: M is p.s.d & Va € R" :
zTMz >0 X\ > 0, Gramm Matrix: X7X p.s.d.

Invertable Matrix M invertable < M full rank
Sdet(M)#0& X\ #0

Projection Matrix: P is projection matrix < P? = P
Transp.: (ABC)T =CTBT AT, (A+B)T=AT+ BT
Inv.: (ABC) '=C7'B7'A= (AT)"1=(4a"1)T
Trace: tr(A) = >, au, tr(ABC) =tr(BCA)
Scalar Product: (v,v) = v'v =3, 0?7 = |jv||]
Matrix Differentiation

D xTAx = (A+ ANz A=A Ar =227 A

2a"TA=Z2Az=A

Vo | Xw—y|? +A|lw|* =2(Xw—y) " X +2\w "

Hessian: H = V2A(z) — H;; = gi?a(;v;

12.2 Analysus '

i f(@)g(x) = f(x)g(x) + f(z)g'(x)

i f(9(x) = f'(g(2))d' ()

h(z) = f(z)/g(x) — /(x) f("f)g(;)(z)f(T)g (z)
) ) T

Gradient: V. f(z) = [aTlf( I (:c)]

Convexnty

L is convex if Vwi, w2 € R, WA €[0,1] :

LAwr + (1 —Nwz) < Aﬁ(uu) (1 =N L(ws)

1. order: L(ws2) > L(w1) + VL(w1) " (w2 — w1)

Always converges, always increases likelihood

10.3 Gaussian Mixture Bayes Classifier

Each class is also a mix if Gaussians.

Given labeled dataset: D = {(xz,yz)}]\L

Estimate class prior: P(y) =

Estimate conditional distr. for each class (GMM):

P(zly) = .Zk_:1 Wy kN (@ |y, k, By k)
For classification use Bayes rule:

P(ylz) = L P(y)P(zly) with: 2 = 3=, P(y") P(xly’)
10.4 GMM for density estlmatlon
Used for data imputation and anomaly detection.
10.4.1 Anomaly detection: p(z) < €
Choose € to trade-off false positives and false negati-
ves. Use ROC curve (F1-score) and CV to optimize €.

10.4.2 Data imputation:
Semi-supervised learning (unlabeled & labeled data).

First learn clusters from unlabeled data.
Then_use labeled data to match clusters to labels.
Use EM algorithm for Iabeled ata:

During E-step: 7; i =y

Quadratic Discriminant Analysis: 7, is uniform

() _
(@i)[7 = vil {0 else

2. order: V2L(w) = 0 (positive semi-definite)
af +Bgif o, 8> 0 and f, g convex
12.3 Probability Theory
F(zx)=P(X <z)=["_ f(t)dt — p(z) =
Bayes: p(z|y) = p(ylpz()yp(Z) ijg)‘(?\;)f&)
Conditional: p(z,y) = p(x[y)p(y) = p(u|z)p(2)

1 rz—p)t X (x—

—L oo SCEDED I, u))
Az+By+c — N (Ape+Bpuy+c, AL, AT +BY, BT)
Expected Value: E[X] =", = - p(x)

Eoyla + bz + cy] = a + bE.[z] + cEy[y]

Variance: V[X] = E[(X — E[X])?] = E[X?] —E[X]?
Vayladbr+cy] = b2V, [x] 42V, [y] +2bcCovyy [, Y]
Conjugate Prior: Prior p(6) and Posterior p(6|x)
are in the same family of distributions (Likelihood
p(x]6)) — exact inference

dF(z)
dx

Gaussian: p(z) =




