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1.1 Sample spoces ond events

S|
<,

?robabluhj Spate: (ﬂ,f, ) where
Q= Somple Space
F: Sek of evenks
P Prob ikby weasure
DeP. 14 (Sample Space):The sek €U is colked the sample space.
P e An dlement we Q s mum lekmme,
Def A1 [F= Sek of o the events) A stk Fof alk the evenks is given
by o swbsek of PLR) sm's%\&xv\q the an‘lnﬁ, hypotheses:
M) QeF
H) AeF=RAeF
HD) A by, €TF g;}lﬁié T

Remorle Pa)= the s of all possible subseks of 0, including the
empty sek and QL itself.

TUmlenw Let we @ (0 s o pessible owkcome), A an evenk.
We say the tvent A occurs (e w) & weh.
We soiy the evenk A does nok otour (Por w) i} wéh,
Remarks « The evenk A=¢ never octurs,
* The wenk A= Q alwous oceurs.

/\Events are (hQANA s swoseks v‘ L= yce opo'od'iwemw sek%enrv'.

Event Craphieal. represenation | Probaksilistic Tukerprekedmon
QO
pc Ly @ A does net ocour
AnB «.» A and B ocur
AUB «.» flor B ocewrs
On ank o
haB «‘» A or B octurs 4
Relodiions bekso. evenks & inkerprekokions:
Relodnon, Grophical. - Proboki listee Inkerpretotion
fcB B 1 A octurs, then B occurs
ANB=¢ B and B eonnst ocour ok the

Soae\ime

OO
Q {»'or oth oukcome W, ont ond

Q= RI.URN Rg with A I
AR h only ene o the evends
Bay o, By poiruise dis)aink Ay "‘a‘”““ ) 16 sotiied.

T} the sample space Q0 ic

1.2 Mathemakicok defirition of probability spaces

Def.4.6. ( Probakitiky measure P on (9, )
\ . Q,F)i :
bt spuy T sk st TR RS
P:F - (o1
A~ PLAT thak sedwsies:
P1) P(£2)=1 n w
P2) (Cownkokle sdditivity): PLAY= Z PUAD A= U (disjoink waion)
{\«w exemple: N Now manntimes the expe‘v;mmk i repeaked
Ny: the nwmber of occurances of the event A
How to define PTAY for o. given (9, F)?
ﬁvﬁﬂ [ ownkadole (A does nek work vtherwise).
A. mssociake to every w the prob, Py thok the owkpuk of the experiment is w.
1. Then o an evenk AcQ: |PIN=Z pu /N does not work for Q uncounkable
ueR PlL)=Z pha=1
Borel T—ﬁ\%ebm‘- conkoins oll A= (xa, 320 ) with 0£ X4, €1,

Yar Yo

0¢y, &1, €1 ank it 15 the smallust colleckion ob subseks of 0 whidh
Sah‘se«'os 1, HZ ond H2 in Dcf. 12

Pro[;os'\’c'lovm 4.8: Direck Lonsequences of the Del. & P:
Let [P be o prok. measwse on (&, ¥):

1) P#1=0
) Additivity: Lek ka1, Ay, ..y By paireise disjoink events, then

PCALUA U . VA= PIAY+PCAT+ ..+ PTA]

i1) Let A be on evenk. Then:|PLAS1=1-P[R)

W) T0 B and B are 2 evenks (nof newssorily dicaink ) then:
PLAVBI= P(AY+ PLBI- PLANB]
Use{’u.\ Tnegualities:
Propos'\hnv\ 1.9 : Monotanicity

Lt ABeT. Then [AcR = P(A) £ P(B)

Pro[)osi’ﬁ on 4.10: Union Bound
Let A, A, o be o Segquentce o{ ovenks (not necessaril,\j o\,i:']oini).ﬂ\en

PLOKI< 2 PIX]

- this also plies {o o ‘ein;’re. wolleddion ce evenks'.
How to tonstruck o probabilistic model: Give:
— A sample space (ol tine ‘Pass’)b\e aukcomaes 6{1 the expt.r'lw.f\k“)
— f sex n£ evorks T ¢ PLQ) (Csekof alk possible observations")
- R Frubo\h':l;s’cic weasure B (“gives a number in (o, to every evenk')
Continuity properties of proloakility measures
Fro[ms‘\\-‘mv\q_’lz
Let (A, be an increasing sequence G% ovenks (An< Pasa Y)Y . Then:

= P[A)=

na
n

bim PCAD = P[Q A

N>R

iv\ureolsinﬂ ik

Let (B,) be & deueasivxq sequence oE events ( B2 By Un) TThea:

Q;.M Pre.0=PC ﬁB“] decreasirua bk
n=4

n>od

B‘d Mom’cov\‘\u’t\ﬂ, we have PCA £BTAw) and PCBI2Z2PCBa) Vn.
Hence 4he Lmiks in the prop- are well be{d o5 monstone Lk .

13 Lap\m Models and Cowd’inﬁ

l.up\ﬂm Model: The Sample sek QU Ts an arbritary Qmi-\e stk and ol the
owkcomues have the som Probu\lo’l\l*n PuZL
" lal
Definition 144+ Laplace Model
Lok Q be o finide somple space. The Laplace Model on Q is the Triplet
(Q,F ®)uhere:
= F=P(Q)
—~ BT s Lo, s defined by YREF:

_In
PCA) = il

14 Randow Variakles and. distribution Runctions

Dt?irv’d'xw\ 1.15- Randow Variakle
Let (Q,F, P) be a probakility space . A random variakle (rv.) is o map

X O->R st. VoeR: Swe Q: X(w<a? €F

Nobakion: for a2b we wite:
—{x¢al= fuweQ: XW<at
—fneXxeb? = twe Qs acXw <¢b3
~3IXEZ3 = Twe LK) €23
Soame cor \>ro|ao.lo‘\l;.’cies-
—PIxea)= P(ixcail= PlweQ: xw<a?)
EMW\P\L w{ o rV. s Gombing with one 4t
We roll a {air 4. Tha sw\;‘gt space s Q= 14,2,3,4,5, b3 and the assodioded
Prob&h'l\khj spoace (Q,‘F,IP). Suppose, thok we a,mdo\e on the oukcome in
Sudh o woy thak owr proe&k is:
o =4 i} the oukeome is 1,2,3
03 the oukcome is 4
2 '.J(‘ the oukcome is 5 b
Where o negodive ra@;k corvespands to a Loss. Qur Fvo@(k can ke vapvesmked
b\o&\u rve X defined by

“4if w=4,23
Xlw)=} 0if w=t
21 w=hk
Ir\d'\mknr Q«mlk«owu% an CVEJ\k: Let Ae T
0 i% wé A

1‘“(“‘\:31 if we fy

Ay is & random variokle! Tndeed: ‘t‘i.hé e

¢| 0<0
ih‘rﬁoﬁaq 3
0 1 az1



Diiln&’o(w\ 416> Digtribudion (),w»d'/\'om X "Verteilun s{zun,UJ:On"
Lek X he arv. on o Prohmbi\;\:\j space (0, F, P). The distribubion
c-lmchiov\ of X isthe &Motco“ Tt R 00,17 defined in

YoeR: Fy (a) = P(x¢a)

PrOPos'\\fmvx'\.'\'-}'- Bosic T_devxki’c\ﬂ 0{) 1T%
Let ack be 2 reod. mnmbers, Then

Example:
pe -4 fw=12,3
let X(w)=170 }u=4

2 itw=hb é .lQ ne-\
$4,2,3% if -420<0
12,3,43 if 020<2
14,2,3,4,5,b3 1} a%2

Plocx£bl=F)-Fla)

Then: $X¢ad= fu: X(Weald =

0 ~|€ 0=\
Y2 if -1¢a<0 1
fe ={2! % 4
nee, Ty (o) % W 1g0c2 2 Vl
1 i} a2 +——f —

Theorem 418 Properties we distri bukion Quadtions:
Lek X be o ry. on some prab. space (Q,F B). The distribwton &undion
F=%&:R-=[o12 «(. X sm*isea'cs the {aﬂawh\a Fropu‘b‘es:

9 T is nondecreas

1) Fis righk tonkinunous tharnckerize distribulion edc!s\.
) Low Fla)=0 and Qjn Fla)=1
a-n a= 40
Theorem 1193+

Let £: R~ (003 sokisPying O ~ i4) . Then there exisks o. probakilicy
spaee (Q, F P) ond o rv. K: Q=R sk, =%
s means: Ons can dadins. o riv. viow its distribulion {)»\N\(tbn |
Abwe presica chaice n{i the prob. space is o{}tev\ nok 'lM\:evka:\J:.
Disconfinuitty [ Conkinwicy poinks of T+
Fis aluaujs ria}\k confinwous | buk not m.lmouds ledk condimmons’
ie.. Fla) = l’;‘im‘:(n-ln) o

—0

Fropasition .20 proboi L\h{o{l . gisen Vol
lek X Q>R be a ry. with distribwlion fundion F. Then YaeR:

P{x=al=Fla)- Fla)

-[V\*,'?_r PV€+ mo n:
— Tk £ is not conkinuous @ o poink &R, then the * jump size"
Flo)- Fla) is equal to P[X=0)
— I Fis continuous g o paink o€ R, then P(x=01=0
Discrete & Continuous random variables :
Defindion 4.24: Diserete rondom vari aoles:
Arv. X 0 R is sad to be disereke 1§ its image
X(Q) =32 eR: JueQ, Xw=n}| is ok most cowndobole.
i : V. is di it onl A
T s o et R s ity o el ey
play) 2 PX=a) | plx)=PlX=1,)
—> the probalilistic properties o X are M described |

De@inﬁ:w\ 1.22: Cordiramous Rondom Variakes:
Arv. X: QR is sod to be condinmous if s distribukion f;mth‘ow

[
Fetor= {00 dx | VaeR
e« some nonneaakive duadkion §: R— Ry | called e J\Q,V\S-\‘hﬂ o X
P(x = “VEI\'el\mﬂsd,ﬁd\ke@\mkton'
) represents the Yvohn}a': l;.’nj thak X toles o vaduar in the ir\e{v\;hs‘\wl
inkerval [, a+da)
15 Conditional ProbakiLties

Definibion 423: Conditionak Probakils
Let (Q,F, PYbe some probodo by space. Let A, B be 2 evenks with
P[B>0. The tondikional Proho.lo'-l,‘.\ﬂg o h given Bis:
PCANB]

Pl

T ton be writken as:

P CAIR]=

Froposﬂ:iovx 1.25:
Let (©,F, P) be some probakility spoce. Let & be an event 1o positive prob.
Thea B[+ (B] is o probabilty maosure on 2.

Propos'\Jdovu'l.’lkz Formuhon w% toted ru‘oa}oi\;’c\a
Let B,, ..., B, be a parfetion (dhn. B,0.-.UBn ank the events Bj are
pairwise disjoink) o} the sample space QO with P[B;1>0 Wrcicn. Then:

VAeF: PIM= él\’[msﬂ-ﬂs—.]

DS

Proposition 1.23 ¢ Bayes Formula:
let By, ..., B, € T beo partition of Q with P(B;1>0 Bi. Then Jor ol
events A ith PIAY>0 we have Yiz4, .. n:

PCALB1-PI®:]

Z PIAG)PLR;)
¥

*po.rt{h'nn 0¥ : B pairwise dis')oiv\* !

1.6 Tndependence

De_‘z/in&hov\ 128: va.lhpmiﬂr\u 4 evenks
et (Q, F, I be o proboki ity space- Two events f and B are independent it

LADRI= PLAY PIB]
Remarks: P

N1 PIAYE 10,47 | then ATs independank of every event Le. YB€ F- PANBI-PLAVPIE]
D10 an evewt A is independank wikh tsel? (e PIANAYPIAT ) 4hen PLRY € 0,43
3)As independunk of B if and onky ® A s independenk of BC

Ay B independank = A, BE indapendank
(oncept of independence & ideathak 2 events domot influence each other.

Propusition .30
Lek AB T he 2 events with PLAY, PTBI>0. Than the Mouml are, eapaivalent:

) PIAORY = PCR)-P(B)

i) P(ALBY= PLA) =
i) PLB1AY=P(B] =
De‘kr\i\'\ion 1.21: Tnde Pev\devxoe cre n events

needce Aq ., Aa ore independentif:

¥3< i, .03 PLO AT RN
J€l €1

dh: Q‘r n=3: Bevents A B,C are indeptndink if these U equodions ore sakisfouds

(1) FTANBI= PCM-PLR]
12) PLANCY = PTAYIPCCY
13) PCBNCY=PTBYII(C)
1) PLANBNCY)= WA IPBY PLCY

Iv\dePendenu oQ random variables:
Delinition 1227 Let Xa,..., X be 0 vy. on Some gro’n. space (Q,F, ®).
We sauw thok Ky, ., Ko are independent if: Yay, .., 0 e R

| Plcan, .., Xo s and=PlX, 200 ~ P a0

De%\v\:\‘k&w\ A.33: Tndependence o’{; an 'mefiw'\{-e sequence o ry:

Lek Xy, X, .. beon infinite sequence of rv. We say thak Xy, X .-
ore i nk i Kooy Xy o indapendenk Yn.
Definibion 135: Tndapendent and tdenticaly distribuked (ii.d.)
Some rv's Xo, Xz, ... are said 4o be independank and idords
distribuked (ii.d) if thew are independank and have the soma
dishibudien Q»Ad:on (Q{")

Theorem A.3%:
Let [ 7% ) T be n distribudsion Pw\th'(m.s. Then 3 a proln. space
(QF Plandk v ra. Xy, o) %n onthic prob. space gudh. “thak:

=¥, % has the distribudzon Qundiion T
(de. Yo: P(x<a)= Fla))
= Xay o) X 0re independank.

Chapter 2: Distrete Distributions
De%m?(‘xon 24> Sum u{, nonaL gakive nuambers
ok (ag)y.e be o sequance Nomu.%a‘b\'ve twanbers (ie.Yx, 0,2 0),
The sum 0{. the 0y s dJRAN.d b‘d;

JAYY °% these have tobe smh‘s?;d!

- By

Z Oy = S 2 a
X¢E X f:ﬁ_ Xt
F fwite

—> 4he sum can be infinite | ey, T Eis infinate ond ax=1
— Y seguences Ta L E we con dudk thak the Lk

Liu, (EF ) malss sense and b (Z 0)= Z o

N 0 N XeE, XeE



Dee}u\x’o:m 2.2: Sum U{, ou»‘mie%rodole sequince:
A seguence (a;)xee o{l real numbers i iv\ketyo\h\z T%:

2. logl <=

XEE

where

Tn this case | we defina | Z o= Z a3 - Z o

XeE XeE XEE

0(; = wax (0, 0 ) ank oy = tax (0, ) represenk the positive and
M?(mh'u ports e{, *ha sequence .

—= Oy inkegrakle = sum is &M{-{

— Y Seguance W TE, .QIM(EF O) mades sense ond

A liw does not dapend. on the dhosen sequence Fate!
Theorem 2.5¢ Tubini for inkegrable sequences :
Lt £, F e 2 QAW\*& or counkaldle seks. Le\-(ux‘.a) b EEXF be o
of resl numbers

Pissuns thak Z(Z [ugyl)< - Ten
2(z =S

Xe€ !
" e (peEE S

k. [Z 0x) = Zéax

n+w REF, *€

ux‘,ﬂ) =2 (Z “""0)

e ReE

Theorem 2.6 Fulsiw @or nonnsgakive Sequences:
et €, F e 2 Q,;w‘.‘re, or counkaldle seks, Le\'(“x\vg) bpEEF be o
fomniluy o nomnegative mbers . Then: '

= 2(2 ug)= Z(Zugy)

XEE " YEF YeF  KeE

Uxy =

Z
peexe 14

2.2 Dee'mikons ond Examples

Dee-ir\;.kon 23 - Discrete rondom varialoles:
Arv. X Q =R is discrete TQ some set E<R Q‘m\\c or tounkable st

YweQ: XlWeE

DE 'V\'AJGQV\ 2.8 Distri budion tr% o disoreke ro:
Let X be o disete rv. Tolting s valaaes in soma (inite or Counkable
sk EcR. The distribudron ce X is the seguence of numbers:

YxeE: p=RX=2)

R’D?ai\'\’mm 2.9
The distvibudion (P")xeﬁ u{, o discrete ry. Sodr.‘seies:
Zr: P24

A]e We ore given a sequince o{l tmbers Py Lith vodaus (0,4 sudh thek
P P_K=4 | Then Ja prob- space (Q,F, P ok o rv. X u. assocabed
s distribukion (p,) !

Bernowlls random varickle
Let 0cpsd. Arv.X 1 o Bernowlls ry. withs
— it 4okes valmes in E= 10,43 and

- [FGew=iog] s [FOr0 g

NQ*DJJ\'OW- X Ber ()

Parouv\dcer P '\Q—

Binomial random variakble

let 0sped, ne N. R rv. X is o Binomaal
— it toles voluus in E=%0,4,. .., n3

F[)(:\CJ:UL) P““—PY‘-k
Notakion: XNBiv\(V\,p)

Fropns'nbon 2.12: Sum o indupendank Ber and Bin:

Lk 0€ped; neN. Lek Xy, .., Xy be independak Ber(p). Thun:

Sni=Kar o+ X B~ Bin (aypd.

= Tn Pwhwkar. the distribubion Bin (4, p) the same o Ber (p) [
= T0 X~ Bin (mp) ank Yoo Bin (n,p) and XY ore indspendunk -

| X+Y= Bin(m+n,f>)|

(Geomekric random variable:
leb 0sped. Arw X is & goaomekvic rv. W, porameker P it

= Yhefoq,.. ni:

— it Toles valmes in E = N\E03 and
> Ve R\$03 < POxeld= U-pF | A, B=4
Notokion: [X~ Heom [P)
Fropos'\\:'mv\ 2.4b:

Lek X,, X, ... be a sequence o) 00 many independent Ber (p)- Then:
Ti= min§n21: Xo= 1% ~ G\eovv\(‘))

Frans'\ﬁov\ 2.18: RAbsence ccg memory o(? the %eomekr'\(_ distribukion:
Let T~ G\&Om(p) J(\or some 0 €psA. Then :

¥nz0, fkz1: POTz ek [ Ton) = PLT2K]

Poisson random variable
Let A>0 be Pos‘xt'we read number. Fry. X s o Poisson rv.
with Pmrme)cer )\ 'lcz

> it tohus vaus in E= N

)\k E[X]-‘-?\
—Ylken:| POx=k]= ) e
Nokokion: | X~ Poisson (V) |= Paiss (N)

N we paiss. distribukion is an approx. of o. bin. dist. Bia(n,p)
if poram.n is large aad param. p is small!

r. w.porametes n ond p i#:

= this tharadeerises the F\ra\o. properties

Prapos'\ﬁw 2.20: Poisson a{)proximodi}\cvx o’% fhe Bin.
Let A>0. Ynz1, consider o ry. X.,.NBin(n, ;)_ Then:

Yle IN: ,35.“; P[X=k)= PIN=1] with Ne Poiss())
L\kul\?'\v_el\j Hhis Su.\as thak X, ond N have very similor Frola.
PmPerl:les {’or n ﬂou-qe.

2.2 Joink distribubion & im.aa;n u{_ rv's
DeQAv\J\\:un 2.22: Joink distribwlzon:
let X¢ L= E,q, %> Q= E,, o, X Q— €, be n disoretera's

on (Sl,‘F, P) with vadumes in some QJM)Q or tounkalole soks
E,,l iy B The 'Joiv\t distribwizon u{} the ra's X/|)..., Yo is the

'Pw\’n (P’lq, ---,')c.,.\)'x,,eE,, )oe I‘EV\GE“ “1*\/\
F‘KM.--,'X—V\ = [F[X4: xq} R | xY\:%h]

the rondom veckor (X, ..., Xp)
INTP dhe v's (Koo, K are independeat | the Joink dist. Ts:

P’%"-.'XM = [F[X'I:x'l-]' Pl Xo= %ol

Fropas'\\:iuv\ 2.23: Consider v as Ivvwﬂa q% disorete vv.-

Let w21, $:R"—=R , X: Q—E,, ... , Xa: Q= En n diserete ru's on

(Q,F, P) ith volmes in some é?n'\*l [ covntolol e sets E4, ..., En.

Then 2= ¢ (¥,, ..., %) is o disorede v with values in the discrete set

F=ad(€,x... xEn) ond with distribution given by:
HZ,GF" [F[Z=1—1=Z P[xﬁ"?’-q, '--Ix‘h:‘x'\]

NabEy,... , N €En
‘{’fn,,...,u): z
2.2.4 Plmost sure events
Defivition 2.2 Let Ae F he an event, A occurs almost surebj (as)if:

—> Con be extended bo s stk A Unot necessasily an event D)
occurs almost suu—dj F D on event A'€eF st. A A and FLAT=

2"} EXPQ ctotion — Tnkuikively: Rverage

Definition 228 Expectokion of a r.:
Let X: Q—~E be a disorete ry., assume X20 a5, Then the expectakion

QQ A TS \E[X]=§E9L- PlX=x1

Buk whok when o rv. does not have o constank s?%y\?
Definition 228 Tnkeqrobi
Let X: Q—=E be o dasereke rv.. X is in{'eﬂ;alole TF: ELIX]<0
Tn thais ase, the expedrah'uv\ o£ X is: [E(=2 - PlX=a)

*EE




EX]_)ed'o\h'on volme °¢ a Bernoulli rv.
X~Ber(p) . Then E[X]=P

Expec\'ah‘on valme of a Poisson rv.
X~ Paiss (A A=0. Then

Expectakion value of an Tndicator of an event:
Let A be on event. Then 'ﬂ_A ~ Ber (PCAY). Mence

El4,)= PN

Exped'nh‘m\ value of & Geomekric ry.:
Tr Geom (p) ; 0<peq. Thea E(T]=

1
P

FNPOS'\'&'\QV\ 2.30° Tedlsum {?{)rmm :
Lot X be o diserete rv. Loduing vedanas in N=50,4,...3 . Then

E[m:él\’[xzﬂ

Theorem 2.31: Twage o random variobles:
Let Xy, ..., Xy* Q2 E be n ra's; & RS R . Thea 2= (X, .., %)
de e—:nes o diserete rv. ond if

2 1 4(m, x) POER - Xr )< 00 2 is Tntegroble and

Wy jMREE

Eléx,..,x0)l=2 blon, ooy 2Pz, oo ) Xz %]

f,L’ll-.."xnéE
— Formul s @er n:_'1: let X:Q— E be o discrete rv. and ‘tf- R—-R.
Assume T 1BMI-PIX=x] < 0. Then the discrete rv.
¢€
2= s inkeqrable od | E[D)=E($0)= §E¢001\>[x=x]
b X

—> Tnthe cose ¢ takes volies inthe set Felp, w) (=522 as.) then
Bl .., X015 Zd (o, ..., 2 )PIXgz 20 .., Xp= 2] s o.lwsz
true | even without the i-\ke%mlai\i*\j assumption 2)

Theorem 2.34 - Unaax'\’nﬂ cr(l the Exped-od:;ow
Lek X,Y: 0-R be 2 inkegrable discrete rv's, AeR.
Then XX and X+Y are olso inkegrable diswrete rv's ond:

) B = XEM
D EMRN=EMN+EM

—twv's Xoand Y do not need to be ndependent fvr this!
—= this '|M-Fl‘|es: Ynz4 (ne ND-
ECMXatr oo + A XD = MEMX ...+ A, ECx,)
[ infegrable discrete r's Xp, .., Yoz Q=E and YA, .., Ay €R

=> ‘E[uXa—[;\ﬂ =B+ (LlE[‘I]

Expectation value of a Binomial r.v.
letnz4, 0£ps4 | S~Binln,p). Then
a n-le
E(s)= Zk (1) p“i-p)

Use QAW\:\j r€ € ond 3 S has the same distribudion as
thak here, ECA)=p Vi [ 5n® Kat oo % X . Xay oo X fid ~ Ber (p)

El(s)= E(S.)= np

Theorem 2.33: Jensen's Inequalx%nz
Let X be o discrete vy, , 4 R—> R o tonvex @m
T) E($(0] ond ECK] are el delined, then

$(EN) £ E[(x]

= ogply i to $ (2)= Ixl=> Y integrable disureke vx. X, |E[x1) < E LX)

> apply 4his to pl=a? = Ydiseretern. X, [EUXIT€JEX]

2.5 Tndependence of discrete rv.'s
Theorem 2.33:
Let X,Y be diserete ra's . Then the Pollomq ot equivadenks
3 XY are independent (=
@) YobeR: P(x=a,Y=b)= Plx=0) Ply=p] &
i) ‘dl“: R-K, o K-R: E[PX)aV]-E [{ilxﬂ-E[c}(xﬂ
whenever £'s ore wen—da@ine&.

Theorem 2.39:
Let Xy, ¥ be discreberu.'s Then 4he [owing ore equivalent:

thion .

D) X, ..., Xy we independent =
WY, 20 €RE PG % o K= 2012 PT= ) = PO 20)
i) \-)f,f[{"lﬁ = '(\V\-' R-R st ‘P,‘[XA) e {?n(xh) are 'mfe(yablt, &

E[{q [XA) tote s ‘PV\ le.)]-T E [& [h)_‘] Mol E[&\ [XV\)]

2.b Varionce

DeQ«‘r\'\‘cion 2.40: Variance
Let X be o dise. ey, sk. ELX? 3¢ . Then the Varionce cQ. X is:

o= El(x-m¥] where m=E[X]
Standard Deviodion of X: [ o= /52

— Sinee EOC) < = ELXI1<C0 = B0 is wel- defined :)

Iﬂ\'ﬁrpm*mﬁon o(f the standard deviodnon:
Tndicokor o(\ how \arge, 4he E,lMtk\thr\s ls‘g- X around m=ELX) are.

Example) ( Dekerminist: ¢ ) ek neR  ru Kw=a Yu.
Thn m=EM=a and o= E((-m)*1=0

E)(umple_ (Ulvieorm Y. on2 ?oiv\le Let ach e,

re X w. dishibwton POE00=PV=6)=2 . Then:

e JETE T = &0

m=E)= =5 and Ty=

Proposition 242: Basic Prope;’ﬂes of the Voriance:

1) Let X be a diserete v, with ELXPYC 0. Then:
Gt= B0 - EOO2
2) let X, ) X be podruise 'lr\(b.!am:ien\' rvls | = Xab ot X

Then: G'gz =

2 2
G‘X-q *oe +U-X'\

Variomcc o{’ a Bi nomi a\ rv.
Let X, ... Xu iid~ Ber(p). Then S:=Xar -+ Xy ~Bin (V\,[)-) and

o = np-U-p)
*ImForfank e@edt oQ s\uwvt'u\ iid ru's:
E(A=np o= An-Npl-pYy
A\ idenkial fishibudion means TG+ Rl = neg?
Ainhpm&mte iplicokes: = S REEREE

Ckopi'er 3+ Continuous Distribukions
De&n}\‘mm 340 (onkinmous rv.'s>
Ary. X Q-R & wonkinvous & its distribudron Lundion
Fi wn be writken as:

'}

Fx(a\=gn$(%) de

-Phxcal YaeR

p =5’
%nr Some noaneqokive -P\mdr'mn P R= Ry colled the DEV\S'\":\j tre X.
APl=ad= Fa)=F0-)=0 YaeR when X cont.rv. |
APLacx<b)= PLag kb= PLoc Xeb) = PLag e b=, 6o doc
Uridorm distribukion on [a,kd . acb:

A conk. riv. X s waiform in [a, ) i its density is:

4
A gelabd boa
_ -0
T L [
Notokion: | X~ U (Ca, b3)

Inkuition: X represents an wador
ProPerh'es d£ on uy;.{’orm ey Xinla,b]:
—The probakility 1o Bt i an inkervad e, +8) ¢ Cab) depends

mov\ﬁs QU\%):\A b [F[Xe[c,u Q']=%

thosen paint in [a,b].




— The distribukion fundtion of X is:

Theorem 3.2: Expeckotion value of a uniform ry.
0, x<a A Let X be a ry. Assume the dist. Pek. T is conk. and piecesdise ', ie 1 (b arh
_)x-o R F96= -0 €Ua< .. €y S Hp=+0 sk. Tx s P on every interva) | Lt X~ Ul[n,b]), a<h. Then |E(N]= Hfamd"‘ T
Fyl)= b-on nexeh ; (: %isa). Then X is & cont. rv. and o density £ b trucked
: . TRILIPN n . rv. vn{:vl-t.m\,‘ e Lonstrucre E {'Qﬁ 0-[ o{!
1, x>b N b bu 4 QA i Ve (o ain):| 2l = Fl‘——A\w\e\’cunﬂ‘, Xpectaxion value ot o exp. rv.
= = . VJ 2 Ny\ﬁ xE %1|{L‘L+‘|)‘ P x)= x['x.) =
EExp?inEnhak*&ﬁ\S\'nbuh'on with ?urmd'u’ >0 and sekking rbritary vabes © %, .. %y Let X~ exp (N, A20. Thea IEEX]=L%)‘E)‘°°d%=%
xp. dist. in cont. = gom. dist. in disc.! ) L - ,
Conk. ru. Tis bkpomﬁl\kio\l w. porom. 30 if its density 1s: Kodrezept - How to compuke the density of ¥= (x):

Let X be a conk. rv. W. density <P, $:R—R some Pck., Y=¢(x). EXped'ak-m“ valme “2 & normal r.
b o= {)(\)e—)‘x‘ . x(Zg Nobakon:| Tr exp (A) (X transhrmed) . Assume X and & are sufficenkly “nice" (ie.cont.,..) | ek X~ ) (m,92) . Than X has the sama distribution as wmeeY,
) x

. 1) Compuke the distribuion undion: Yo 0 (0,4). Hence: [E [X]; Elm+a¥]=m+ v E[Y]
)\A N 4 ')‘ |FY[oc):ﬂ>[¢[x)£9L_J= | w Def.36
o Ped=)e Tz 4-¢"* 2)1{.‘ Fy is tont. ond piecewise tonk.=>Yis k. and its density Ts: wl EDY)= Lorf“,'l\('f) st = AR
A x ! x Rl =F () . il —_—
: ) ectakion val Distributi
_.[Y\kwkmv\/{'\FP\nc&h’ov\'- . on eadh inkerval where FYI{'L) is wel\-dee{ned. Expeciafion value oP - de‘ﬂ EHH T
T represents the Bme o] on"oharm thotk ring" 2 A rv X has o Comdhy Disk. iff # is cont. ok has the density
Prq Qrbi(s Q% o XD YV W. Dourom. )\‘. EX(AW\P\?_" DﬂV\Sitl{) \‘g \}:X , X /\/\N‘(o, '0 R 1.1 [R =
) P_ o P ) ) =M\ DTy (=0 Y.< (becmse is never <0) P%)—;'Fw €
- wudx-\a Prola. i exPo‘r\e;\kmlbj smoll: Y£20: PCT<t)=¢6 ylx Y e
= Tt has the absence n{ MmO Pm\)utlﬁ: Fyod=PIxe<ad= PLAx £X £ )= 3(2)-B-A%) Y220 T this cose, X is not inkegrable!
VEs20: P(T> s\ T>42= P(T>s]

x* 2 ©
where Bla)= = [* e V2 4 = ECXD= A" dr= w0 Sothe Eof X is not wel defned
Ty 00) s cont, & piecenise C* V)

e o b Theorem 38 Jensen's Tneguality:
2) -E\(x) : r‘/ b= 04 x<0 P let &: R—=R be o tonvex {édc | Ko cont. v sk EDO ok E(b00] ore
Fbo= g (FUR+ @ Cam)z == Yaz0 | vl defned Thew
Examp\e.: Dev\sﬁt\q ﬂ‘£ = X" ) K~ W ([0,42)

Normal distribukion with paromeker mé R and >0
A tont. rv. X is normol. . parom.m and < >0 '.{1 its de,ns'nhj is:

\ (X-m)"

{)M,W['XZ): ‘\E‘;Y;‘; e 292 |Notodwone| X~ N (m, %)

$EM) & E4X]

Yor_ 4 Defirition 3.9: Vatiancecr{ a wal. ry.
®: i EL\ISHM: POt ea)= POxea ™z Yoe (041 | Lok X Q=R be o tonk. rv. . density . 1P ED®I¢ 0, 4he Variance of X is:
(%) )= 140 o
ut ! 1 II V>4 — tonk, & piecewise ! (v) Vor(X)= 0t = E[(X—M)zJ:Jw[')L-MYP(x) do| where
s ™ o 2% ' (4) Iﬂ-:mso Standard dedodion of X: q_x:IJ}X_l\
FroPer'\:ies u{\ wormol s 2) J[\(‘L); Fla = gx" \]%;4\‘)‘1&(0:4] Froposition 3412 Rasic, properties of the Variance
—>'|Q Xa, -, Yo Wndeep. normol TS W. poram (m,“qf) oo [m,,,q‘hl)'h\ﬂ!'\ !

DU X be a k. ry. w EDXI<o0 Thent | a2 = B0~ E (6

Z:: M,+ X4X4+ )W_X]_"’ o +/\v| Xv\ ~ ‘N‘(M,Tz) where

3.2 Expectaion and Variance

2)Lek X be & wnt. v w. (X<, A e R Then: (0,2 = g2
(M= gt My + o +in| 522 Mgl e o + A2t Definition3.2: Expectakion o a. positive v » L Nt X
Mot a2 oo T Wl [T 2Tt ¥ e Lt X QIR be o tonk vV, w. densi .e ok asSume X2 0 as. Then: 3) et XA, ---,Xn be porwise ir\du.P. ont. V. W. E[Xik <, )41 ___,)(héR
- Standard Norwel ryv.: X W‘(ol4) = 2:= mreX ~ N (m,0?) - ” A ~ | and stk Si= MXat L+ AnXa. Then
- TQ )é"’ Jg (m,s?) é’cL]en ol the Prokm\oik'\'wj mass” is certainly Expeckakion "gxz E(Q= L‘,x'{z (2) d can be e"“‘h or '"\Q”ke' Vor($)= 022 N ot N W@
Wiim-Sc, m+ 3o Usalso I8 1X20 buk ELIX11<o0 (X isin\’camlok)
A Every X~ i (m, 72) con_be 'ltvw\s{)orme,d to 2~ (04) - Defintion 3.6 Expectakion of the imoge g Variance of o W\;-e‘fm ry.
et Xn N (mg2). Sek|Z:= x??"" Then 2:%)(_%1_\_ X l0,A). Lok X be o va. . density {, 4 R->R sk. [ 1dealfbod <o .

Lek X~ U(La,bD)- Then X has the same distribukion $ct. as
at (b-a)Y, Y~ N (o,A0).

g EM=d=m = o= [ w214 L
E(dw]= | $00 0 b 2 ) 372

rop. 34 ) 2
e ey (b-a)

Thn, the expeckodion of ¢ (0 is:
[ X-mal

= Pll-mz3e]= P[ = 33]= Pliz123)
Read off direckly from Table (Jonla for Jl0) .




Varionce of a exponential r:

NPy o Use {)vrmulm 2z 1
27 = 2, e = — —— =—
E0C)= o) dzf X cponend | TR

I,\{'e%mh'lw b‘f) Fu{-s
Varianee of o normol r.v. :

Lot XNJI‘(‘M,W’)_ Use that X Was same distribution as m+€l, Y~ ¥ loA).

. 2_ 1 W B _
Sinee & —ﬁ_fﬁ#e doc =4 Frop.>3.ﬂ =g
0’=020§
3.2 Joink Distribukion

De{kmﬁcm 3.42: Conkinunous 'dn‘mk distri budaon:
Two rv's X, Y: Kzl-’-' R have & conkinuous Joink dastribution
“E 30\. '?(k' P-[R—’ K.\, %.t.

P [Xe [0,0, Ye [\a,uﬂ=§: U:{‘(fx, ) f@am

Y-wcnca<tn and Y-ncbeb!ctu
P(n,\/p: :\Oin’c densitu w{ (xY)
Kemowrk 2.43: [
Ajoink density aluoujs sd{se\).sr f_ﬂ(s_ﬁ{’(«, 9 dy do =1

Also: Given o nownrgadive dundkion P sodesfying, this 7 ons can alons
construck o rohs&r’; (e ,'F{,‘W)#J\L%?r.vfs *Y:a=R mtl;‘::l
;\o'\r\k 6-l)\$'\‘\‘lﬂ %
-[V\ker?rekahon: Ql“"ﬂ\ dx dv\\ represents the Prob.’dmt the random.
poink (K1) Bies in the smolk rekongle. T e o)+ Ly yedy

Example: Unidorm poink in tha square:

Consider two va's X ank Y withe Joink dansity J‘)[%,‘O): 110$,,L).35 o e LR XY be tuo tonk. rs w. densities x, By M{.Unuﬁna are eg[ui\valer\k‘-

Py {4 (1) € [0,0°
o Cay ¢ oA —

Then we Wave Y reckanele R=Ca,00) x (b,b") < [0,17%" e
PLERIE (a-a) (W-b) = frea (R) Doy P Y

=Voanae here
4

Example: Uidorm. poin: in the dick:
Let D:= i(fx,\ﬁ)%% 1213 Consider Two ex.'s Y ond Y withh Joink
dansity J(\['"""J)::_;\;ﬂmlﬂd‘g ie.
1
- T
e[%\\fp io %l+\jL>4
Thun Y rectangle K= (a,00) % (b,6")cD:
Pl eR1= L (ata) (v = Beal®
A : . Area (D)
(X,Y\-repvaw\ks & \LM%)(M poink in D.

*x’hﬁl ¢4

Morginal densities:
TP XY possess o jgink density Dey, we haves

[
P (x&ad= PUREC-w, 0] Yel-r, =] =Sﬂ(g_n€['x,<\1) d\ﬂ da

Henee, X i conkinunous witha &u\s't\wo'- €xlﬂ= j ,oval"'"j) dlj

And Y is conkinumous witla density: %7 (@:_S'“ny [«u,\j) d f|
EMMP\C’ M(l.r Ml AH\S-\L’\GGE un;\eorm oink Ta squm: a
IQ gx\l ('l)lg):%inﬁ.k’lg‘_,’ | X ‘I\AS dcv\s'\{rg ; ////4
< A
Px(?t)=j“ EY\Y (1.33 d_\jz go 105_1_54 ﬂ.ogj“ d'j = ius-n,s,q
and mm%;ous%, Y s densiby: Iy [‘0)21%454
Exaw?\v Moarainal &ms'\bg e{i luxi.@orm Poin.k in dish
1 {'X(‘I [""lj :#ﬂ‘m%dlu X s d”“(‘l“fl
= [ s 097 Z e and Vs dunsity

-{-\, (‘3\: % A 4—13’— Cous Snwwkv\lgrin}\hm 1o nsd +o celewdake ]r\k@g;o-\‘.)

De{}mijcian: EXP(’_d:o\t\'ov\ u'{ %(X,Y)’
Lt & R*~R.TPXY howe Joink, density ()x,\, , the E o% the rv.

Z:= 4> (X,Y) is: W R
E(=E[dtxN]= Iw_f'o d)('x.nd) {-\,(y(x,g) do. duj

Ur\ea,r'\hﬂ DQ E {ler )oivdcha wonkinuous diskribudions:
W o R Y conk- v w Joind dist- iy -

E[Amﬂk )\-EEXJUKE WAl
Thearem 344 Tn

endence {%r wnkinous rvls:

NXY are independenk
1) XY are jonkly conkinuous it (aink density - QXIY ()= @x[w)-fy(n)
) Y4:RR | R R4 E LS00 (1= ECH (0} E [ (W)
Almyt)r’cuni tonseguence
wo independendt conkinuous rv.s are aukomods
Example: \lw'\%rm Po‘mk in the sauare Lo, 0"
T XY have \\Oir\k density @XY ()= ﬂ.“ﬂl‘j“
=z J%)(y [m,vj)= 105154' ﬂ-osvjsf ngm' {’Yt‘ﬂ)

P 2 toordanakes o& S \ML%OrM random Po'mk in [0,1]111:& 'Irui.er,dm)C\‘
So, XY ove ')oir\H\j tonkinmaus ©)

Example: Un&%rm pownk in the dasle:
XY owve ik density b= #1‘, , ok

= ny (x;\j) 4 {lx[%)‘{)y[ﬂ)
the 2 oordinakes XondY of & uniform. poind: in Dore ot independent !
So, XY are not ']oiv\k\\j tonki narous -

flar= ;‘h: -
by = dle-y

Whenever the € are well- definad.
')o'mkhj conkinuous !

P\ngp’co’cic Resulks

Fix & prdoaksi litw space (Q,FPYand an infinite sequence o iidovey. X, Xy, .o
ie. Let X Q=R : Vi, < ey Vota,... R PLG, s 24 (1, i S 90,]= Flota) Flae)
. F= common distribukion funcicon.

Emp'\r]co\l Hvero\ge'- behavior for n larq,z. of the ry. :
u“',= X"(m'\'—“'x"(“)

Low ot lorae numbers:
Theorem 37b:
Assume £ (1X41] well deQmA \ K/'\W'&Q.l d!e»\‘vu. m:= EOXND. Thaa:
DA Xat - +Xa
" —————— = as.
n2w0

Examp\u Bernowlls rv's:
Lek Xa, Yo, ... infinide seguonce of 1. Bernowlls . W.param p-
Then: Q;\M )(4-\—-.—-+XV\___? as.

- 0 n
Example:

lek T, T, - ‘me{w'\’re sequence o ii.d. Exponential rv.'s . poram \
, Tay 4T _ A
LT O LA ALY Y

N n N
Contved bt theorem:

HV\SNE(S the q»ASVOn'- ‘I\O\,J ?u 1 Xat -v-‘-"'Xv\ %om ™M 'hq?\ct\lhﬁ')
The Gaunssian Case:

Let Xa, X, .. & sequence o id ~ N me?). Then:
_ Kaxoot Xn

=2 m L (05)
Stondard daviodion % represents the typicol Qndtuodions o} 2

=> f\jp'\co\l Gistance beky, &%‘ ond m TS &{ order %
=7 regenle 2° 4—:‘72 has ﬂu&ud&ws u€ order ! | A.‘n.l%_\ Z~ X'(0,1)
Co: Ug we consider iid. ry.'s ~ N (m,g?) , then the rv.

W ~ N(0A) .

n

General Case: 4 -

TQ X4, X, are nok V\OYW\IKD- : f /Jq%“ - vjﬂl\ ~ N(O.")

Thoorem 3.48: Central Limk theorem:

Assume B XD well deﬂ;u.ﬂ and @mﬁ . dec&-u. m:=E (xq) , e%=Var(x,)

and Syi= Xak -+ Xn . Then:
Sn=nm 1 (M orn
IF [ m S ﬂ] 00 é[a‘ m S_\ooe A‘L




Chapter &: Tntroduction to statistics

2.8. X~ upm IM— > Plxza), IFCMav'mg SPLC'\()A':, oboservakion] €

Brobabilistic y Data
Madel %a) o Tom
\_’/
assible model thak Stakisties
mﬂis {tii dokn? 6———————— ohsuved X4, %0

41 Estimokion UQ Parame’(ers

Gool: We wank to estimake parameters, ofven Phe observed doka.
Our .?ruvu.wor\(.: Sequence of Lid. ru's }:,...,Xn w. distribution
dc{)mo\ing on me parameter O or more ‘)aramdcus
B4, - B thak we wont Yo estimake.
Examples of diccrete models:
Xa,.., % iid.~ Ber(p) | peCon)
: Xq,...,xh iid.~ Geom (P) | Pé [O,'ﬂ
* Kayom) Yoo 1id. ~ Paiss(N) | A>0
EXOMP\O.S OI‘\ Lonki nwous models:
Xy % iid. ~ ULL0,62), 820
“Yay o Yo iidov exp (N 320
L CTID SR W N lwm, o) , meR ¢ >0
Reabizakion of o model: f vector a=(xs .., %) €K’ e@ possible
volunes ‘P:r (X4, ) Xa)
Mo Question of Uuapter: We observe o realszodcon () ..., xa) of
our mode) . Can 0w estimeke the under@jino vad:er(s) of the model?

4.1.1 Maximum Lilelihood estimokor fr disurebe models

(Cowsider X4y o) Y Tid. disorete rvs w. voliss in o e;n;{-c or counkable

st E , and distribudion ( pylad) depwi;ma on <oms pasameter B¢R,
Ui, PaxcE | PiXi=ad = Py

Reekiaadion (obls\e.rved) (xayy2tn) — 8 @

Goed: de&u 0, .., 2m) = good ?redidk'm ¢ 0
De()ir\ihmn $4: Dildinood ew\d'ior\ a&o. readizadion
lot =2y, x) €E" be o possible Reakizadion fir (X, ..., Xn).
Lkdihosd Qm»d’&()w u& %= L(8)= [ (0=PlG=n,, ... ,Xoa=20n)
Likelihood n{ o Fvo\odu'ul;{-ﬂ to observe the realizedion x= (a2 .
when the Md.ul‘rwb Faraw.ker is 0! Ein Prob&ln'\l;s\fc terms 1o the
:)o'w\k dishabukion o Xa) ., Xy !

{\nr tid. rvs (o ws al,umﬂs tae case 1) | Ldulthood funciow is:
Lo (8 =PlXi=o, ] - PIXp= )= Polaa) --- P (xn)

DQ@’\MJGCOV\ £2: Moximum Q;A‘LLQI_\L\OOA eckimodor
Th MR g b;-\ul;hpo& estimekor @;r o recdrrodion X is the
\)arumtker 8= B(x,., ,1..9 '{‘w whidh 4 Oi‘u.l;hooa is maimal

Ly (B)= Wax L,.(0)

Example? Bernoulls model .
Lek X, ..., Xa ~ Ber(p). A possible realizadion: = (%4, .-, %) €%0,43

= .u;\lul;lr\ood e(k L‘L(P)= [r[X/FL‘ = th: ‘)L.\]= P(’x‘ (4—F) D
where, lad=Z7a;
Now, we wanks to Qink § k. Lm(lﬁ):o’:‘f Ly, (p) -

£4
=> gsier to shdul CP(P)-’ lOﬁ(L%[P»=I’M-ﬁo (p>+ (n—lael) l°ﬂ“'iﬂ
@Zr L(8) in enrw\ u‘%

tan L lp) (st Trick. of toling, ou Loy & produck
[a\muﬁs P e eqr TRRTLID)
[l n-lal

= ‘bI(P): 2 -p —*IO (@.ml max .~ & has unigue s /)
=> Maximum  Jikdchood estimodcor em- P:

. 2
n

Kat
ﬁ(fx,,l_.., L) =

4.4.2 Maximum Bdedchood estimakor Qor tonkinmous models
Consider Xy,..., X ii.4- onKinuous rv's 1, densi dependsing on
Some w:quer I\ GAR. (or more paramekers gj‘?lfzg !1»'\3

Goad.: he«u o nokura) estimakor foe the porameter 8.

Deen;\kw\ 43: Lilulihood {}\u\d:ov\ o o resdiaokion

Let 2= (%4, ..., Xp) €R" be & possible reak:2adian %r (Xy, - %), Tha
ni\uhhooéu ew\(h'ovx !‘g x® is: ]L(B)= L-L (8)= ﬁg(‘lq} - -‘{\gf'ln) |
= Inkuatively: foloed--Rben) £ probakility thok (Xa - Xades (- )
Dee\r\;h'w\ 44 Moximum OA\«Ll;hOOA eshmed or:

The masimum Kokt hood estimakor $r the realizodion 2= (s, ..., %)

is th povameker ?3:6(14,... 2 skt Blakihood s masmel:
La (8= wmax L (0

= When moda) invelves more [)w-md:us by, 0y,.. ¢

= Dikehood fundkion of the formn Lo 0,8, )
= makiaum D.}\U’:\.hon& eshwokors -F:r o realizodion o= (%, e Xm) =
Parnmdtus 94,97_'... s, Dlihood is masimall :
B by gy L85, )
Exampled? Normal modad
lek X, ..., X be 1id. ~ W (m,q2). Passble realizodion: %= (xs ..., %) ER.
il HM ‘on s 2 —__4—— S M
Bekibood fundion: Ly (m,02)= o exP%—% et 3
= pimum Q/'«luhhoo&. eshmodkor ¢ %v\ﬂ. ™ ]GZ sk.
L-x_[.M,Tz)
0

Ly (M, 3= max
e meR >

= Lodk .qu ta bl Fo‘mks v{_ ths e‘md‘mn loz“—)?

Noql) _ 2.5 (i)
om T t=4
( alsa iL) —— {‘0_1 + % _‘%[%i_m)z

4 Ur\ﬁs o wnigue masinnal

Masionuan iladihood. eshimekors u—% m and o2 :

Woqt -+ Y

nN
Mo, .. )= o

n 2
T (kg )= & pa (ei=m (%4 )

42 Co n%dence Tntervals

S Goal: e\‘nA auk how qood” the eskimakors {-’rom thopter 44 are
De{}miut'\ov\ 43 2%- conBidence inkerved ‘%w 0

Consider o Probc.lo':(istc moddl w. undarlying paromsker 0.

for 0622100 | o 2%- nfidence inkerval for B associckes to eachn
realszokion o= (a4 ey %) O inkerved I=(ala),b(2V)eR st.

Yo, PlalXy,..., X €02 b(Xy, .., XN 2 =
~—— S~———

100
’i nok rﬂu\.doml.)
random elements

Exam‘)\e,'. Exack wv\% dence inkerved 'Qor the normel model . ¢2=1

lek Xy, .. Yo beiid ~ N (m, e®=4), m unlonawn.
= Moximum Qi\luhkooo\ eshimoador %r m: ?V\[’)b.,l... I‘Xm)= W\A
=> We're loohima bor o onBidancs inkerval for o oh the form:
T{)= [ﬁ\(m\ —‘?—’_: | )+ 3_—'\] , €20 tomstant
Stnee PLR (s, -, Xn)—% S mEm Xy, ,x,\)a-;—i'j: Pl-csZsc]
=> Pl-c22ec}=Pl2¢] -P(2¢-c1= 2& ()1

PC24c)
P(2<-c]
-c 7

<

W é(CFJL—M_f:E#/" do

UnedeinToble: 28(4.90)-420.95
=> So, \0‘3 d\ooswd c=1.96 we ca;.t-

A 435 9c
PLA DG X)) eme @ lXy, .., x“3+%]2m
= Tl)=[m (0)- %ﬁms () + 1}‘\%‘ Yis o 95 %-

(Avx&o\ev\oe inkervel Qer m
(4. dar cosbemiiertmmmmam belindok sich 2w 950 i Tln))

R Temperafure ok whiida Waker boils, whan
exdemhERrEments Con b2 modulrd L‘j o fimA)

43 Stakistical tests

Gook: inkroducs. Has nstion of test | 2.B. used to decide 7 o coin is fair or nok.
Thaory o tes\—'x?:ua have

rol \\Aj?ﬁ{hes-\s on the Proha]o]hs‘\:{c modeel .

boal l{. fest - :\e.ﬁ;?: Qtz‘rxkg{-ibz‘i ‘/'\v\\ﬂfﬂ\‘es'\s blj amal,\j’zma Somy



Framework:

niid. rv's Xay oo X whose distribution depends on some poramater 0.

(wnsider twe H\ﬁpo‘k\nues 0& the %ormi

Null h\jPO{"neSiS: Ho: 6208, tuo (choasible vdmf
A\'terr\o\kive \’“jPthlAQS'IS'- H‘.‘ a=64 d rthe parameter

=> Given o tertoun realizokion cr@ owr moded = (24, - 2n),; &

test aims to decide whekher the hypathesis Ho is atcepfed/

red'ukd in ‘Q«vor o{ Hy.
- Test: Given buj & Punclion |d= d (24, --yn) € 90,13 |

d@)=0: Hois accepted dl)=4: Ho Ts rejected

Error® that occur when stkti wp atest:
T“PQI ervor - Rejec}c Ho when atku it s true
This 'l'\jFa uf ervor is Controlled b{j he relevance level o{ the test:

o= [PHo[d[X'U ...,Xv\)': 4]
N——~—

reject Ho
measure Wnen the hleo‘Hl\esiS Ho 1s sodesied

? = rohoh'\\i
N e s,
T\ﬁa I error: f-\u.q;\' o when ackualiu | Ha occurs:

This -h{“n n{ ervor is dencted ‘ij C> andk a,'wes rise £o the
power ol the fest:= =1~ ?HA[M_J
occept Ho

Primdp\es when dr\ooﬂnta the teck and the ‘mﬁ?o{\aesis:
= Man Good: Aveid T\Jpe. T error (conkrolled bnj ®)

- Seoomiomd Gool: Aveid T pe I ervor — book %ar Most

Pewu\e\«? Lest ofrer {)—cximl o

Example - Eddy's Problem: ( Good /Bad tain ?)

X'], =) X1D ~ Bef( P.}
Choose 2 lmjraickc.ses the dest:
A prioritn:  Avoid brivoine bad coins tv the cagine
2. Pr'mﬁl-\g: Avoid Jc\mw‘wa %00(1 Wins Oaidu
Ho P: 0.3
=
H/\’ P:O,E
This means:
Ho vejcckui'—l Ednlm) tondmdes thak Hhe coin s not bad
o octepted = Eddy onddudes Dk 4the coin s bad .
He;q_lm, have: R d_,{g,_
Tupe L ervor = brnaing o defucked oin to +he Cosino
T\%PQ Eurorg kmﬂzﬁ, o roA ton «U»Jﬂub

Sejcflma up a test with Bkakihood rakeos:

Tor us: dastribudzon of | S & (nw?\d'b\vl dekerminad under H, & Hy.

=>Ck up A Yot usiy\a the mekhod u& Likelihood. rodros :

@Fix o threshold c>
@ For eagh FOSS’\\o\c realizodion 2= (a4, .. %) Cakenkoke the radvo

Rlkiz e,y Y= 2ad L (80)
IFHQEX":‘l‘) oco ) Xh=xn—.l - L.‘.‘(eq)

® Defons di={0 T2 M ek Hoil rh02C.

® Relevance \evel of the kost: w= “’Ho[r()(,., ) XmE ]

€ Power o'@{he test- ’l-rs= A=y, e Xy 0 XW)2 €= lFH4[(r(X4,...,Xn)Sc]

ThQOYEW\ Ll'ﬂ NQ mon-— PWSG'V\'S Lemrv\h'-
(onsider o stokistic frameworle with two simple lmj othesis Ho and
ta. Amony olk the kests with velevance level , £he Likadihood rodio
testis the wost Powu(—’d.

(0=

US\ma s «[%r EdM‘s Prob\em:
For o bad oin (F= 0 Jilinood u—R K= (g ooy ) 52
B, (X=)= L la = 03 03
for o fair 0in Lr= 05): [ilukihoad of %= o, . wa) is:
F\'\« (X=0)= Ly (05) = OB
. Pr, . _ .10 i)bd
The vokio v l0)= l’ua (scq,ucl to: rlx)=0b (3
Represord Alic in o +alile:

Tobdhe ans Sloaph

How to *read® 4his +able:
1D EAdy cnooses gadi he wil rejeck Hoif IX)eb . Tnthis case:

Relevoweerlevelmodotash: w= T, [rejec Hol=F [k~ 03502
Power of the test: 4 (= T Crejeck Hod = Ty, L€ )2 0.5228
<= Dh. u theie ¢4, T5% o tht s Eddyy brings o £ne
g ore bod ( buk §2% v{_ the (road s will be hﬂ\A’Jl\k
to A casive
I'T\ Ed&»j omooses &a0:4: he will N:\edc Ho it 1X123 . Tnthis case:
Kelevoweeslevelmobotaste o= T [rejeck Ho)=y, [ (03]~ 0,011
Pawer ng blwekest: /- ¢ =T, Crejeck Ho1= By, (ix1€33> 0.1319
= Dh. w. thoice c=04, 1% of the s Edduy brings To The
oo are bod | buk OV\Lj % of tha goad Goins will oe
bmuq):\k 4ot casivo !

Probability tree:

O
AC
MBW \Km?ﬂ—mmg

B [
[\ RPN wrepenge)
¢ ¢ [

A
P[B\ry

R B
raw) \  /\
e ¢ C*

¢

=A-P(C[ANE]
C

= P[)= PCANBNCY+P [ ANRENCD+ IPCATORNC)+ PLASNBNC)
= P(ANBAc]= PCAY PCRIAY P (cl ANBD
T dnlondon 7 st dordn alls dise!
= Pfolﬁ P ik Vorbedimw
Cnsken: PC.0 .. . n.d
Vol sOhnidan s s gk !
\I\hd/\‘\?i(ﬂ bei expectokion value:
ELlxy), + (2)ge V=B LY PCDY+ £ [ X+2¥{P(D)
Widr\b'a beiNarmaqu{'eiluy\;J:

Wenn Xnr d(myg, ) | Yoo o (ny, a3 UnsbWingig sindy donn
sk X+Y o (g +my, o2+ 52)
De{)im o probokility space | example:

L Roll o die & toss of coin:

Q=2342,3,4,5,83% 30,13 (|0l=12)
F=2* (1F1=2=2%)

“> Roll of n dar :
Q=54,2,.., " (lal=")

P:F —010
B o
Wenn nada \Ie.rJre;lw\I (2 Distributzon) %z{-’ray: fst |, untersucha:
Plx=k) = ~. = dist.
PLXxsad=... = Fy () = disk.

Borel set: A set in ou’coPologiu.L space thok con be gorlmed
{‘\m\m open Seksmeor Evmm dosed. stke) Yonghs the OPCra\i’A'omS u‘f Aunt abole
wnion | ounkable intersection | and relokive Complement.

Bwe\v-mhybm on (0,107:= Die Wleinste Menge von Teﬂmn\_%u\ von O, dar:

W) Qe F
W) AcF 2N eF v
3) Ay Ay, - é’F=7rl=),Hi F

orfutk & ok M.u\y,\ fx“xlly.(_“ﬁdlvjl}l 0K € | 0€ Y <y, &4 enkhakk.



ﬂnkomﬂ

Urnenmadell mit ZMddegen ohne ?Wﬁ(]\h\eﬂeﬂ
0¥ Kugeln, b % 2lige
Reihm%\ge relevant k n!
(Varinkion) n =
Rethenfolge irvelevant nt k-1 "
( Kombinakion) ( k > ( k)
Tdeatitaten: .

> (ur @)= Zo (VD u-’(‘s“'_l

_ } |
= (R () 0 = iy

. 5‘, ()5 = (e
Y
neo Nt

dtanlw= Yoortiny

~ M xR —x dx n'
CCuet et

—
«—

Q
- L et dtz=n!
- a)( D,V\ [X\: ;4(‘

N'udr\’c'\@e_ Re\\/\en/ Stmmen -
) T BT
Geometrisdar Reiha: ":Zoq, P fir 1gle

_aNt4
Geomakrisdne Summe: % g' = e
h=0 1-9

Arithmetisda Sumens: :Z1L.=“—'(“ztg

b
Partidas Ablckuny: {:’ {!{’-‘?‘3‘%‘,‘*’” ({‘m-&txﬂ:- gk(!'lx}é(x)dx

. & G
Faires Spiel*: EL)=0

Unobisin gk Pucka Wher B veafeier bar!

Uin%x tins Wonbidaninkervalls: Filr X;, i=4,2,.n v M lm; @) it dis Liinge s
- , 25 U-%2) | = Lalu nada n gesudel:

V.ov@d.m%mkuvdu 1C0ol = T Erori ‘?i o

Woben 41— (%) dar t}]ul'&\su\*f_ lnne(hn‘z'mkuvtlk'ﬁ\'.

(Konbidanwntervalh Wak dis Grenten L2, 324/ &' (4-2))

N%rmo\\vu’rw\ua%, Vu’(eﬂuwra Em\hb:m\m'-
Stundartnonmcbuertilung: Xniilo) == { e d
Mgpaios Normabrbeiung: Xordllong?): Fli)= = %(trm\dx?@[*%“)

e
T2 Lo
Subst.t=c24m
Noa Iuke_%;uh'w:vu. 2= J"“_"‘

Lo Ty ag%dom. unk wir woln [PlagX<bl:
Placx<b)= PX<b)-P(X¢a)= %;.QF, 0= %ﬂﬁm
* XY with Joink distibudion Ly () -
hd [?[ X<3‘I]=;[: 5_21'5.1(353 ‘{-),(,y (’k.\o} d\d dw
P00 by ber o) b

* €s gt Wabhingigr sowie ridak wnalohingtor 2efedlavorioblen, Y d
EC - _EM0 |
E[%‘\%E%)) %Jk €s z};b{— SpeziallalAe, in denen E(%(']‘Eﬁj gnk
¢ Wirdd: 9= 84,2,3,4,5,63"  n#Wirfel = (Ql=b"

2%~ Kon frdunzinkervall

Sty Yy ) Y tine Talge v i.i.d.Mescu,\%m tnr Wnhiehamben brosse m.
Die \Jerkailumd e Messung ist Wim, 02) mik belannkem =04, Wir
betrackken dat Kowduinkervedh 1= (A2 Yi-a, A 50 Yirt 0. Waldks dns
gisste 2 sodams T Gin 2% Lonfidenzinkervall st

SG?“-'-ZE;‘\/K . Augrunk dur Bigenstnnfiren vim Tudolhsvarioblen erhalken wir
Ve N (o0, T%) wk somik 2=='I”—"“:"‘3 ~ N 0,0).

R V- ae md=P(V,-mea)= F[‘L;‘_‘"os "%-] = W[ES@] = Q(mT'_') Wl somk

P (Fa-0>m)= - 2(E2), Bralay: Pl Turazm) = 2(E2) — P, acml=t— 3(E0

Plme (To-a, Yuradl= 2 1t Gguivalent 2u 5= - Plmd (V-a, VoraT). Da di
Erei«aw‘\sse § V05w uad § Ypt ac md dasjunlit sind Wsnaen wir 452 Wobvs daiin—
Lk der Vertinigiong als Summe dor Wabvsdrinkidhluken sdr&ben:

2= - Pl %> M1V Tnta em31 = A-(PLT- 0o m) + P (S0 acnd) =

= -2 (-2 (52))= 23(52) 1

EG{'L & Sdwiarze Ku%e).m

Wrne mik 20 roten und 20 stwarzen Kugeln. Zidhe Imak mk 2urichegn.

o) Definiert dan onadaston {hsinsten) Wahrsdasinkidibatsramm (2, F,P) dur
dises Experiment besdureibt, wobts wir nuwr an dan Forben dor Kingen infres-
siert sind wad in weldhar Ro'x\unedq;. 4 Farben grzoge werden.

2= 1047 | Lobes § fir ot wd 4 il SUaware stenk, |Q1=2°=8
F:= Pl@) e 1107 8 Ciaors or i) 1Fl=2 =200
P: Tl f > PIA):= Zueﬁjlli 0.0 o3

W= (b Wy, Wa)

Medikamenk

Ein Pharmainstibict bthamptek, en bestimmtes Medikament wirke mik

finer W'k von mindustens 90%. bnm.ebun wird das Medamenk an 100
Personen verobreidnk.

) Tn dreser ersten Testreile ?dg das Mittel bei 97 dur 100 Personen Wirkung . Ist
damk d Behauptung des armainstituts omf dam Swih.minivem von
5o stofastisth. beudesen?

Die Nutlaypothese wird so gouabdt | dass das; was man sellst baveisen will, in

dar C—m%u\_ athese stent. “Das Phormainstituk versudik notiirGda 2w bewtisen,
doss dss Medilioment ?A' k.

Die Nubh FoHAese ist daan: [Ho: p<0.9] | was bedewkek | dass das
Mediltomenk mik einar qringtren Wlak aks 0.9 wirlk.

Die (wqu\lmjyn{-hest ks A, P?_Q,‘i odso dass das Medilcoment mk
o Wahvstunlidiiik von mindestens 30% wirlk. Tm folgndan beredun
wir da Wolwgdarndidheiten unker der Nuﬂhﬁfo-\'\ncse:

Rp=0.0 (X211 £0.05 @ 4= Ppy o (X< k€005 & Ty g [xsk-1]Z0.95
X gt binomialvertedk mk Paromekern P=0.9 uad n=100. Die Binomialver—
Telung st o grosses v numensda Stuioiq 2 berethuan | hann ober guk mik
aner Normabverteduny opprowimiert werden | wie mon tntadn mik din
Zenfroden Greuertsak® bewtisen koan: K= Xy + .4 X, | wobed X iid.
Bernoulla- Voriablen sind mk Porometer 0.9. Somik itk E(6I=0.3 wd
qR_Iz=0.3'(4-0.‘3)=U.DS. Doher %_)J: Losk dum cLT

WFO.E (X El‘-'r-\:rr--o.s [Xa* c Xy =090 k—’l—()_‘ﬂvf:l ‘:é(k-'l —O_Sn)

Jootn < Atodg 008
Al Whdnstes bingen wir b in dar frtganden Unghiidhung aunf die Linkes Selke:
k=1-0.9n l-1-0.9 -1
‘?e[ To0d )zo_ara & Tg““ 287(0.95)
© 1.2 95,95

Die Nedbnypothese wird also bei 95 odar weniqer-Treffern im Test, also Personen b
denen day Medileomenk wirkk ommen Uk bed 34 odar mihr ab%,!ldu\t.
IpTest wirlute doas Medilament bei 93 Personen; dus Lagx Qi das Phorma—
insfituk im giinstigen floleh bertida. Das €rgehnis dar Testreihe ot domt
stodustisdn Z%mf. onk bwm ke
b) Zuefoh an Wirl on Medilcament: Newer Test an 100 Personen.
Test Nulkhwpothese & Gregenhypothese 7 Wie muss seint Enksdridungs -
ru}:). Loaken, Wenn ersine ermukung and dam Si%pifﬂaonwvem von B
stabstisde bekeagn will 7
Die Nullpothese wird so gewdhlk, dass das, Wos man sdbst beweisen will; in
dur Gegenhypothese stelk. Hier wird versudik 2u iberprisfen, ob des Medikoment
nidnk dodn sdakedaker wirlk | ols behamptek.

Die Nuuhﬂo’c\nese_ ist somit Ho® P20-9 | olso dass das Medilament mk  90% W' lact
odor mthe wickk.

Die Gegahypothese laudet: Hai pe0.9 | akso duss das Medileamenk mak
weniger o3 30% Wakrsdhankidnbuk wirlk.

Wir wallan W an&m satus Wfﬂ.ﬁ[x‘(‘ k)=0.05. Analog 2w o), wends dan
2odrodan Grosswertsal? an:

- Kif - 4%a=0.9n 100917 . 5[ l=0.9n )
F?:u_g (xsk)= Eon_g[ oo < ot ( 2.03n Uk daonn
- . -0.9 l—0.9 x -
wuma weikervedanan: é(—u :) $0.0G & _Ta: s &F'(0.05) @ L=34.05

Die Nulbhypathese wird bei 8% odar mehe Pokienken, b danun das Medilamenks wirlut |
ub:}d.dmk wnd, dasnada bes 80 odar melar Podienken dngenommen.



