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§i%m\ ond Systems Theory T
0. Linflg stuff

Tnverse: 3134 der(m+0. if h=[: ﬂew\“‘-. (&‘=ﬁm _‘;’:

Eigenvaluses (EWY ond Eigenvettors (EV): fivehy | he€

) EW: Ack. det(A-AD)=0
DEVamEW: (R-ADx=0 = find x
Orthogonol mokrix: [FA=A"=L 4. i"=4"
Coufey Homitron Thearem: Every Makrix ReR™ satisfies its Cp:
[0 0y B 24 40,120 |
Dingoriluability: 1 Ait=6M Ok Mukrn is diagonalieakle
A=TOT" withs D= ding(X) , T= EV 2umentsprechenden EV).
Symmetric Makrices: A= A7 " AeRmen
5 EWeR and EV uv..‘:m\
Ls positive definite = xTAx>0 x#0 = ki eRyo Ui
> positive cemi- defirite * TAx 20 Bx# 0= hieRy, Ui
Ranle of o Magrix: dimension of the vetkor space qeneraked /

Spanned by ibs columas. Sman number of hunrla1 indipendonk
tols of makiix. £ dim o} vetkor spate spanned by its rows (% Pivets)

Full Ronl: B Submakrices (and makvix ikslf) have dex#0
1§ Motix hos net {ult rank: 3 o nalkspate. (onfgespannt
dek#0 = B mullspace von EV aw EWO)

Km\ﬂc (M : Gouss— spunimspvﬁn’km Spodken mik Pivats}

1. Modelling
Dynosics: (11
K= Plunu o), =R 11+ Bu &)
Y= Wi £)=tx 0 + Duld

DR shate < m
ulkye R™ nput nxn
YU eRF output DeR™?

Examples: Pendulum m@é(m-u'em-mgsm[em\
RLC-Circust: el E 07 ue=1r vy

U (D LI (]
- xlﬁ‘(qu\) - qw= [_,,L _g;llli\*[\/,:\u\ﬂ
.

(homq: of coordinakes: i=xeBu ﬁ=Té =0% +Bu=TRT R+ TBu

W= Cx+Du 4= &+ Du=tT'% + Du
Time- Tnvariant: Dynomics do not depend explicitly on time t

Rukonomous: Time invariant + noinput variables u
© qutonomisierea: t als state einfahren. 2= (x, 87 1= (%,1)

Lipsaiie: [ J: R, 3000 sk b xR 1tn- P < s
Lo

L
Existence & Unigueness of sdutions: T¢ § is Lipsthite, then
kW)= fUxt, u() | X1, ¢R" has & wnigue solution.

2. Energy, Controllability , Observakility
Em_r%ﬁ; Q=Q'>0

u- Qstmmetrical and positive definite.
dEW) x"tK‘o.lf::x re e adsl)
Power:  Ploy= w2z Tz (it x=Cue, id"
Lyapunar equation: w. Q=d">0 | R=R™>0
L The €W of A have negakive real. part (dh. the system is asympt.
Stoble)if and only i{L any ReRT>0, 31 Q=a">0 st. flaraf=-R.
The Lyspunov function s then V=5

Controflability: When e, tan steer the sustem Brom any initiod. cond.
%€ 4o any final cond. K €R™ using Opproprnke inpuks i, k=04, -1

U Contrallobitity Makrix: g

Renk(P)2n_for controlahility

5 Conkratobiity Gramion: eR™
Syskem if controliable swer (06) & W, 1) s iavertible
Lo Sek o conkeolioble stakes: Run?. [17]
T} System is not comkvollahle ond L.C. xtd=xe=0:
only stokes thok are & Rong: (P) can be veoched!

Observai litﬂz Sustem is dhservable over [0,8) 7} given ul): [v £l R™

and y0:Cot)2RE Wt can wniquely dekermine x):00 3 R™,
R Ronkl@)in

C
=\
@l! he observahility

L Observabilety Gramions Wyt fr e CTe M derle ™" Wertdizd

W,ls invertible &> System is sbservable over [0)t) Y.

L Observability Matrix:

 Set of unobservakle stokes: Nun(@) V xeR" sk.CeMT=0 Urrelot]) s Siso: 9=

Aa system is Observable = x=0is the only ndbservable state.
Kolmon detomposition:Ja thange of waordinakes TER™™ jnvertible st.

% )] € Controliohie Lobservable
Au 0 e 0 ) ot ))(&u)) e Controlable &
'H-'-TRT"-'- Pzt By By e FaW|e Kobservable
0 o figo LW)e
0 0 Ay A %
- a B2 Controllable
t=et=[E, 0 8y 0] 1 B=TB='Fl abservable
°

L Stabilaokilty b deteckability:
System T dekecrable # all EW o Azz ond Aug hare ReSEW3<0
Sustem is skobilizable € oll €W of Bz and Pug have Re2EWTCO

2. Conkinuous LTI Suskems in time domain
Sljshm Solution: |x b= Slok+ Sf Bt-mBuln drrJ
T“‘\ h’lﬂ“a‘b\ = o Loout Tr 1T) + Zero sty

+

| 4= Cates 13 ColE-mBu AT+ Dute |

Totolresponse= +
0 T (" Properties: $la)=1
Wit Tronsition Matrix |Bt1= M= EGTT:‘ €R™ difila- (10}

[NE IO
Bleatd= Sty dly)

Sto.bilikaz System is stable it

Ye>0,38>0 s4.if k<3 thenlixtlls £ Be2o
b if System not stable | System is unstable .
b hsuémphb‘cmﬂ stable § stoble ond fim I i80=0

t:
Lfra System with d&a.?nml&sablc Mntr?: 8 w.EW N
DL Stable & ReiA7eo Ui
= Asymptoticolly stable &> ReiNI¢o i
5 Unstoble &= 34: ReiNT20
& foe nondiogonalizable asvix B 0,@ same keine Russage f 3i:Rei3e0

Hurwita Criterion: foc 2. Order Polynomiols: ul+@A+y=0
L,y same sign &= Re IT¢0 Ui &= Py, skoble
5 o,y not same Sign <= Bi:Re INT>0 & Unstoble.
Phase plone plots :on £V 2u stable E4)  stable. Ip EWe € , Circles.
TImpulse kru@\s\mm ZST for u=5k0)
W)= f, Ble-BEI dr = HB - 3008 = xi=(Hew) )
Urit step Response: 25T o Hie1={ 5430
Dukput impulse Response: K9d= C40B+ D3l eRP™ = ylei=( keudle)
Stabiliy vith inpuks * If ReTXiTco B, 3u205t.25T x(4) sadisfies:
lulOteM Be2o => Nx <M Yt20
T inaddition, Limul#<0 then 3:‘ x#=0,

3. Continuous LTT in '?wguel\uj domain

ulky K: (21;: a — yi Transfer undi\ml
Zl ¢ | G=c(sI-AT'B+D
W [0Vt
S=jw (o(s):’l“‘%‘ u.deglden)2 &za[mm)

Laplw.'frw[’om , properties (inSS2: ahunys assume f151= Uteo)
Dlinearity: Linfithepqi= ok I3+ EA1 W) = 4El)+p6k)
As-shitt: L Pwd= Fls+a) .

2)Time derivokive: &§ {—,emk sFis) - o), Li&;ﬁ‘mk $FGs)-oflor-}is)
9 Convolukion: LE(Erg)ti= Fisy60) and L5 fw1-qT=(Fr&)ts)

Some importont Laplace Transforms:

FBe—1  sinlut) e 2o
His) s S
P H_;L_‘ toslut) — For

nglm Transfrm of LTI-Systems:
w=fxeBu L, X9= G- g+ TR BULD
y= Cx+Du YI9)= XY+ DUt

(I-A'= £8eM3= L13W} & 80= £ S(sT-aT

Sinusoidod. inputs: Joe s p- stoble Sustems w, sinusaidal inpuk,
te steady skake solukion is 3':05\1\“5016 with
> Same {requency os input
2 Brwplitude L determined by system makrices.
Transfer fundion Gis)z CISI-AYB+D
b YE)= GIUE
Ly 1i6(sll=K is the oukpuk impulse response, i.e. qlﬂ=(K=hA] ®
_(s-2)(s-2a) o (s~
(s-po-lspo- ... -ls-pa) !
L no pole—zers cancellakions (dh. Suskem is conkrolinkle &
observable): denominakor is Chp(A), Le. poles p;= Ewof A.
Tmns%er %w\drov\ and Stuhi\i&a(&pmvrded: no pele 2ero cantellakions)
L Distinct Poles: System 1s..
. dsymptakically skable ¢=> Re Epif <0 Vi
... stable <= Refpii<0 Wi
... unstable ¢=> 3i: Re $pi3>0
L> Repeoted Poles: System is...
- asymptoticelly skoble => Re 2pif <0 Vi
... unstable ¢=> 3i: Re §pi} >0
.0 tonclusion: 1 Retp;3<0 Y7 and 3i: Retpii=0 = System wighk
be Stable or unstable depending on EVeRR.
Block Diuyams

oty S o Y e
Loar © -G
2

Tregue se (=Respomse of Sustem to sinusoids ot different w).
(osider & proper  asymp.stoble S150-Syskem wtransfer fok. GE). We apply
u)= sin (jt). Then “lput settles to Sinussid yler=Ksinlwt + §) with

L same quenty W as uld) Gls)=[6(s)leu('m

< Amplitude K2160pl= R CA WIS T LG L6192205-20s cls-20n ..
U Pluase = 267 arcton o (GG /Re (AljuT) ~<0PEEPI
Principle of the arqument

fis s €€ moves arowd | ls) €€ olso maves. -
105 travels around wtlosed curve DEC, GIYEC Wil travel
0rourd another Closed turve LEC = Nyquisk plot !

Assume thok the turve D is traversed in the tloduise direckion and
does mot pass twrough ony poles or Zeros of Gl Let:

2= 4 of times Lencircies 10,0) in the (anki -D-) clochuise lr Ndireton

Z:= 4 of 2eros of Gl encirtled by B Then ads.

Pi= i of poles of G(s) encircled by ©

mosty shrickly proper, ie. ken ond D=0

iv—, G, 15)

Gals)

G,

Nyguist Diagram
- Nygquist disgram!
D-curve: ib;—‘: — G(ﬁ@‘é Sriqehg‘:’-\dmdv\ ln’r\nn, Tw- Achse.
Closed Loop Systems (CLS)  aligemein: .
o uss ot find gred K Y0812 (44 GGG 0T Gl ka9 k.,lt;u(s)
1 e - &=
E
R—SeSE [l iy
Hi = s e
¥

7 3 WK "
EL)= g Ri$Y= HORE) =R Open laop truﬁtu— ‘mﬁw +66)

Nmu&sk Sh.hi\i&\j triterion Closed loop transPer fuaciion: AI)
We wank the evwor dynamics to be asym. stoble (Y05) teadhs RES).
Tor LWis | we require:no Zeros of FLS) w. pusitive real port!
Consider "D-lurve® | map & under Fls)= 4+ KG (/KA Gls) 2 *L-Curve”
Ni=Number of times resubking Lcurve entirdes (0,0)/(4,0)/F-Vk, 0)
inthe docuise direckion

2:= Number o closed |oop poles (poles ofl HI),2erms F(s)) w. reol part=0
P:= Number o} open lesp pates (poles of 6051 2eras of HEW. reat part>0,
Closed loop system is asym. stable i . Hente , (this isdhe
requirement for N.=» find K s this 15 Puifited!)

Bode Stability Criterion

RAssume the npm loop transber function GS) T asymptotically stoble
and ks maguitude and phase Bode plots ore monatane detreasing.

Then the closed laop Syshem i asymptoticaly stable if ond only i
TKEGWISA| ok the frequency where
Ly Small Gaun Theorem : Under the above ton dibions, iﬂbt]uﬂk‘l Yuw  the
tlosed loop system is asymptotically stoble.
Goin ond Phase MTS
Rssume thok the opén loop sustem GEs) 35 asympt. stable.
foin Margin= /6ju) where 2 GLjwe)=-180°
Phose Morgin= Phose diff. LGl +180%0 where (KG (ual=1
AS\phn is asy.stoble for K< qain margin
[\overah Rsymptotically stable: AK sk. system s unskable
&ﬂ“gmein +§ open luop system (s) has pole . Re 2p;3>0 =dunskoble
Uncontrollable / Unobservable Suskems: Pole-2ero concellokion: Euls get lost
Pole-2ero cancellakion of the transfer function  Tests:

Detectability m,LL( f[_ ﬂl tnd Stobilizabily

L The N's that reduce the ranb. o} these tests are the mes whith
ore beimg pole - 2ero cancelled in the tronsfer function

Simulodion: ¥(0ks08) =My lics) = (14AT ), it

=>These A ore the EWCwades)which are. Undbsrvable or untonkrolioble
Every other EW wifl appeor inthe transfer function orrett?
W A unstable ond system uncantrolable | buk rark T8 AL-A)=n
=) s stabiliable. ¢
& N unstoble and syskem uncbservable, buk ronk [Abﬁ\:“l
(for Astable , e bt core so muds

= A i deteckoble.
Transfer function Realizadion  becouse already stable),
Not unique. stoke space tankains mare infarmakion than Transer fundian!
Tiiod volue Thearem: 35-"3 lw= 35-"-5 sfls) g whenever ol
Final value Theorem: &r‘{! W= L sFs) Bt exist.
-0

Resanance: (may oppear in Syskems with two or more poles).

1 W .. Nakurak freg Bep: Y
9= gt | "C g ik el S
SP4 25 00nS + Wiy X.. a0in ik :I 4'2@
. "k
Lofnquu\og p Gljwy (WA~ WY+ (2T unw)

1

ARY Pep— T —
(Gt = «
i+ gt

. P
) LG (jw)= —urtkun(ﬁ,_':\v)
4. Tor Stobilhy | need 520

2.For5z4 poles read Loverdamped system)

3.Tar G=A poles real L equol (wibcead damping)

4. For 0<5<A poles complex {under - damped system)

5. For T=0 poles {maginar (undamyel System)

b. For G2YAZ magwi de plot decreasing in w

. For 06 Ge YT magnitude bode plot has a max. ak
K

weWnyfi2gt ond LGl e

Bode Plot Yoowrerept: 6= Ko e, I 6y . Guljd)  juss

Teilsysteme G : &)
Gyj (jw= 4+ §uiTn; Steiguna +20d8ldec Phase +9¢°
Giljur= @T Steigung ~20dBldec  Phase ~9*
M ellsystem nade awdsteiqenden Eddrequenten wi= i sortieren
AStartpuniik (U, Fintw)=204B- luﬂm(lK.Fs“.',(q)l-u.' Ynode Libess
Gerode wit Sttiqung r-200B/dec . nack red-jekrige s+.+s£m v
Fibs o
3)Phose: Gtartfrequent w, nadk Links: o= E,’rv:,\,,- ‘ru.urr: b):‘(,l
1) Glieder 4. Ordnings Phatenverlom £ 245%dec 2w. 0.4W; und 10W;
4. Distrete time LT Systems
LTL: [Xipq = Axpc+ Bity | X, =LAV ER" | u = alkm)eR™
Y= 0o+ Duy | = ylmeRP
T o i ® Discrete time convolukion of
Solution: |%= A Ko+ Zicg AT Buj|  inpubui ank stake impulse
=
S’tﬂb’\lf‘hﬂ: P4 response. h=A"'B
Systen isstable it Y£>0,35>054 I 1<a= hxbe e Yi=oy1,.-
Symskem i asymptotically stoble # in addition, h!-'-"— fixy i =0,
& for diaganalizable Makrix f:
@ Stoble Sustem = Wi lAl< 1
2] Hsu,m‘:hbrr.mto Stoble system & Ui Iglet
@ Unstable Systen &> Jix [Nl

L fr nov\dim}»r\ok!ahle Makrix B:  ©,@ same.
©: #f 30=0,then System might be stable or unskoble.
Coordinake Unonge: Assume 12Ty A some TER™  det )20
Swstem in_the“new coordinakes s
&L.u.:a Q\,_q-ﬁﬁ "
A _Re . AA
= Cryxr Dy,
Energy & Power Conkrollabiliiy  Observolitity - Same as time
Gontinuous LT Systems!
2-Transform (£ Laplace for time- discreke systems).
F=200=5.5 b
s Properties:
> lineariby: 28f,l8) phwl= xE D4 ( Rl
= Time shifk+ 788, -, =z"'-rla'3
© Lonvolution: 2 e t=2 §2ics figet) =Fler6ta)
L Some Common g\md;‘uns:
1= 11, kzo 2
5L’{ u',k:o""" o {n', ko7
Transfer {undzon Yin= [CLI-AT'B+DI U
Gl2)
L Syckem is asymptaticall stable &=> Poles of Gta) have Ipil<t
“>Pole feern concel afrons t=System is unc.nﬂ\ﬂ\\nhlt/unobsngblc
EW

;

[

=

win =THT | =78, C=cT! B=D

8

2 .
—_— <4
0 i1

5. Nondinear Systems

W=D ) [ xWER", u <R, yeR? R R > R"

L2in $52: asbonomous, tame -invarionk, § Gpsduite .
Tnvorionce: A sek of stakes SER™ is invariont if:
YxoeS V20, x WY €S = thede Velikorfeld @ boundaries!
(e angyuhnere you start in The st you remadn in the sek {acever. b}
xW@): sol. to = fix) starting ot x,
Equiliorium: Rskote ¢ R is coled an equilibriumif:
L equilibrium points are an importank class of invariank sets
Y yenstort ak an equilibrium, you stoy ok the equikbrium borever.
L Tor Kinear systems: Equilibrio=Nulspace. Dh.if det (Riz0 30 g &),
Shifting eguilibria to the origin
Untnge of Loordinakes: wier= X~k K"
System in the new coordinakes:
Wi =¥ = Pt = flute)+k)= PLDUY) has an equilibrium ak §=0

Periodic Orbit: Asolution xt Tsa periodic orbit i
| 3770, Ht20, x+T)=x® | L Eguilibria are, periodic orbits

Vo der Pol Oscillakor: Ba)- - Dle) +8L8 <0
b Model %or d?-miu of vacwum tube (transistor) tircuits

S&uhi\}dwﬂ Jor nonineor systems: property of invariank sets.
Trajeckories staw close or tonverge into invarionk sets.
b Stoble equilibrium: Aneq. & is caled stable f:
Ye>0,36>0 si. lIx-% 1< & =5 bx-flice Y20
i Hs%mp’mtc stability: Aneg.% is loeally asymptotically stable
if 3t 15 stable and 3M0 sk. -k M a*ag.: x@=%

L Globally asymptotically stable : if it holds for any M>0.
A if system has more taan 4 eq=> i gibalisy asymp. stable e3!
How to check. Stability:
5Lyapunov Diest { Lyopunov indireck mekhods use Linearizotion
Y Yop!
b Lineasiaation: et Bxin1=x -k ¢ R™ small.

45w %&m 3'5?:,““

—_— : : ER™"

ot B
Bwie ok
igm o _aﬁnm Jacoli Mokrix

Loif EWol B hove RegAi3<0 Witoeg.is locally asymp. stoble.
> if 3 ek least ane EW has ReTA3>0 62 eg. is unstoblé
i} 3 ok least one EW Ai=0 &2 no conclusion possible.

L Lyapunov second [ Lyppunov direck method
Psume D anapen set (dh withouk bowndary) SER™ with R€S
und o dxdferendiable -Qumh‘on VO:R >R sk.:
DVD=0 V670, Yres it x#% 3 S Uxt<0 bes
Then the equilibrium % is stable  V0x): Lyspunov funciion
L*'l@ 3) % V(xlﬂ\‘vo  the & s [mth’ nujmp’hﬁl.ah“ stable.
L %U(m\h T3 e fox= 72, £ (xe) )= vt o)

LBt tn addition X040 = VX140 then
LlA Salle's Thearem: fis slnhn ly asymptoticolly stable.

Rssume 3 compatt invariant set SSR” & a differentiable Lunttion
V)-SR sk U= ovorfia £o Bxes
Let M be the lorgest invariank set tontained in the sek
S={xeSlUVOPMI=0F ¢ R,
Then ol trajeckories Shr{:'“ﬁ inStend toMas t>0
Compact = bounded & closed L region of aktrackion
Tnvariont Sef: Trojectories can not escape the set.
otk veckor frad ok the boundaries!
‘&u@

1P somewnere | Ri ablekung <O = then
Wl e{pu ouk %rnw\ $he bo |3 = not invarignk

Rlso with Lyspunow Pundicon: :T VN £0 Yxe Tnvarionk set.
N‘ldﬂiﬂz ('\b\eitungen:

b(lnia) =5 > Cranl'=Yeo?

Then: 2 ASKW) , A=

Evamples of Upopuaov Punckions:
Pendwum: Vin= -‘zmQ’ X+ m}l 2( A-tos (x4))

V= 1-cos(xy) +LZZ



