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Observability: Sinusoidal inputs: for asymp.stable systems w. sinusoidal input, 5. Nonlinear Systemsthe steady state solution is also sinusoidal with:

-Observability Matrix: e=f.n ******
↳ Same frequency as input
- Amplitude &Phase determined by system matrices.

Transfer function G(s): ((sI-A)"B+ D

xY(s) = G(s).U(s)↳ Observability Gramian:
↳1"3G(s13=1) is the output impulse response, i.e. y(t)=(K+n) (t)

(S- z1).(S- zz). .... (s-zx)
↳ Set of unobservable states: Null (a)

↳SiS0:G(s)=
(s-Pr).(s-P2)..... (S-pr), mostly strictly proper,

i.e.K and D=

↳ if no pole-zero cancellations (dh. System is controllable &
Kalman decomposition observable): denominator is (hp(A), i.e. poles pi= EW of A.

Transfer function and stability) "provided: 10 polezero cancellations
↳ Distinct Poles

1) Repeated Poles

↳ stabilizability & detectability

2.Continuous ITI systems in time domain
Block Diagrams

System Solution: x (H= (t) NotoilBucaldywo
Total transition = Fero InputTransition (EIT) #Zero StateTransition (EST)

y(t)
=((+)x0+ 6"(E(+-x)Bu(+)d+ + DuCt Frequency Response (= Response of Systw

Total response =Fero InputReo+Zero State Response (ESR)

with Transition Matrix (t)= eAt-gnth eprxn PrOPerties:OETRI
#(t)= (ECH]

"

1. Modelling ↳for diagonalizable Matrices: (H= et=TeP++"Eltr+tc)= ECtrl.dItc)
Dynamics: i for Nilpotent Matrices: eNt= I+N+ +t+B"abhs.t. Ah=0

X ↳ if A= N+ D, N.D =D-N: eAt = eNt.ePt·It= f(x(t),u(t), t1EAEETH) +BuCt NLENIMUsate ECUREENy(t) = h(X(t),u(t),t)
= (x(t) + Dult)

Stability: System is stable iff
Us>0,58s0 s.t. iflxolKO theIIxHIIIa Ut1OExamples: Pendulum:mECtE-dlELH-oSinIOCtHnonlineartonear! ↳ if System not stable, system is unstable.

4.Discrete time LTI systems
=w.x(+)=(r() - x(+)=12 -

1)x+)+(ix)u++) 1 Asymptotically stable if stable and limlx(tl
↳ For a system with diagonalisable Matrix Aw.EW Ni

Change of coordinates: DEAx+Bu ***YFAxtBUtAtIYTTRa OK Stable Is ReSAi310 Vi

usuallyT= EV, E=Diag(xi)
②4

Asymptotically stable 1) Rexi3 10 Vi Closed Loop Systems (CLS)
Time- Invariant: Dynamics do not depend explicitly on time t

③4 Unstable ()51: Re/i3>O
↳ eliminate explicit time dependence by introducing time as an additional state.

↳ for nondiagonalizable Matrix A:0.@same, Keine Aussage if 51: ReSxi3=

Autonomous: Time invariant + no input variables u

Lipschitz: f: IRV-IRU, 510 s.t. Ux,xtIRY: lIf(x)- f(x)I1<Nx-E1
↳ Differentiable with bounded derivatives =>Lipschitz Phaseplane plots: on EVznstable EW, stable. If EWE4, Circles · Nyquist Stability Criterion
↳ Linear functions are Lipschitz. Impulse transition: EST for u(t= S1t:Existence & Uniqueness of solutions: Iff is Lipschitz, then n(t)= 10

"
Elt-+Br(+1d+= ettB = H+B =) x (t) =(H+ u) (t)

x(t) = f(x1t), u(t),x(0)=xtR" has a unique solution. Unit step Response: EST for H1H=36.5
if system is non-autonomous: f(x,uit has to be Lipschitz inx,
continuous in a and t& uit has to be centinuous for "almost all" t Output impulse Response: ((t) = CECB+ DOCH E1Pxm =c y(t)=(((*n) (t)

for existence of sol. Stability with inputs: If Re3/i3<0Ui, 5x10s.t.ESTxIt) satisfies:
lluH) 11 = M U+0 => lx(t)ll-xM UtzO

2. Energy, Controllability, Observability If in addition, simult= 0 then him(t =0.

3. Continuous LTI in frequency domain Bode Stability Criterion
Energy: E(t)=ExTax W. &symmetrical and positive definite. x= Ax+ BU Transfer functionu(t)-

y
=Cx + Du
-

YPower: PH = HEI = xT(ATa+&A(X = - xTxx I d G(s) =C(s]- A)"B+ D
U(s)-> G (s) -> Y(s)=G(s)Uls)

winSS2: always proper rational!
Lyapunovequation: ATa+&A=- R W. &= OT>0, B=RT 0
↳ the EW of A have negative real part (d.h. the system is asympt LaplaceTransform, properties (in SS2: always assume f(t=0 Utc0
stable)if and only if for any R= RT=0, 5! 0=0'0 St. ATa+&A=-R.

↳ The Lyapunor function is then V(x)=ExTax

Controllability:

↳ Controllability Matrix: P=(B ... J-xum
Some important (aplaceTransforms:

↳ Controllability Gramian:
Laplace Transform of LTI - Systems:

↳ Set of controllable states: Range (P) X= Ax+ BU L X(s) =(sI-A)"xo+(sI-A)"BU(s)
>

y
=cx + Du Y(s) =(X(s)+ DU(s)

IsI-A)" = 2 3eAt = 1((H3 Es (H = 2-S(sI-A3

x(t) = f(x(t)) x HlfIR", uHHEIRN, yHt)fIRP, f: IRUxIRW-IRU

0. LinAlg stuff ↳ in SS2: autonomous, time - invariant, flipschitz

Inverse:7! if det(A)t0. If A== "a]e1R**: A" =FTA)(1-)
Invariance: A set of states SCIR" is invariant if:

↳ bEW NiFOUi Transfer function Realization ExotS, FtCO, x() tS-Check Vehtorfeld & boundaries.

Eigenvalues (EW) and Eigenvectors (EV): AVEN, Ne
(for anywhere you start in the set, you remain in the set forever.

1) EW: /s.t. det(A-NI) = 0
x(t): sol. to x = f(x(t) starting at x0

2) EVzumEW: CA-NI)x=0-find X Equilibrium: A state IV is called an equilibriumif:<=f(x)=0

Orthogonal matrix: ATA=AAT=I
↳ equilibrium points are an important class of invariant sets:
↳ if you start at an equilibrium, you stay at the equilibrium forever.Cayley HamiltonTheorem: EveryMatrix AtR** satisfies its Chp: ↳ For linear systems:Equilibria: Nullspace. D.h. if det(A) =0 =5x many eq.

A"+ a, A""+acAn-+... + anI= O Shifting equilibria to the origin
Diagonilazability: if AM=GM Uli, Matrix is diagonalizable: Change of Coordinates:wIt= x (t) - xc R

A:TDT"with D-diag(xi),T: EVzumentsprechenden EW.
System in the new coordinates:

Symmetric Matrices: A: AT, AeRxn
w(t) =x(t) = f(x1+1) = f(w(t)+ x) = f(WC) has an equilibrium at v = 0

↳ EWEIR and EV orthogonal Periodic Orbit: A solution x() is a periodic orbit if:
- positive definite: xTAxCUOXFOEXicsofi Notation: Aco

FTC0, Ut=0,x(++T) = x() - Equilibria are periodic orbits
↳ positive semi-definite: xTAx20 Ux0 = NizMzo Ui Notation: Al

Rank of a Matrix: dimension of the rector space generated /
spanned by its columns. Emaxnumber of linearly independent Vander Pol Oscillator: ((t -2(1- 0(+14((t) + 0(t) = 0
cols of matrix. dim of rector space spanned by its rows (#Pirots) ↳Model for dynamics of vacuum tube (transistor) circuits
Full Rank: All Submatrices (and matrix itself) have detto

If Matrix has not full rank:5a nullspace. (aufgesparnt Lem to sinusoids at different w).
Stability for nonlinear systems: property of invariant sets.

detto = If nullspace von EVzn EWO Trajectories stay close or converge into invariant sets.
is stable equilibrium: Aneg.* is called stable if: if not stable: unstable

Range (A): Gauss-spanSurspringliche Spalten mit Pivots Us>0,5670s.t. (1xx-x(((0 => (x(+-x1K=E+10
↳ Asymptotic stability: Aneq.* is locally asymptotically stable

Principle of the argument
if it is stable and 5M<0s.t. 1140- x1KM->fimx(t) = 4

↳ Globally asymptotically stable: if it holds for any Mc 0.
①if system has more than 1eq A globally asymp. stable eq!

How to check stability:
g ↳Lyapunov first/Lyapunor indirect method: use Linearization

↳ Linearization: Let ox(t) = x (t) - x<R" small
LTI:

INyquist Diagram Then, doT =ArxCt), A=oEMI...fYrIE EIRREMatrix
Stability: ↳ if EW Of A have ReEAi3<O UiES eq. is locally asymp.stable.

-> if I at least one EW has ReSXi3>O() eq. is unstable
↳ if 5 at least one EW Ni= 0 E3 noconclusion possible.

↳ autonomisieren:
Hurwitz Criterion: for 2. Order Polynomials:x.+Px+v= 0 I for diagonalizable Matrix A:

↳ Lyapunov second/Lyapunor direct method
↳x,1.8 same sign () Re ?/i3CO Uicl Asym.stable Assume - an open set (d.h. without boundary)S<M"with ICS
& a,by not same sign (7: Re?/i3COE> Unstable. and a differentiable function VI: 1"-IR st.:

1) V(x) =0 2) V(xI>0, UXES with x** 3) UCXH=0 ExeS
↳ for nondiagonalizable Matrix A: Thentheequilbrium isstableUIL: Lyapunorfunchtable

Coordinate Change: ↳ V(x(t)= ZvExy,(x(+1 Xi1+ = z=8(x(+1) fi(x(+1) =0V(x(+)f(xH)
La Salle's Theorem:
Assume - compact invariant set s-IR"& a differentiable function
V(.): S-IR st. V(xH) = 0V(x)f(x=0 UXcS

Energy & Power Controllability Observability Let M be the largest invariant set contained in the set

z-Transform 5=ExeSIJV(x) f(x) = 03CIR"
Then all trajectories starting in Stend to Mast - &

Ws=jw
Compact = bounded closed ↳ region of attraction

Gain and Phase Margins

When we can steer the system from any initial cond. 1 System is asy.stable for K gain margin
YotIR to any final cord. INERP using appropriate inputs un,k= 0, ...,N- X Asymptotically stable: EKs.t. system is unstable

1 Allgemein: if open loop system G(s) has polew.Re3p;330 = unstable Transfer function
Wc=WT= 0 Uncontrollable/Unobservable Systems:Pole-zero cancellation:EWs get lost

W, (t)= SoteAT BBTeFTd+fIRLxM
system if controllable over (0.t) (> Wilt i

Simulation
Examples of Lyapunor functions:

Pendulum: V(x)=Em(x2 + mgl(1- cos(x1)
V(x) =1- c0S(X)+

System is observable over 10,t) if given ull: (0it]-> 1Rm =>These I are the EW("modes") which are unobservable or uncontrollable
and y 1): (0,t)

->MRP we can uniquely determine x(: (0,t)-> 1RV. Every other EW will appear in the transfer function:
correct?

Rank(d In
if Xunstable and system uncontrollable, but rank (BxI=A)= n

=>I is stabilizable.
for observability If unstableandsystemunobservable,butrand(teresist

Wolt= 5eATrcTCetT d+cYY,Wo=WEZO because already stable).

Wo is invertible () System is observable over (0,t) Vt.
Not unique. State space contains more information than Transfer function!

W xtlR" st.CetT= 0 U+tCo,t] Initial value theorem: tim f(t)=limst(s) wheneveral

d.h. AT= A

NA system is observable (=) x=0 is the only unobservable state. Final value Theorem: Fimf(t = limsF
limits ex

FTHFEEiFifurEYEwOEMaBL-FEOVEdvFifar-esECoNurnoreioNiMREAasemptotically stable E MeSPiTcOU:I = Controllable & unobservable

. stables
issystemis.I

controllable . . .
unstable (-) 7: ReSpi3> O

system is...

asymptoticallystableSE ReSpiT

Systemis detectableLE allEW ofanandAPY have ReSEWE ... no conclusion: if ReSpi320fandEi: Re3pi=O Systemmige
be stable or unstable depending on EU of A.

-Gls)--> ((s) -(y(s) -> () - ((s).Gz(s) - -
↑G2(s)<
W

->eGn(s)LREs()eG,(s)+ ((x)- - (1+ (n(s)(x())-Gn(s) -
Gz(s)

ConsideraKIrOperlaSyMRStableSiSO-Systemw.transferfat.GodWepresen
G(s)= (G(s))e-G(s)

↳ Amplitude K=(GljwilN+Im(G(jw))-(G(s)=L(-z)+ L(S-zz)+...
- Phase 4= (G(jw)= arctan (Im(G(jwl)/Re(G(jw())

- <(s- (n)-LIS-P2)-...

AsstD moves around, G(s) - also moves.
A

.-
If s travels around a closed curve DK, G(s)- will travel

around another closed curve (=4 => Nyquist plot!
Assume that the curve D is traversed in the clockwise direction and
does not pass through any poles or zeros of GIs). Let:

I N: = #of times (encircles (0.0) in the Cantil-1-clockwise isdirection
Z.#ofzeros of Gls) encircled by D
p:-#of poles of Gls) encircled by D

Then N= z - P holds.

D-curve. SpotGgyNyquistdiagramarch entang Im-Achse
allgemeins

for us: goal: find goodl Y(s)= (1+GIs>Kz(s)Ks(s)7"G(s>Kz(s)1e(s>Uls)
d

1-Gls's 150

=Kn(s) toRuleGelan-
H(x): =((s)= = F(s)

E(s)=πG(s)R(x) =H(s>R(s) =FsR(s) Open loop transfer function: G()
Closed loop transfer function: H(s

We want the error dynamics to be asym, stable (Y(s) tracks R(s)).
For this, we require:to zeros of F(s)w.positive real part!
Consider "D-Curve", map it under F(s): 1+KG(s)/KG(s)/G(s)- "L-curve"
N:= Number of times resulting (curve encircles (0,0) /(-1,0)/741, 0)

in the clockwise direction

z: = Number of closed loop poles (poles of HCs],zeros of F(s)) w. real partso
P: = Number of open loop poles (poles of GCs), zeros of H(SKw. real part > 0.

closed loop system is asym.stable if E =0. Hence, Nt-p (this is the
requirement for N. - find K s.t. this is fulfilled!)

Assume the open loop transfer function G(s) is asymptotically stable
and its magnitude and phase Bode plots are monotone decreasing.

1(c:0 =(62%) Then the closed loop system is asymptotically stable if and only if
(if x= (Uc, ii)

T

IKGljw((<1 at the frequency where <G(jw) =- 1800
↳ Small gain theorem. Under the above conditions, if (GjwiK1rw, theG(s) =olsw.degiden)(deglomis closed loop system is asymptotically stable.

1) Linearity: LSaflH+Bg(H3= x<3f(t3+ Bh(g(t) =<F(s) +pG(s) Assume that the open loop system G(s) is asympt, stable.

2) s-shift: LSe-atf(+3= F(s+ a) Gain Margin = "/Gjjwn) where <G(jwn)=-<800

3)Time derivative: <3f(H3= SF(s) - flot, 292f1H3=s"F(s) -sflot-flot
Phase Margin: Phase diff. (Gljwc)+18030 where IK.G(jw)1 =1

4)Convolution: <<(f* g(CH3 = F(s).G(s) and 29 f(t). g(t)3 =(F*G) (s) Overall

AB An-1B
d(t)0-1 sin(wt) 00.2wiRank(P)In for controllability H(s)o-1/S

gatoofcoslu+0032Twi Pole-zero cancellation of the transfer function,Tests:
S+ a

s invertible
↑

1) etectability rank),E-A) and Stabilizability rank (B NI-A
↳ The A's that reduce the rank of these tests are the ones whichIf Systemisnot controllableandFC,x10

=

x0edin are being pole-zero cancelled in the transfer function

Signal and Systems Theory I
Summary Lina De Wind Idewindt@ethz.ch

3 St.

Resonance: Cmay appear in systems with two or

morepoleskinsatranWr.. Natural frequency
G(s)=x+ 23twnown 3..damping ratio

K..gain
↳ frequency response:Gljwl-wwi-wilz3wnw)
=(G(jw) =

vwr3WnWk,<G(jw)=-arctan(EW
1. For Stability, need TI0
2.For31 poles real (overdamped system)

5. For 3=1 poles real & equal (critical dampingFor OCY<1 poles complex (under-damped system

5. For 500 poles imaginary (undamped system(For 32x/r magnitude bode plot decreasing in w
7. For OLSCYA magnitude bode plot has a max at

Bode Plot KoWNEzyrandICliwe....GnCia iwEs
Teilsysteme Gi: G*(jw)
Gi(jw)= 1+ jwTn,i Steigung+zodBidec Phase + goe

Giljw)= 1+jwTpi Steigung - 2OdBIdec ↑hase - 900

1)Teilsystem nach aufsteigenden Ecefrequenzen willThi sortieren
2)Start punt (w,, FdB(w1)= 20dB.logio (IKoFgls (0) Iwi) nach links:
Gerade mit Steigung r.zodB/dec.nach rechts: jetzige St. +St.ven Wi

falls KoFgYesCol>O
3)Phase: Start frequent we nach links: 410) = 3030r.900 falls KF*gu(*<0
4) Glieder 1. Ordnung: Phasenverlanf 145/dec zw.0.1w; and 10 Wi

xk+ 1
=AXk+BUkXEEX(kTLGIR, un

= u(hT)EIR

yu
=CXk+ DUk

*Discrete time convolution of
Solution: xn= Akxo+Eki-Bui input u; and state impulse

* response ha=A"B

system is stable if UacO,550s.t. (( x01(> 8 => ((xh1 = 2 Uk=0, 1, .

symstem is asymptotically stable if in addition, limllxal =0.
↓als state einfuhren. z = (x, tiT,z = (x,1)

&Stable System I Vilxil1
② Asymptotically stable system ( Ui (ik
③ Unstable System ( 5i: lik1

8,8 same.

&if 5xi= 0, then System might be stable or unstable.
Assume UFTX for some TtMuxn, det(T)# 0

system in the new coordinates is: -> if in addition, l(x11 + x => V(X) + & then

RutEARUtBre with FFTAT", B=43, TECT- E= D
*

is globally asymptotically stable.
r

8= aTx8 ·

same as time

Ecaplace for time-disacontinuously Systemsare

F(t) = z3fh)=EnEofuz-k
↳ Properties:
& Linearity: z2xfr(t +Bfc(t) =cFc(z) + BFz(z) Invariant set: Trajectories can not escape the set.
& Time shift: ESfh-k3 = z-hoF(z) Check rector field at the boundaries!
↳ Convolution: E((f*()n) =z <ZE0 figh-i3 =F(z).G(z) If somewhere, RichtungableitungDO then stuff

↳ Some common functions: will flow out from the boundary - not invariant

on
=914580811n=9700aroaiflake Also with Lyapunorfunction: VIXAK0 UXC Invariant set.z - 7

:Y(z) =
A
-B+D)U(z) Wichtige Ableitungen:

G(z) ↳ ((n(x)=F4 (tan(x)'=1/cos"(x)
3 system is asymptotically stable (=> Poles of G(z) have (pi/<1
- Pole(zero cancellations (z)System is uncontrollable/unobservable

Ewoff2
·x((k+ 1) () =e50x(k0) = (IA8(Xx if 5C

max (xil
i=1,..., M


