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VOH(A*A'(M b‘{, tonstonk :

Aw={owdk  Poo=fbc™d = pw= P ¥
X -Mx =0 =x 4= (M

ﬂﬂ\&n Silss SUIMMWH %labﬁ 2000y + bix)

Based on the lecture " Hm\\ﬁsisfﬁ" held b'é Proj(s. M.Tawbehi HS21
Author: Lino. De Lindk cortack + Ddewindk® etiw.dn

Most important ODEs: KB+ XxW=0 = xt)= dsin (WA + B s (4R 1)
X" AXB=0 = x)= olsinh (A + (zmsh(»lm

1.0rder linear & guasilinear PDEs
L how 1o selve: Mekhod of Unarotkeristics (Mo.0)
Bw:al iduss PDE: F[X,!a, U Ux, Uy)=0 — establish o relotion bekween
the selukion w and the ’tmau\k plans o the groph u.

6 . iﬂ(x.yj)uxu,\é)’r blxy) Uy lx,) = Clxy1, W)
mud%, u(x,,(s),\d,,ns))ruols) 3 d
Con\Cm reu'\Pe_'.

1. Find the witiok wurve

Basics
Let u= ulxyg,2)
Partied Derivokive - dxli= %u =ug  (same {’o.— Y2
Grodienk: Vu= (uy Uy g )
Loplacian: auz Vu = Uy + Uyy + Uz
PDE : Partiak Di{’f{rmhml. Equation
ImPar‘cou\t u{_uuxtior\si

Burger's equation: Up-uux =0 Transport eqund'iow Uy C U= 0 w bhe initiak tonditiion:

Waveeguation: Ugg - Fau=0 TEK= (¥.ls), \aols), '\]'O(S)) = [x(s,o) yylsio) ﬁ[s,o))

Heat eq_uah‘nw Au- Kl =0 * %) | ulsit) are the duroderistics” ('\X[S,o)=u(slo))
Loplace equokion: Au=0 Poissan &quuii(lvu AM=JE(u) 30 1. Solve the Rllowing system a{ ODEs:

Condﬂ'&una‘f pas: =0

)
Twitied Conditions (%, , o) Boundary Condition: (0, ) Oyl 9=blxtts) ylts) u ytor=ylo
Well posed Pmlolem: 1. Existence: Problem has a solution A ule,9= clxlt,s, ylEs) | %, . W) =uls) = Uyls)
(oklerwise: 1l-posed) 2. Uniqueness: Problem hos vnlyy e solukion 3 Express 5wk t d"PU"d‘-“"Q o X N‘é
P 3. 4 ubal;tn-. Small change Tn ea. 07 dukes = small 4. Riddorna: Tnsert sOuy Lt Goy) in ule,s) ank find ulx,y)

2 n the solukion. & - - ~
ult,s)= ulxlt,8), y [t,8)) =2 ulx,u)= G ltly), slx,yd)
ig oll the derivakives a{ the solukion thok are ‘ *hd esugn’r WS
in the PDE exist and. are conkinmous, sem streegsel wesk ol

Weak solutions: fAre uv\ha volid i some domain u{_ the leo\e_w\.

SU{JUPQS&EM prinple: ]% b PDE is linesr ond homogensous, then
0wy Din, tombinadiion of soludkions is o stluduon .

Classifico:tion ot PDEs

x=0 %th,s): a8, ylt,s) w xW= %)

S‘tronra Solutions:
5. Vorify the solution (plug it tn POE and see i 7 makihes),

TrunSVUsuhtH Londation: must be ?M%lho\ {!“ the Prolzltm tohose a sol.

X (0,8) gm.s)‘l 0 b
Xs (0,9) ‘65[015) i M[asx" 353“ ]+0

vl

Where, the tromsvasality tondifcon is ul{hlld, thure exists a
Lotak soludion, becaust the

Uy, t‘fu&*u\u:U =3

Order: ?\L%kui' ordar Far’cicd. derivodive . ping %2 x(£,8) and - 0
Linearity: 1P u onde ol its partiod dusivedives only sppear Linear s ivedible, if =0, Pren there is % or - many Snbﬁc'l;ans (.
Quaousi - er\mﬂt&- Linsor in &La\us{- ordar dﬁyivﬂmve term Obstotles to global. existenw: 4§

Bem: Gps ok * Uer =0 15 quosilinen || 1) Soludiions edn blow up In EAN-.{TL time
Semi- Mirsority: oMk dwivakives are dinser l‘bu\kmﬂ: w ‘ltsd,e)  PDE

{’(>ﬂ)=0
ODE s»‘vina Mekhods

(n)

vau.ur ODE . tonstonk ma%{hdu\{-s 0, X" ().t 0% (B) = Em
- gemmL seludion: X 16) = xpleh + %,
% W0 Ansakze th—-e)‘* = Up = XM= X" =), ), e

= xB= AMEs Bl v
XP\H'- fnsokz: X‘,lﬂ ~ osimilor to vglx) - P"‘ﬁ in ODE & e\m{ meff.

o= Joorg
2 Glp= (35 dy= [P =Fo »sdve oy

H°M°‘5WJ“5" (o Ferm not depending on w) iii) '[% derivolives interseck with eadh other

Grmphiwl iy\kerprexmov\ n{ M.0.C: Uelx y '
We wan rewrite the leole,m as: (l:b_)(_u?): 0,

Tormel to scbitcom plane Wlxy)
-

o
o (2) is B bo {he normod = so
Bla in\'tamkima the over & e %.x the sobulion (since kanﬂcv\\'
) = Qarivadive t0 0 ). So we %lk-l:ke {}ouuwina Da{llﬁw\t;d equatiow
= T 4= Pradx N ()‘;):U’)mk Bis we guk the duradkeistics hidw ore tan
drlu ¢/ toi. We oan then luut the SWPAU. Q{L—ﬂ w. the Mp I.C

to u.

Stpamble, ODE:

1) I«? the dhorackedsties tross the initial curve T) more thoan once The weak solutron an the problemadtic section is then:

Conservodion Lawes:

Conservadion Lowos are PDEs desuibing the evoludion o tanserved
gumﬁﬁes, Roe x Tsthe spaolml vartable and lé’d:«e time variakle .
Yenerol. {knvx.ul.aﬁorw u= ub(,lﬂ) (i amt, 570)
u: Rx Lo, %) = R
Uy + (Flw)=0 £ R-R

} Equv olent

Uy + tWug=0
With idiok daka (0 =hix)

l clw= 9,Fluw)
Flw= Sctadu

Trw\spor’c eq?uahon: (spetiak e of onservadion Lo w. c<R)
w to salve? = nach wie vor Mo.C )

Whak's new thougn? = Now Charadeeristics are stros Lorus .
fnd: The Trwversul;’cn tondikion will aun.rtu\ku Locsd exstence i
Wniguensss o{. a soludion up unkil the uitical dime.

Grtical Aime: |y = “-E:Edm)s(o E(IJT))SE‘
-1
P RIEACD))

ond. Y=+ T{ ClugtsNgZ 0. then ultyy)= u,,(x-c[u(x.\aﬂ%)
Ye s Hhe time r«[éktr whith, there 1s no smooth solution {0 the problem.
Bem: 1] the initiok tandibion wle o) is rever decreasing, we will not
have o uiticod time e
fso- '\Je ‘ﬁ‘<0( Jdnen o tr':gtA'cmL time (siw \'37.0)
Buk whot happens txfrtu— 2 = Ve must intrpduce weok soludions
I},:mk sodesly the PDE in edch Region D; (D=HqD’.) and, the 'ln‘\:eara\
rm o} the PDE in the whole domain D:

Y X UL x<b
qu CM(K,lﬂﬂ:ﬂ dx= —5514 [{)(u(x.n))]hu dy

Boundaries btkween Di ore colled shock Waves
() -Flu)

Rosdiine Hu.aoniot- Bﬁ(bl:%
Shoc Waves have to sokesPy the RH- tondition!

e iulw U ox<yly
Upy = ut x>y (W)

U": Solution on the
_ right side
U ¢ Solwtion om the

side .

S spe.ed ef. shockwawe

1

shock wave 'X(la)

J
G)mph: N
(Bsp) B
\é et D

w 2 n this side u{,“ we

thoose the sol LW\

/ i, 4 variable Wrresponding 4 D,

X (Wer: 25 whea £=0)

K‘t=0| s variable



En’oropn tondition: |c(u+) 43,7(1(1) ¢ CLu‘)| b, |F'(u*)<3ﬁ(ﬂ)< F'(u‘)|

A weak solukion ao.kis{)(es the entropy ondidion , if daar ackeristics or\ha wter
shotk waves buk do net emanake mex Ekw.

Coa\dna retipe eindéna weok salutions:
1. Coduahoke vy, .

IP Jy tw = dassicok sol. breok down somewhere = we need

wek solutions for domain met!r !
2. Bedore g+ solve tr tlassicol sebﬂxuns
3. {\‘ﬁtu Y solve elaf weak solulions:

31 Colowhoke the shodk Waxe Ty

« slope y'(y)  (w.RE y!) b "Rankine Hugoniot
* shode Wt goes through critical Poin\- (x‘,\dg
(¥ P{mi ot ether graphically o cakulate where the

37 Unade W‘"’fa wondition i smsgid. tharackeristics interseck.)

3,3 On the ‘lcek side of shod wowe: U= U7 on Ehe'right side's u=ut
G . Write down the whole Solution ( depending on domain & time setkion !
Impor\'an\' roperty: Sl uf tnservokion laws are tonstont alnna theyr
thorateristics (xtt‘s),\d&,s),b'tt S, whidh are stroight bines.
\JselR, the thoratkerdstic H/\roua\/\ oint (x,‘a)= (5,0) is the Lne in
the (, ) - plons tarowgh (s,0) With slope ond on this Q;m.,
W tokes the wonstont value u,ls).

= eix § and vory t. constant means: Oy (tharokeristics)=0
flso: The tranaport ea- does not smooth ouk w. time. Db 'IE there are

sin?fm\m’das, these .s‘ruﬁ & are tramported slong the tharaderistics!

71.0rder PDEs

Genual -Formuluk'lon'-

cluols)

Leul= Bk + Zbubey + Cltyy + du,+aua+\0u=g

where a,b,c,de, b,  can depend on x ond y.
Bem: We eon describe o 2nd ocder Kia. PDE o5 an Operakor L§u .

C\assi%mi:iow. Discriminant = [E(0) = b-ac

L Haperbolic : (B >0
L Parobolic: S(U=0
O Ewiptic:  $(w<o

H‘qubolic PDEs: The Wave equabion in IR
u=ulxt)
egfu\ut'mn'-

(%, eRx [0, +%)
To solve this equation ,We introduce new voriokles:

Homogenzous Wave Ug - C Uy =0

ceR: Wove spud

Tlx b= x+tk| and |l 0)= x-ck
wlgm)= ulx (5,m) 1t0s 40 Reeall: w s () m(x,), :“S%E" W

Uet= Lz("“ss"z"“mwm)? 2
_ : Uge= C U= = 4PNy = 0
Uge= W +2Wgq +Wan, U Ut~ & e ™

= is the Cononicoll gorw\ o# the wave equation.

This EQuui:ion ':mpljo.s Sepuukiw «? Voriokles (SoV) :

n
3%

wlg, = FUSH0ly) 5o ulkE)= Flreddr Gl-ob)

badaward. travellia Wmehi.\% wave
F, G ore drarockeriskics and { F is conshont Mo'\a ek

G s vnstoank o.\q.ua x-tk
ﬂussi‘%mfmn 0? PDEs in these variakles:
wlx,y)1 = wig q)= N(”Sf":‘p, q(x,g))~
Hyperbolic: Wy + dws+Eua+ %w;i'
§ Parsbolicr Wy + dug +ewq+ Jw=q
ElU\Pt'lu Weg+ Wy ¥ dwgt e, + tw =‘i

Cumka Problem w. kOMOQQJ\@\AS m,ve,eg‘uuk'nom Withowt B.C.
Ugp — CUxy=0 xi£) €IR x [0, %)
g ut 0= o xelk initiol conditions
Uku, 0= %U) elR

The solukion is 3“"" b}j‘ d'AlQMbUk s %ormmhv {%r \\omaww Uueequd’io“ss

X -P(X-t-l‘.{:) -y aes
ulx,t)= — + _iyx—c’c 3(!3) AU
Fro erties:
- Singularities propagate odong the thoratkeristics

- g o JE are szn/odd/l?uiodicthen w is also evenlodJ/Feriodic

L Sor "F o problem is well Poszd on #or Some X, We tan even—

or odd- extend the Pmlo\em and salve with d'Alembert's {?orm&a.

Domain endan s t
The solukion in (Xo,\:\o) dep%d;s on
F[_Xak o) ,{? (%,—cts) and
§in the kervel [xo- ks, Ko+ ok, ]
Ke AON u—% innen:
AN points satisPuing X-cksb | xct2a
e dt‘)tnd!l\lf on the nitiol condition on
the interval Co bl
Inhomo%meous Wave o_quod:ion'-
Uge - Ctugy= F V) #0

Cmdma Problem: iu(x,nﬁ {’lx)

ue lX(V) s a(x)

™ Bews no B.C

Thm, e 2 Wows 'hi SllVb ‘u\'ls Prab[gm: em: no P.L.
1) d' Nlembert For inhomogeneous Waveeguation:

(6,40)

Y
(xit) € Rx (0,00

2uerst nach ¥

X+t tpclt-n) /
££x+:,’c) + f(x—d:) 1 1
ulx )= + — (S)ds +— F('g:'r) JE dr
¥ z 22 xs:d:g o2 ggx-dt-'r)

2) Superposition PrindP[e,-'
- Find/(auess o vixt) suth thak Vig- Cvy= Elxt)
= Use superposition ?or Qinear PDE: Sine u solves the CP. and v is
as &c@;m& odove — &QA«; W=U-V *
Wi = Wy = 0
Wx,0)= ulxo) - v(x0)
Wy (4,0)= Uy (,0) —u(x,0)

- Solve eﬁr W (ugina d'Alombert {%f \\omoawous Nueegumi:ion
- 'm\l\a-, us= Wtv

Bome 10 we wank %o solve 0. taaxeequadion on some domain, we extend
the problem and tode the nitiok wnditions wintide L. the
initiol problem.

(Wawe &Quo.kiov\ with Boundery (onditions: 2 Cases:

Cose 4: '[f We Can USe Symmekr 10 “eliminake the B.C:
Extend, the Problem w. swlable gtﬂlq,m [ then use

homoamws"mhomaﬂeneou.s d'Blembert dqmnding on PDE,
Case 2: Use Sepowrakion of Variobles

Forabolic PDEc - The Heak egruahtm

Generol %vm &% the heak &Quo.bi(m'-
(x,%) € Lo,L] x [o,%0)
Cuw)ua Prob\tm uls,0) =\0(X)
ulo®)= ullit)=0

Bow\&nra condition: | one o%— {uﬁ((l,tﬁ Ue(L;#)=0

ut— KUx,(=0

von Newmonn
wixed
How 1o selve these Froblems:
Sepwation o{ Voriakles: wiw= Xeo T
For the heot eQ\miion: We ?o\\o\n the gqhnu'mﬂ Proccd.mu
1 Tdtvd:i-Pla the Prnb\tw 1.1y POE
12) Bou.nhr\a tondition
1.3) Tritial tondation
2) Apply separakion of vriokles to PDE ond extrack ODEs . fissume uld= XtTlo
vrl x‘ !

L= —z=-
XTCXTO@ET X A

24)0DE fr X (w.BLC)
2.2) ODE E;T (w.1.c.)
2) Find ﬁWﬂL solution ?or X = moke case distinckion %r A& Fnd owt A
1) Find amuql solution @:r_r ( we A we fmd out in 3) Tn generad: We do 2«3\ wavx*‘
5 Tormalade qeneral seludion for ulxt)= Koo Tt e triviok sol. wixy)=0 .
Dan't ijd : aenem\ sobution= Jinear combination u’{. sl possible solukions!

b) Use the initiol tonditions to dekermane the ueﬂﬁd(’xﬁs
) En']ma and write down the 2;.11 solution . Buk don't panic ! There are Shortouts =)

i“*;ﬂ",i\:’u‘:,'r“"“”‘ @ Howmammus Wave & Reak equobions w. homagensous Bound.arn londitrons

Heot: Up-uyg=0 Wove: Upe-CPugx =0

4. Generol. solwtion Por T:
Heak: T“: é'cl[!‘%r)t Wowe: T“= Ah (VY (N_:f LE) + B“S'm['%r f.t)
7. General solbuwtion eor X: (d:pudﬁna m \)DuML&na tondations):

. (hW
= A= 0(.\5"\(‘:)() n=12,3,...

22
= o= u.\ms(i‘%x) ne 0,1.1,...2 ( c)

vyon Nommonn:



1 Flnu“ﬂl tombine both: — ot exem: show thak these indeed :ah'sP‘J twe ! E[liptic PDEs — The Laplow: &Poissov» El_}ruah'on Or J(\!r D.B.C: Add a harmonic Pol;nr\om'ml Pn(i.\37=ﬂa+a.x+ﬂﬂ4+ asxy

= Heak Eﬂuaﬂo.n U= Rugg=0 Laploce ethom AU g+ gy =Q S U=zu+ Pu- Then ccale 8; to make the boundories W tonkinuous,
w - -K(%)zt Paisson e,glmkiov\'. AU U+ ligy = P Loy 3. Solve Prob\ems ?qr w, ond uw, lor i, and &, ,or s'm\Fba W W,
utit)= 2 A"S"‘(Tx)e wlxy) is & hormonic fuackion i it selves the Laplace equaion. sepuration of variokles: u=X00Y (y)
who2 SL@[ pon [15) & Fourier d Yor eliptic equokions: x m\&xa are both spovial variakles (So o time variable) *In the homogeneaus direckion (here: xforuy Y Bor u)
ki imlots ke Do Fhu?w) ( D dovon o K X= 2" Aasin (0 om) solve ot e ction Pt
% TV Au=plxy %Y €D R = Pod ot A,
von Newmann B.C: )= izB°+Z Bnms(v%f_x)e—ll[ L)t iu = (é[x)lé) b"u) €D o\ ob VE “21 An sin [.{X:‘ lla—c)) qfn 2
1 n-:ﬂr . Newmonn Problem: N.B.C: X %X‘*Fn*; An Cos (m (x-0)) )\"2 (E) "r snlvwl %'X"
b Bos T L{Jm ms(-L—x)Jx or okt dmw'ﬂ \g'““ T.e. iA“=P[""d) (qy) €D W Y= o, x+(% +§' Bntos (g (lg—t)) M= (ﬂm )1 [ sebing {"Y
dyuzv-Vu= ) Gew) € ab _ D °_ n_n=1 " " dc/) ' "
= WJove P.qu'lom Ugp = CUuge=0 Problem VHAQ 2 kj?\d: " b= DUaD v ° Ty the OHM.:. direction:
X V= Normal veckor on oD X= Z_: Casinh [m (x-0))+ D“Sink(m (x—b'))
2 v T . o Au= P(x"ﬂ) bupeD Dy = Ricktungsableituns in -
wlx)= r?_:‘ Sin (—L— x)[[\,\bas (T L{)+ B,sin (T d—.)] U+ dyuz gloy) )€ D Rickbiing von V' Y= ;Cnﬁnh (N (y-N+ Dpsiah (4, (la— dy
he2 fL{'m 0T M e W f{:ﬂ»);go NBL: X =kt 3 GacosllA (x-00)+ Diycash (A (x=b)
Ty . C or toke dinr)cha ewm I.C Condstions ?or o Moximum in (X,,lg‘,)" Uee (x"}") <0 Y = o, x+ ﬁi‘Chmh (P (4= + Dptash (WX, (y-dM
B = 2 Sn [X) . (fﬂr ) dx o:‘ﬂo n=1 '0 'a
h= e §005 (T X uu'ﬂ(xo,&jn)io b Use B.L. to ?«'Ad the toeff tients
WY Tu (o0 )=0 5., TP needed: add both soludiions: U=ua+u,
+B, > T g2 - A 2 =&
ot S o L Bl O o e 10 | SIS St st (] et g
- xx o) Yo) = Logloce equod‘mn in Polar coordinakes:
=2 g et o take diveckly fom T.C Uy (%, Yo) 20
M= 2§ Poacos (5Ex) dx by fom T.C. L : ;
W ° . ; . llplace OPQrodTor: AW= Wry +— Wy + — Wey
B2 S‘L Wix  Br=2— YL " (ns(ﬂ x) & Existence of solukion Lo the Newmann, Problem: f necessary toridition {",, ! r:
ty, 4 1O0= w b { L the oxistence ol o Solukion o the Problem: |Aw= 0 inside o given domoin + B.C.|
Buk whak doTdo for the inhomogensous Hmt-/(,aaveequai’mv\? Newmann, Problem is: §D ﬁms):‘dm)ds: gpy(""d)d*d‘é Mekhod: nach wie vor Separedion of Variobles: w(r,8) = Rir)@(H)
@“mmamwm Bow»hna (.Dndi\fmns, 'Inhomaau\epus PDE: G\Qllh’&.’- soluions: neo
1. Use the soliukion Jor the homogeneous case withouk salving for Ty Lagloce's ?qullm“ in ret)cunﬂular & Urodor domains: ®,(0)= { Bpsin(nB) + Bacos(n®) a0 n=AlAn
2 K Dologl) n=
Z'T,\H'\ o U ixeds dothe whote R (r = Gt n_l)a_r) n=90 N )
ulx,t)= ¢ ™ s(—LX) &ﬁ;mg‘t,\‘g,\;;m; dl.. o Py B n G +Dr™ nfo Discord |F r=0 €D

% Solving th 't
%Tnl}]MS(ﬂ ) von Neumann, B.C. hnmggu\:out::rﬁm‘\nz:

= uet| Au=0 fweg 4 w0l Auw=Q o Genaral EMIAL selubion:
| et | ! 4+
, AT S , L T wir,8)= £+ D,,Io(a(v) *Z:IU—\,\SM (n0)+B,,tps[n&ﬂr"+[(lnsiv\(n3) ¥ Dptos(n®)J-r "

L

2.Then express the inkomoamita in the mvrespov\djng basis | find insert -

2Ty Kot - ¢ ZTaXatd = hixt) = Zeut X, 00
2 Talo) X (0= {0 = 2 caX, 00

Grerarak Procedure:
1. duck the neessory tondxtions %}r the existance uf— a solution:

Boun&uaT%,Pw Bem: UTnpes: insert BL. in ammk ML %‘Nk CDEPFIGEMJCS.

i ] S ok Tupe I: Girds:  D=%02r<R, 0£6< 2]
ZT X 1= 4= 2 taXald Newmann: = adu - i Lol [s 7 WIR )= {(6) |
" " g 2 n':Tr Z 5;3"“[5)'15 j;%d‘a g{d—'a * S;kdx Smln A S0 u:i 8 Bo“"d"a (onditions: @f’”:@[zm)? erodicity tonditions — >
T+ () Tal) = (0 S R 80:6'em § "
, =zt = solve these 0DE L eadh n. -L- . . ; i +w
[IJQ H'"As ?k Th (o) L g?_ Y"l’") e(“) dx —ﬂun. we T1.C. & ;39,,,:“, Hhe Bulmd.nrla cmd».hons MMS‘[' be COV\‘\'.H\\AOMS- o b @muk SMOV\‘ u(r,ﬁ): (‘4 & Zrn “’\"Sin (n(ﬂ*- an.bs (“B'))
T 0= 2, Kobo oo the weffidonts. kla,c} Rlac) A a(b,0ek(b,e) Aglh,di=h (b d) A Wlad)=Pla,d) | " R
@IP the Bo y Condikione. are inh 30\10\48 Bem: Someﬁimes, these c:uﬂrions ore nn% mek. Tn these cases, try to mod;.{fn the T!ape I- R’ma'. D=1 Riersk, , D¢ § <z 0
undar oma * roblem sWghkly by dl'nﬁ some funtkion to u. B wiR, 8)= 1) Oy =Q!
sl . . oundary (onditions: given:d V4 O oot :i V) = @lzm) 28N
1ne‘nd a wixt) thot sui'xSPAes the Boundary Condikions & defins 9= u-w. L.IY needed: SPH. ﬂm_ problem.in z Suh_P"He_MS suth thal; boundosies d e immﬂ: §® e w=00m % V@
é[ ore 2re on opposite sides. Thea vu-\{lg the condtons (Step 1) agoin, o
1—[ hen solve Pﬁr‘\” Glee @ or @ dE‘PE“J"‘U on QMQUU\UW 0‘% PDE. prwhen BL tonditraw is not :di‘s-p‘zd a Gw‘ﬁ‘ Solution:
1. Finallu, U=+ W T} needed: inbrodmee W=w+wlx®+y*) and find o suh thok the Gondition is Fulfiled.
(L 4

00
1P au# 0 (Poigsan)~ ?\‘Ad { suth that g=usfis ad=0 wlr,)= I’:w‘F[oa(rHE4 T [ Ansin(nd)+ Bycos(a®)]+ [ Casinn) + Dhmsfne)]?




Tlapemﬁ Girdds Seckion:  D=$0£r¢R . 053573
Boundary tonditions: w(R,8)=h(8)

Tnthis case , e only dook ok N.B.C & D.B.C: ,@ \®
i@[o)ﬂ) 4 N'B_c;i@:[oho A
Bm=o &p-=o
00 nw o a N b

Eﬁnsm [%:—'r— B) r? wir,B)= Aﬁ—% A,\ms("Te)r ¥
Type I: Rina section: D=fRi&r <R, 0£8¢y3

Bowudar L'AV\dLHOnS'-{ W [R" 'e)= k(o L(®)
d w(k. )= hiv) P0)

Inthis case  we onkin Lnok ok D.B.C ond 0.B.C:

Gl=o0 Y - N o m

8y=0 = Eﬁnsin(z‘rﬂ)r‘( +B,.Sih(n),—9)r Y
{®W=0 2 aor oy X )\ -
N.B.C-{@,(;):o.a e, )= o+ B logl)+2 Aucas (8 7 +Bncns("76)r Y

Theorems and Printiples

For 1st order PDEs:

Existence ol wniquensss Theorem ?or st order PDEs:
Assume Tso€ R sothat the transversality wondibion kn\ds{.h'eikc
3l solukion u o] the (o roblem dulined
in o nual\horhm& of (x(o,m,\ﬁ(o,sa . ks

For hyperbolie equakions:
UI\iquu\e_ss ﬁf the Solution of the (A)Muq,uaixow

Ugt =g =F(x, 1), xelR telo, + )
The solution to { ulx,0)= {’(;) , xeR

Ut(X,O)=%(7() , ke R [ Unigue .

For elliptic eg(uai’mv\s:
UMQU\EMSS €0r the Dirigdat Problem ‘P"' the Poisson Lquatiov\
EAIF# in D then the Problem has ok most one Solukion
u=4 on 9D we PN CIPY Asol fof Laplace is not unique
Weak Moximam / Minimum Princj?le.:

Lex P be o bownded Domain & wlxy) € M NID) o harmenic
@umk:mn. Then u will toke jte maximum /minimum on OD.

= | MOX U= max u L | min u= minu
B D b D
Frooe: Dok us (xy)= u b+ z(x‘+?‘) w. £50 u harmonic. |
TP max U (x40 = UK, Yo € O then AU; (%5,y,) 2 0. But on
Ehe other hond | AUglx, y,) = &+ Aitx‘w’)]u = e(z+2)=4¢20
So ug muwst obtain its moximum on BD. "4
= max u € max V= max V= max utmox & (xP4+y?)

D ) 0 <’ 1]
And for £+0 we hove max u$ mx U g
2 ® -

Mean volue Theorem:
Lex U\U,ta) be harmonic in D owmd lek Bgr (%, tao) €D be o
Ball o{-’rod:us R cenkered in (X5, ). Then:

2w
g u (x(s), yts) ds = :—mgou (xor Ruos B,y + Rein) do

u (o, 4o)= ’
BBR(xnﬂdg)

2R

Strong masimum Prindp\e:

Let ubhy) be harmonic in D. IP u reathes its maximwm inside D

then u is tonstant on all D,

ProoPa Use the mean value prinGple and. the \euk thok in o drde
oround. (%, Y) tha valines must wverage (Koo, So they maust ol
be egruml to ulx,,yo) siate u(xa,\jo) is the maximum. Then the
‘X‘u:\ckion is £ ona drde thok we can QKPM on ol D.

For Parobolic eguations:
Weak Maximum /Minimum PrindPle Por the heok equation:
Let ug= kau on the Domain @r=C0,TI*xD. The porakolic boundary is
d@?&ned as: aPQT=iM U loTIx¥. 1
Now, Yek u be a sol. o% Up=Kau on @ and T
lek Dbe abounded domain. Then w renthes
L

{
%

//Q{ 4 w o

/[

L’Vern usoJ;uL 40 prove the wniqueness b{ the solukion topthe Poisson Y.
Wnigueness of the Dirinkek Froblem {?., the Heak equation:
%ut—KaumP in @1

1

its mosimum /minimum on 8PQT. =Kl =0

Mmoax U=max u
(33 QPQ‘\'

ulo )= on D
ult,0=h  omCoTIx3D

Extra,

has a unigue solution,

—rlPPS 3“ FY00€S :

hen wow have to prove thak o solukion is uniguer Pssume that
uy ond w, Solve the problem. then stk V=u,-u; and prove that
v=o ( bU anaument'ma W Max/Min) = then u,=zu,.

* When you have to prove the weak maximum prindples

Min W& Min w
9D D
The other way round is obvious since DCD =2 Uou{hus tac\' *="

Show that w is o weak solutwon:

Tru to ghow thot max uz maxu
[ 3> S

Gl u s o sat;sfb the PDE in eady reaion

1. ([{\ umtp Qiswonkinuities:  Acoss dascodinwities, e

Shode wowe hes 1o sodns
min(a-b) 2> min a—max b

smuu+mnb

min &+ min b < mialatk) £ Miua%-vnnxb}‘(' max (a+b) £ mox a+ max b

n higher Dimensions:

v Ranlgme - Hu nick tord tion.,

N’ld\kitie Uuly‘ﬁd\unggn: max (0-b) & max a—minb A

Max/Min a»{) Rond {Lm

Sei T (a,b) =2 K" d& P&rumetﬁsieru’\a du Kondes. Donn
t ey

sind diz Kandidaken §ir Mox) M onf dam Rund s Punkte, dia

U\Pal\en .

d -

E({-\o'ﬂ W=0

av{(_ﬂ: QA-M «P(?+h€\)"‘£(;)
h-0

Weginkearol. b Skalorfoud:

X ud ¥ in denselbon
Koordinoten'

Rioktun%aahlu%un%=

vy Labd — R
[+ Hylt)

¥
Trw‘quatonsre(ael ba In\‘e%n\em jum{’@dg= &P(ﬂ?)) ldak d& (0l dx
Polar: ff-rfx;'d) dedy = f,zqfak{lrwss,rshﬂ)rdrw

Sferds- f;(!(r,o),njlr,e))ﬁda
Bg )

b
; {?(xldx= g flywd I wll dt

l(uaelz rsin0drddd

Kekfwead'-
1D: ({2 (x [s))): aug (ui) O (9

. 4 _ofax o)
20; ‘B‘S‘C[X@l t),tj(S;t))- ?XETE + -bi_é)ﬂg_

62 _ b 2 2
A The choun rule is rigorous onhj &v smooth ,Fu:\dcions. Ttis -Fulse
Fhr ?unck'mvxs with Jumps !
Trigyrules:
ctosb0= A (%4 E™  esinbd= & (e™-2™)
o shi= iz{e"+ %) e snhl0= 11 (f- &%)

ST'\LX) 'S.llll(X)‘—’(hS[lJ
s (x)

esin(xtu) = sinldwos L) T sin () vos ()

. oos(xiwa)= ws(x)t,osln)? Sin (x)sin(\o) o orckon (%)="—£— orctan i)

s sin? (X)= %—%WS(_ZX)
1

o es’l)= 34 iz-oos (2x)

. s'm\xs'w\{i = % ( tos [v&—{ﬂ— oS [o(-t-(l))

s s s b= 3 (cos (x=p) + tos (o)
* Sinck (S (2= "5 (c'm (=) + sin (x+ @A)
*Sinx % sin(5= 2sin (‘x—tzﬁ) s ‘x—iﬁ)

o USH + as b = 2 cas (“—Z&)ws (u—;ﬂ)
. (S~ ws[5= —2sin (D(—J;[L—) Sin (%&)

2m 2
. Lsin(m')(x)dp ,(o s dk=0 neN

o 00S2(x) + sin? (¥) =1
s (=x) = tes k)

% Sinkx=-sink)
tanf-x)=-ten(x)

. sin*x= & (3sinx = sin (3x))
e & j; (Reosx + tos (3x)

+ tanl)=

J ash

sinh

vh ) ; 2@
. g sint(x)dx = gwgz ) dx= ¢

0 o



