
Disclaimer:Diese Ensammenfassung wurde in Rahmen der
vorlesung "Wahrscheinlichkeitstheorie & Statistice" in Prof. B. Acciaic

im FS22 geschrieben.
Es bestelt heine Garantic fir Volletandight & Kowrehtheit
dises Dokuments. Jedoch bin ich from liber Feller informiert
In werden oder bei Fragen Inhalten:)

Idewindt&ethz.ch

Zurich, der 07.12.2022 Lina De Wind



Was Summary
1.2 Mathematical definition of probability spaces Let (Bn) be a decreasing sequence of events (Bu>Buti Un).then:

Def. 1.6. (Probability measure IP on (, F)
UL:Prof. B. Acciaio FS22 Lina DeWindt Idewindt Betha.ch Let e be a sample space, Fa setofevents.IonCF) isamere are ⑱ LimIP(Bn]=1PCEBn] decreasing limit

IP: F -> C0,7] K

1.1 Sample spaces and events
P1)P(l) =1

A tIPCA) that satisfies:
By Monotonicity, we have IPCAn) <IP/An+1) and P (Bn) =P(Bn+1) Un.

Probability space: (2, F, #) where
o

P2) (Countable additivity): IPCA)=EEPCAi] if A = EAi(disjoint union) Hence the limits in the prop. are well defined as monotone limits.

: Sample Space for example: n: how manytimes the experiment is repeatedF: Set of events MA: the number of occurances of the event A = MCA)=
1.3 Laplace Models and Counting

# Probability measure Laplace Model: The Sample set 1 is an arbitary finite set, and all theHow to define IPSA) for a given (2, F1? I
Def.1.1 (Sample Space):The set it is called the sample space. (Intuition) outcomes have the same probability Po=-

An element w -> is called an outcome If the sample space 1 is finite/countable (it does not work otherwise).
Definition 1.14: Laplace Model

(l)

Def. 1.2(F= set of all the events) A set F of all the events is given
1. associate to everyw the prob. Do that the output of the experiment is w.

let & be a finite sample space.The Laplace Model on 1 is the Triplet
by a subset of P(r) satisfying the following hypotheses: 2. Then for an event ACR: IPCATEENPW Lidoes not work for a uncountable L r, F, P) where:

H1) l -> F ΔIP(l)=zp(w)=1WE -> F =P(r)
H2) At F => A'c F Borel 5-Algebra: contains all A = (x2, xc) x (y,, yz) with 0 2Xn<M(7,

- I: F ->(0,7) is defined by UAtF: PCA)=
+(3) An, t, ...-FEEAit F 04.<Y2-1 and it is the smallest collection of subsets of t which

satisfies HI, HI and HS in Def. 1.23 A set satisfying H1) -H3) is called a 5-Algebra. Proposition 1.8: Direct consequences of the Def. of P:
1.4 Random Variables and distribution functions

Remark: Y (l) = the set of all possible subsets of 1, including the Let IP be a prob. measure on (2, F): Definition 1. 15: Random VariableY
Power set empty set and itself.

i) IP (0) =0 Let ( l,F, P) be a probability space. A random variable (r.v.) is a map
Terminology: Let we (w is a possible outcome), A an event. ii) Additivity: Let >,1, An. .... An pairwise disjoint events, then X: &-IR s.t. VacIR: Swcl: X(w)<a3(F

We say the event A occurs (foow) if WEA.
We say the event A does not occur (for w) ifWA. IPCAnUAzU...UAn) =P(A) + N(Ac]+...+ PCAn) this part is needed for IP<3w> 1: X(w) a3] to be well-defined.

Remark: · The event A= never occurs. iii) Let t be an event. Then: IPCA'= 1 - IPCA) Notation: for a <b we write:
· The event A = I always occurs. iv) If A and B are 2 events (not necessarily disjoint!) then:

-> 3X<a3: SWEl: X(w) <a3
-> 3axX-b3 = 3wtl:acX(w)<b3"Events are defined as subsets of t use operations from set theory: IP (AUB] = IP(A) + ↑(B] - IPCANB] -> 3X+73=9WEr:X(w) + x3

Event Graphical representation Probabilistic Interpretation Useful Inequalities: same for probabilities:

Ac

I
AA

r

I
A does not occur Proposition 1.9: Monotonicity

-> IP(X= a] = IP(4X=a3)= 1P/9WtM:X(w) <a3]

Let A, BEF. Then ACB =IP(A) <IP(B] Example of a r.V.: Gambling with one die:
We roll a fair die. The sample space is t=(1,2, 3, 4, 5, 63 and the associated

ArB A B A and Boccur Proposition 1.10: Union Bound probability space (2,F.P). Suppose that we gamble on the outcome in
Let An. Ac

,
...

be a sequence of events (not necessarily disjoint). Then such a way that our profit is:
· - 1 if the outcome is 1, 2, 3AUB A B &or Boccurs ICEAiSEP (Ai] ·0 if the outcome is 4

ALB A B
One and only one of

-this also applies to a finite collection of events!
· 2 if the outcome is I, b

A or B occurs How to construct a probabilistic model: Give: where a negative profit corresponds to a loss.Our profit can be represented
->A sample space ("all the possible outcomes of the experiment") by the r.r. X defined by:

Relations betw.events & interpretations:
-> A set of events F(P(() ("set of all possible observations") I f wEMLI

Relation Graphical - Probabilistic Interpretation
-A probabilistic measure #("gives a number in 10,1) to every event") *(w)= S

Ac B A B If A occurs, then Boccurs Continuity properties of probability measures
2 if w

=5,6

AlB =d A B A and B cannot occur at the Propositionalincreasing sequence of events (An<Ante Un). Then: Indicator function of an event: Let AF.
same time

Br(w) =90i wtere
e= AnUAzUAs with An? A,

t for each outcomewiome and its
or

himIP(Mn) =P(EcAn) increasing limit
WA is a random variable! Indeed: 3tA = a3 = 20tacose tFAn. Ac. As pairwise disjoint - only one of the events

As An tc. As is satisfied.



Definition 1.16 : Distribution function of ✗ "

Verteilungsfunktion
" Definition 1.22: Continuous Random Variables : Proposition 1.30

Let ✗ bear.v. on a probability space /d.F. B. The distribution Arn
. # R→1R is said to be continuous if its distribution function let A ,BtFbe2 events with /PEA],P[ B] > 0 . Then the following are equivalent:

function of ✗ is the function Fx:B→ 10,1] defined in f-✗ can be written as : f-
✗ (a)=/Ifk)dx tack it IPIAAB]=PCA) - PCB]

⇔
V-aelR:F✗ / a) =P [✗≤ a] ii)PlAlB7=PlA)for some nonnegative function f :1R→1R+ ,

called the density of ✗ ⇔

Proposition1.17 : Basic Identity of Fx : fix)=
"

Verteilungsdichtefunhtion
" iii)lP[BIA)=P[ B]

Letacbbezreal numbers
.

Then P[acX≤b) = Flb) - Fla) fix represents the probability that ✗ takes a value in the infinitesimal Definition 1.31 : Independence of n events
Example :

interval [" intake] n events An
,
. . .

,
An are independent if :

let ✗ lw)={
-1 ifw--12,3
0 ifw=4 1.5 Conditional Probabilities It]c{1

,
. . . ,n} :P In Aj]=lTP[A;]

2 ifw=5ib ∅ if ac -1 Definition 1.23 : conditional Probability
I" i"

{ 143} if - 1≤ a' ° Let / d.F. B) be some probability space . Let A. Bbe 2 events with
d.hi for n=3 :3 events A

/ B. Care independent if these 4 equations are satisfied:
then:{✗≤ a}={w:X /w)≤ a } = { { 12.3.43 if o≤ac2 117131>0 - The conditional probability of A given B is : 1) PCANB]=P[A] - PCB]

{ 1,213,4 , 5,6} if a ≥2 2) P[ Anc]=PfA)- IPCC]
0 if ac -1 Fxlal IPCANB]
% if - 1≤ aco 1^-1

• PCAIB]=
p[By

3) IPCBNC]=P[B)- IPCC] all of these have to be satisfied !
% • 0Hence

, Fx / a) =?⃝ if o≤ acz • ◦% 4) IPIANBNEKIPCA)-117137117C]

1 if a ≥2 ◦ ; ;
> Proposition 1.25 :

let /RF,P) be some probability space . Let Bbeaneventw. positive prob. Independence of random variables:
Theorem 1.18 : Properties of distribution functions: then p[ • 1B] is a probability measure on R .

Definition 1.32 : let Xn , . . . ,Xn be nr.v.in some prob - space ( R ,F, B) .
let ✗ bear.v.onsomeprob.spauld.F.PT .

The distribution function We say that Xn , . . . ,Xn are independent if : fan , . . . , an c- IR:
F- Fx :1R→[0,1] of ✗ satisfies the following properties : Proposition 1.26 : Formula of total probability
it Fisnn decreasing let Bn

,
. . . ,Bn be a partition ld.h.RU . _ .UBn and the events Bi are P[Xn≤ an , . . . ,Xn≤ an]=PlXn≤ an] - - - - ' lP[Xn≤ an]

ii)Fis right continuous
µ, gimp,a, , , and am , ,a,, ,} characterize distribution fits! pairwise disjoint) of the sample spaced with PIBI ]>0H≤i≤n _

Then :
Definition 1.33: Independence of an infinite sequence ofr.ir :

a→ -a a→+• b- AEF : PCA]=É,p[AIB;] . /PCB;] let ✗ a ,Xi , . . . bean infinite sequence ofr.ro We say that Xn , Xz , . . .
are independent if Xn , _ . . ,Xn are independent ltn .Theorem 1.19 :

let F.IR-' 10,1] satisfying it - iii.Then there exists a probability Definition 1.35 : Independent and identically distributed / ii. d.)*partition of D: B)
space Cr, F. B) and ar.ir/:R-IRs.t.F=Fx . %) i. ☒

Bi Pairwise disjoint ! Somer.v . 's Xa
,
Xz

,
. . .
are said to be independent and identically

this means : One can define arr . via its distribution function ! distributed II.i. d) if they are independent and have the same
thepresice choice of the prob . space is often not important . Proposition 1.27 : Bayes Formula : distribution function

,

Hi ,j=F✗i=F✗j
Discontinuity / Continuity points off :

let Bn , . . . ,BnEFbea partition of R with IPCBI ] > Oti
.

Then for all
Theorem ,,y,

Fis always right continuous ,
but not always left continuous ! events A with PIA] > 0 we have ti=1

,
. . . ,n

:

Letta
,
. . . ,Fn be ndistñbntion functions. Then ]- a prob- space

i. e. : Fla) -_ him Fla- h) _•← PCAIB;]- IPCB;]
h↓0 PCB;/ A) = n

(R ,FiP)andn riv . Xi , . . . ,Xn on this prob. space such that:

Proposition 1.20 : probability of a given value : ¥yP[AIBJTIPCBJ]
→ Hi

,
Xi has the distribution function Fi

let ×:r→1R bear
.
v. with distribution function F. Then taek: tie . -Va:P[✗i≤ a) = Fila))

IP[X=a]=F / a) - Flat
→ Xn

,
. . . ,Xn are independent .

Interpretation: 1.6 Independence
→ I-lFisnotcontinuous@apointae1R.thentheujumpsize

"

Definition 1.28 : Independence of events Chapter 2 : Discrete Distributions
Flat - Flat is equal to lP[X=a] let /d

, F , P) be a probability space . Two events Aand Bare independent if Definition 2.1
: sum of nonnegative numbers

→ If f- is continuous @ a point AEIR ,
then PCX=a]=0 let lax)✗£E be asequenP[AMB]= /PCA]- IPIB]Discrete & Continuous random variables : Remarks:

Definition 1.21 : Discrete random variables : 1) If PCA]E{0,1}
,
then Ais independent of every event , i. e. V-BEF.PCANBT-IPl.AT-11713]Arv. # AIR is said to be discrete if its image 2) Ifan event Ais independent withitselfle.g.IPIANA-IPIATlthenlt.CA] C- { 0,1 }

✗ (d) ={KEIR : -]weR
,
✗ lw)=K} is at most countable . 3) Ais independent of Bifand only if Ais independent of B

'

This means: ar.v.is discrete f- it only takes finitely or countably many A
,
B independent ⇔ A. Bc independentvalues Xp ,Xz, . . . . In this case :

plan)=lPlX=x,] , plxz)=PC✗=x,] Concept of independence -1 idea that 2 events do not influence each other .
→ the probabilistic properties of ✗ are fully described !

ce of nonnegative numbers (i. e. b-× , ax≥ 0).
The sum of the ax is defined by:

I a× : = sup
✗c- E Fo E

¥+0k
F finite

→ the sum can be infinite ,
e.g. if E is infinite and ax = 1

→ b- sequences Fn
↑ E we can check that the limit

him I -2 a×) makes sense and lion (E ax)=¥eax
n→ a ✗ c- Fn n→ a ✗ c-Fn



Definition 2.3 : sum of an integrable sequence : Bernoulli random variable Proposition 2.20 : Poisson approximation of the Bin .
A sequence tax) ✗ee of real numbers is integrable if: let 0 ≤ p ≤ 1 .

Arv
.
✗ is a Bernoulli r.ir . with parameter p if let d> 0

.

b- n≥ 1
,
consider a r.v.tn ~ Bin In

,
¥ )

.
Then :

→ it takes values in E- {0,1} and
¥E / axl < a Hht IN: him P[Xn=h] =P [ N=k] with NN Poiss (d)

→ 17 [✗= 0] = 1 - p and P [ ✗= 1) =p
n→ •

Intuitively ,
this says that Xn and N have very similar prob.

In this case
,
we define : I Notation: ✗~ Ber Ip)

✗⇐
ax = eaxt _

✗Ee ai where properties for n large .

at = max 10, ax ) and ai = max 10 , - ax) represent the positive and
Binomial random variable 2.3Joint distribution & image of v.v.'s

negative parts of the sequence . let 0 ≤ p ≤ 1inc- IN . A riv . ✗ is a Binomial "" w
_ Parameters n and Pif : Definition 2.22 : Joint distribution:→ it takes values in E-= {0,1 , . . . , n}

→ ax integrable ⇒ sum is finite let ✗i. R → En
,
✗i. R- Ez

,
.
. _ ,

Xn : R→ En be n discrete v.v. 's
→ b- sequence Fn TE , tiny,[?,=na×) makes sense and lim /I a×)=ea× → the {0,1 , . . . in} : IP [✗= he]

= ( n ) P" / 1- P)
""

on ( R
,
F

,
P) with values in some finite or countable sets

n→ a ✗ c-En
k

En
,
. . . ,
En .

The joint distribution of the riv. 's Xn
,
. . .

,
Xn is the

him does not depend on the chosen sequence Fn ↑ E ! Notation: ✗ ~ Bin In
, p) family ( Px, , . . . , xD≥, c- En ,

. . . pen c-En
with

Theorem 2.5 : Fubini for integrable sequences :
let E

,
F be 2 finite or countable sets . Let /ux,g) µ

, y,←exp
be a Proposition 2.12 : Sum of independent Ber and Bin : p,, , , . . . , ,,n

= IP [✗ix. , . . . ,
✗n=xn]

family of real numbers. Let 0 ≤ p ≤ 1 , n c- IN
.
Let Xn

,
_ . .

,
✗
n
be independent Ber Ip) . Then :

→ this characterises the prob . properties of the random vector 1k
,
. . . ,

✗
n
)

Assume that ¥±(¥, / ux, y 1) < • . Then : Sn: = ✗it . . .
+ ✗
n
is ~ Bin In ,p) . If the r.ir.'s IX.

,
. . .

,
✗
n) are independent ,

the joint dist. is :
→ In particular, the distribution Bin 11 , p) is the same as Ber Ip) !¥e(¥,=U✗,y) = I /I nay)

- pm , . . . . an
= 11714= xD. - - - • MXn=xn]

yet ✗c- E

- E → If ✗~ Bin 1m , p) and Y~ Bin In , p) and X
,
Y are independent :

Ky) c- E✗F%YI

✗ + Y = Bin 1min
, p)

Theorem 2.6 : Fubini for nonnegative sequences: Proposition 2.23 : Consider r.ir . as Image of discrete rv. :Geometric random variable:let E
,
F be 2 finite or countable sets . let /ux,g) µ

, y,←Exp
be a let n≥ 1

,
¢ : IR"→ IR

,
✗i. R- E. , . . . , ✗n:D

→ En n discrete r.v. 's on

family of nonnegative numbers . Then : let 0 ≤ p ≤ 1 . Art. ✗ is a geometric r.V.hr . parameter p if : ( r
,
F

,
P) with values in some finite /countable sets En , . . . , En .

z
→ it takes values in E = INYO} and Then 2- = ¢ / ×

, ,
. . .

,
✗
n
) is a discrete v.v. with values in the discrete set

(× , y
)£E✗fU✗iy=¥eyÉ=""9) = I /[ " ✗'Y) → the µ yo} .YEF ✗ c-E

. P [ ✗= k] = 11 - p
)k-1.

p here
,
00=1 f- = ¢ ( E. × . . . ✗ En) and with distribution given by :

b- ze F : IP[ 2- = z] = I IP [ Xian
,
.
. .

,
Xn=xn]

2.2 Definitions and Examples Notation : ✗~ Geom (p) xnᵗE
, , . .. .

>in c- En

¢174
,
. . .

,
Un) = 2-

Definition 2.7 : Discrete random variables : Proposition 2.16 : 2.3.1 Almost sure events
Ar.v.HR → IR is discrete if 7 some set ECIR finite or countable st : let ×

, ,
×
, ,

. . .
be a sequence of a many independent Ber ( p) _ Then: Definition 2.24: let A c- 5- be an event

.
A occurs almost surely Las .) if:

twER : ✗ (w) c- E T:= min { n≥ 1 : Xn = 1 } ~ Geom Ip) PCA] --1

Definition 2.8 : Distribution of a discrete r.v.: Proposition 2.18 : Absence of memory of the geometric distribution :
→ Can be extended to say any set A 1 not necessarily an event !)
occurs almost surely if 7 an event A' c- F s.t. A'CA and PCA

'

3=1
let ✗ be a discrete v.v. taking some values in some finite or countable Let Tn. Geom Ip) for some 0 ≤ p≤ 1 . Then :

set ECIR
.

The distribution of ✗ is the sequence of numbers : tn≥ 0
,
the≥ 1 : PET≥ ntk IT> n] = PET≥ k] 2.4 Expectation - Intuitively : Average

b- ✗ C- E : pi R / ✗ = x) Definition 2.26 : Expectation of a v.v. :Poisson random variable
Proposition 2.9 : let ✗ : r → E be a discrete r.v.

,
assume ✗30 a.s . Then the expectationLet d> 0 be a positive real number . Arv. ✗ is a Poisson r.v. of ✗ is :The distribution ( pre)nee of a discrete rn . satisfies : with parameter d if : F- 1×7=-2 x-P[✗⇒c)

NEE
→ it takes values in E = IN

¥, Pac = 1 F- [✗1=11 But what when a v.v. does not have a constant sign ?ik
if we are given a sequence of numbers px with values [0,1] such that → Uk c- IN : IP[ ✗= k] =

_µ
e-
^ Definition 2.28: Integrality

,¥Ep*=1 ,
then 7 a prob. space ( R , T ,

P) and a r.ir
.

X w . associated let X: r→ E be a discrete r.v.
.
✗ is integrable if: F- [1×1] < A

distribution Cpu ) ! Notation: ✗~ Poisson (d) = Poiss (d) In this case
,
the expectation of ✗ is : F- [✗5- Ex- IP [✗= x]

NEE

the poiss. distribution is an approx. of a bin . Dist . Bin In , p)
if Param . n is large and param . p is small !



Expectation value of a Bernoulli rv. Expectation value of a Binomial r.v. Example ( Uniform v.v . on 2 points) : let acts c- IR
,

r.v.tw
.
distribution P[✗= a)=P [4--6]=12 .

Then :
✗~ Berlp) .

Then F- [✗] =p
let n ≥ 1

, 0≤p≤ 1 ,
S ~ Bin In

, p) . Then

m=ECx)=a¥ and q=✓EClX-m = ItF- IS] = ¥4k. (1) pha- p) "
-k

Expectation value of a Poisson r.v. Proposition 2.42: Basic Properties of the Variance:Use linearity of E and { S has the same distribution as

✗~ Poiss IN
,
d> 0

.
Then F- 1×7=11 that here

,
# [ ×;]=p v. i

✓

sn=✗n+ . . .

+ ✗n w
. Xn , _ . . , Xniid - Ber Ip) 1) let ✗ be a discrete v.v . with F- [ ✗2) ( a. Then :

0×2--11=-1×2 ] - IE [✗72 Very useful when calculating
Expectation value of an Indicator of an event : F- Is] = IE [Sn] = rip the Variance !

2) let ✗n , . . . , Xn be pairwise independent r.v. 's ,
5.= ✗it . . . + Xn .Let A be an event . Then Ian Ber / PCA]) .

Hence
Theorem 2.37: Jensen 's Inequality:
let ✗ be a discrete r.v.

,
¢ : IR→ IR a convex function . Then: B2 = Tx} + . -

- +%
Elka] =P [ A]

If F- [41×1] and F- [×] are well defined ,
then

Variance of a Binomial r.v.Expectation value of a Geometric v.v. : ¢ / F- [ ×]) ≤ F- [41×1] Let ×
, , . .

. ,Xn iidn Bert p) . Then 5.= ✗at . . .
+ Xn ~ Bin In,p) and

1-~ Geom Ip) , Ocp ≤ 1 .

Then F- IT] = ¥ → apply this to ¢ 1×1=1×1⇒ b- integrable discrete v.v . ✗ ,
/ F- [×] / ≤ F- [1×1] of = n.p.lt - p)

Proposition 2.30 : Tailsum formula : → apply this to 41×1%2 ⇒ b- discrete r.ir. ✗
,
F- 11×1] ≤✓EÑ

→ Important effect of summing iidr.ir.'s :
let ✗ be a discrete r.ir. taking values in IN = {0,1 , . . . } . Then: Els] = n-p D= rn-Np2. 5 Independence of discrete r.v.'s

Efx) = É PIX ≥ n] identical distribution means : 0×7+0×3 + - - -
+qi = n-q?

n=1 Theorem 2.38 :

let ×
,
Y be discrete v.v. 's .

Then the following are equivalent: independence implicates : Ts? qi + - - - + qi .Theorem 2.31 : Image of random variables :
let 14

, . . . , Xn : R → E be nr.ir. 's , ¢ : IRS R .
Then 2- =¢1k

,
. . . ,Xn) it X

,
Y are independent ⇔ Chapter 3 : Continuous Distributionsdefines a discrete r.ir . and if ii) V-a.be/R:1PCX--a,Y--bT--lPlX--a)-1PCY--b] ⇔

I 1¢44
,
. . . ,

>in)/ -Pl✗⇒4 ,
. . . ,Xn=xn]< A

,
Z is integrable and iiilb-f.IR→ IR , g.IR→ R : IE [fix)glY)]=E [flxD.IE/glx)] Definition 3.1 : Continuous r.v. 's :

"
" '" '
"" E

whenever E's are well-defined .

Arv
. X:D→ IR is continuous if its distribution function

Fx can be written as :
F- [ ¢114

,
. . .

,
Xn)] = I ¢174

,
. . . ,xnHP[Xian ,

- . _

,
✗n⇒cn] Theorem 2.39 : a

'hi . .. ,xnᵗE Let µ ,
. . .

,
Xn be discrete v.v. 's _

Then the following are equivalent: f-
✗ (a)=/

•
floc) doe =P[✗≤ a] Ha c- IR

→ Formula for n=1 : let ✗ → E be a discrete rv. and ¢: IR- IR. it X, , . . . , ✗n are independent ⇔ rfkt-F.IN
'

Assume I 1101×11-11711=74 < A. Then the discrete r.ir
. ii) -44

,
. . . #nc.IR: Plxix, , . . . ,✗n=xn]=PCµ=x,] . . . . _ p[✗n=xn] for some nonnegative function f : IR → Rt called the Density of ✗ .

KEE

2- = 0/1×1 is integrable and F-[-27--11--141×1]=-241×1 .pt/=xTiii)U-fi1R-4R,...-fn:lR-lRs.t.ffXn),...,fnlXn) are integrable ,
⇔ IPCX= a) = Flat - Fla-1=0 b- a c- IR when ✗ cont .ru.

KEE

Elf, 11h) - - - - - fntxnD-IE.fi/xnD---.-IE-fnlXn1] Plac ✗ < b) =p [ a≤ ✗<b) = Plac ✗ ≤ b) =P [ a≤ ✗≤ b) = fabflx) dx
→ In the case ¢ takes values in the set Fclo

,
a) (⇒ 2-≥ a.s .) then

Uniform distribution on [a , b) , acb :F- [ ¢114
,
. . .

,
Xn)] = -2¢ lxn , . . . , rn)lP[ ✗inn , . . . ,

Xn=xn] is always 2. 6 Variance
true

,
even without the integrability assumption :)

Aunt
. rv. ✗ is uniform in [a , b) if its density is :

n

yaDefinition 2.40 : Variance / f- a see [ a ,b]
Theorem 2.34 : linearity of the Expectation : Let ✗ be a disc

.
r.v.s.t.IE[ ✗Yes

.

Then the Variance of ✗ is : fails IN =

I o ✗¢ [a ,b]Let ✗
,
Y: r → IR be 2 integrable discrete rn. 's ,

AHR
.

Then d-✗ and ✗+ Y are also integrable discrete r.v. 's and: 0×2= EdX- MY] where m= F- [ ✗]

Notation: ✗ ~ Ulla
,
b])

1) F- [d-×] = d- F- 1×7
⇒ IE [✗✗+py] = ×.EC/y+pE(y]

standard Deviation of × : q=NÑ
2) F- [ ✗+ Y) = F- (X) + IE [ Y ] Intuition : ✗ represents an uniformly chosen point in [ a , b] .

→ since F- [✗2) ca ⇒ F- CIXI ] Cs
,
m= IECX) is well- defined :) Properties of an uniform v.v . ✗ in [a ,b] :

→ r.ir
.
's ✗ and Y do not need to be independent for this ! Interpretation of the standard deviation: → The probability to fall in an interval [ c , a- l] c [ a , b) depends

→ this implies : th ≥ 1 In c- IN) : Indicator of how large the fluctuations of ✗ around m=ECX) are. ☒ on its length l: IP [ ✗ c- [c , a- e)
=

F- [ An ✗at _ . .

+ An Xn] = An F- [✗it . _ . + An E [ Xn]
b- integrable discrete v.v. 's 14

,
. . .

,
Xn :S → E and ltd, , . . . , in EIR

Example / Deterministic rn.) : let a c- IR ,
v.v

.

✗ Iw) = a Vw
.

Then m=ECX)=a and 0×2=1F- ( (✗-my]=O



→ The distribution function of ✗ is: Theorem -3.2 : Expectation value of a uniform ru.
0 at let ✗ bear.v. Assume thedist.fct.t-xiscont.andpiecewise.ci, i.e .
✗- a

'
""

Fxlx) : Fxo= - scone . . . cxn-isxn-tas.t.fi is Gon every interval
let ✗~ Ulla,bD

,
acb

.
ThenECXT-b.tt?xdx--a+zbFxlx1=fb-a-,a≤x≤ b :

1
,
,, , , , j > ,,

tri ,xi+n) . Then ✗ is awnt.ru. and a density f- can be constructed
Expectation value ofaexp.r.ir.

by defining : HxE(xi,xi+ , ) : fix)=F×
'#Abteilung !

a

Exponential distribution with parameter d> 0 and setting arbritaryvab.es @ x, , . . . ,xn→
let X~expldl.NO. ThenECXT-bxde-dxdic-IExp.dist.inconto-geom.dist.indisc

.

!
Kochrezept : How to compute the density of 4=011×1 :cont.nu/-isexponentialw.param.ds0ifitsdensityis: Expectation value of a normal v.v .Let ✗ beacont.r.v.w.densityf.to:11?-lRsomefct.,Y-- 41×1 .
( ✗ transformed) _

Assume ✗ and ¢ are sufficiently
"
nice

" / i. e. cont.
,
. . .) let X~Nlm.se) _

Then ✗ has the same distribution as m+rY ,in ≥0 Notation: Tnexp /d)fate)={¥
"

,
xco 1) Compute the distribution function : Y~NIO.nl . Hence:/EH]=E[m+oY]=m+rE[Y]

d^_ 11 - - - - - - - - - - - - - . . Fyke)=1P[¢1>c) ≤ x] = .
. .

↑
Def-3.6

¥ _"":%\é" É- ""
2) Iffy is cont . and piecewise cont . ⇒ Yiscont . and its density is :

and EH)=f%-fork)dx=0 ⇒ F- [×]=m

Hd " " flu)=Fy
'

/x)
Tddd

Expectation value of a Cauchy DistributionIntuition /Application: on each interval where Fy'lx) is well-defined .

1- represents the time of an
"

alarm clock ring
" Arie. ✗ has a Cauchy Dist . ifitiscont . and has the density

Example: Density of 4=112, ✗ www.t)Properties ofanexp.r.v.TW.param.tl : fix)=÷-1¥
,
✗ ER

^

→The waiting prob . is exponentially small: ft≥o:PCTct]=e-
At 1) Fyke)=0V→c< 0 (because yisneverco) JFylx)=1P[✗2≤x]=Pfrx≤ ✗ ≤ Fc ]=€(Tx) - #tr)tx≥0 In this case

,
✗ is not integrable !→ It has the absence of memory property:

Vt ,s≥0 : BIT> ttslt>t] = PIT> s ] where €1k)=÷nrÉe→%dy ⇒ EUN]=¥f!Y¥dx=+a So
,
the E- of ✗ is not well defined

Normal distribution with parameter ME Randol > 0 Fylxliscont . & piecewise C
' V1

Theorem 3,8: Jensen 's Inequality:A- cont. r.v.xisnormalw.param.mandtsoifitsdensity.is : Fy'lxl=0 two Leto:1R→lRbe aconvexfct . ,
✗ acont.r.v.s.t.EC/IandEl4lxDare

a-my
2) fl")={ Fy'(x)=¥(OIYrn.lt#l-rxD--wI--.e-H2U-x≥0 well defined _

Then:
¢1 # [×])≤E[¢(×)]fm.ir/oc)=j#--2r2Notation:X~N(m,r4 Example : Density of Y=X" ,

X~U / [0,1]) Definition 3.9 : Variance ofawnt.ru .
^

.

p[Y≤x]=lP[✗" ≤ a]=lP[ ✗≤ x%]=x%
,
-VxE( 0,1] Let ×:r→lRbe aunt.ru. iv. density f. If ECXZ]ca ,

the Variance of ✗ is :

1) Fylx)={ 0 ,
tx≤ 0H small • ≤ small fluctuations of ×

ld.tn/istypicallydosetom) 1
,
for> 1 → cont . & piecewise C

' tu) Varlx)=q2=E[ IX-m)
? ]=fItk-mPflx)dx where m=ElX]

.

mtrnh mir
- s"

standard deviation of × : q=NÑ
2) fix)=Fy"m={¥x¥- ¥

"

✗ c- cop] Proposition -3.11 : Basic properties of the VarianceProperties of normal v.v. 's : 0
,
b- a > 1

→ if Xn, . . . , ✗nindep.normalr.visw.paramlmn.si) , . . . , /mn.fi/ then 1) Let ✗ beacont.r.v.w.EU/2Jcx.Then:q2=lECXY-ECx72Z:--mo+XnXntdzXz+
. _ .
+ dnxn~Nlm.se) where 3.2 Expectation and Variance 2) let ✗beawnt.r.v.w.EC/7ca,dyuElR.Then:qI+p--d?q2m=mo+mn+...

+ mn
,
=✗?ri+ . . . + digit Definition }-2 : Expectation of a positive # :

3) Leth
,
. . . ,✗n be pairwiseindep.wnt.r.v.w.EC/Y-ka,dn,...,dnE1RletX:R-s1Rbeawnt.r.v.w

. density fund assume ×≥0as . Then:

→ Standard Normal r.v. : ✗~N(0,1 ) ⇒ Z :=m+&X~N(m,oz) •
and sets:=dnXnt

. . .

+ dnxn
.

Then:

→ ifx-Nlm.se) , then all the
"

probability mass
"

is certainly Expectation of # F- [×]=fjkftx)dx can be finite or infinite ! Vans)=gz=µzqp+ . . .

+ ing}
in [m -30 ,m+3o] . ↳ also If !X≥0 but F- [1×1]< a / ✗ is integrable)

Every X~Nlm.az) can be transformed to-2~NIO.tl : Definition 3.6 : Expectation of the image %, ,,µ,,,d, , , .

Varianceofauniformr.v.letxbear.v.w.densityf.li/R-1Rs.t.fa.Let X~Ul[ a,bD .
Then ✗ has the same distribution fat . as

let X~Nlm.az) . Set - :=
✗ -

m.thenZ-f-X-m-nrco.tl.T Then the expectation of 41×1 is : at / b- a) Y
, Y~UKO.nl]) .

a ECY]=1z=m ⇒ ry2=µEdx-m2= -5-12=1-2
⇒ PCIX- ml≥3o] =P / 1×71-33]=P[1Z1≥I 11=-141×17--1,4 /a) fluidic prop.-3.11pyaagga.wyg.mgyyymyg.ua#

⇒ , .gg ,,,a,



Variance of a exponential r.v.: Marginal densities: Asymptotic Results
use formula Ifx,Y possess a joint density fay ,

we have:

F- [✗2)=/%c2.de?tkdx-y?- ⇒ Fix a probability space / R ,F,P) and an infinite sequence of ii. d. v.v. 14,4 ,
. . .

0×2=15--1×2] - # [xp Ñ= P(✗≤ a]=P[✗ c- C- a. a] ,YE[_ a. a]]=([[ flx,y)dy)dx i.e. let Xi :R→lR : this:-< in ,V-xn , . ..int/R:lPlXii-xn,...,Xii-xuT--Flxn)---FlxW
integration by parts iv. F- common distribution function .

aVariance of a normal r." : Hence
,
✗ is continuous with density: fxlxtfafxylx,y)dy Empirical Average : behavior for n large of the rv. :

let X~vlm.se) . Use that ✗ has same distribution as m+rY
,
Y~NIO.tl

.

•

Un :=
Xnlw) -1 - - - + ✗ nlw)

Sinar;=✓¥Éx2é"%dx=1 ⇒prop. 3.11 92=02 Andy is continuous with density : fylyt-fa.fm/x,y)dx n

yn
0×2=02-0} Law of large numbers :

Theorem 3.16 :3.3 Joint Distribution
ᵗⁿʰP" " ""Ñⁿᵈᵈʰ"↳&ᵗʰ&ⁿ " " " """ "

"

%
>x Assume # [1/41] well defined & finite , define m:=ECl✗t] . Then :

Iffxytkiy)=ko≤n,y≤1 ,
✗ has density

0 1

Definition 3.12 : continuous joint distribution : fxlxt-fjfxylx.ly)dy=§Io≤n≤ndo≤y≤,dy=1o≤n≤a
Twor.is/,Y:R-s1Rhaveacontinuousjoinl- distribution him ×" - " + ×"

=m as .

if ]- afct.f.IR?s1R+s.t .
and analogously ,

Y has density : fyly)=Io≤y≤ , n, n

Example : Marginal density of uniform point in disk Example : Bernoulli r.v.is :
P[Xtlqa ' ] ,YE[b. b' ]]=É¢bb"flx,y)dy)dx If fx.ylmyt-kknzi-yk.it/ has density letxn.kz, . . . infinite sequence of ii.d. Bernoullir.v.w.paramp.lt

- aaaaa'< +• and V. - • <babies f×H=É±ʰñ+yk1dy=¥✓1Ñ and ✗ has density then: him ✗at - . _ + Xn
=p as .

fyly)=¥NtyT ( aussymmetnegriindui.no need to calculate integral !) n→• n

flu ,y)= joint density of IX.Y) Example:Definition : Expectation of ¢111,4) :Remark -3.13: left
, ,Tz ,

. .
- infinite sequence of ii.d. Exponentialr.visw.paramdletlo.tl?2-1R.IfX.Yhavejointdensityfx.y,theEof-ther.v .

A joint density always satisfies:[[ flxiyldy)dx=1 z :=¢(×,y) is : Then : limit"
- " +Tn=1

as .
n→a n d

F- 12-7--11=-14111,417--1? .IT/olmyIfxylx,yldxdyAlso: Given a nonnegative function f- satisfying this Tone can always Central limit theorem :

construct aprob.spacelr.F.PJandtwor.is/iY:T1RwithLinearityofF- for jointly continuous distributions : Answers the question : how far is
×" - " +×"

fromm typically?joint density f. n

V-d.pe/R;X,Ywnt.r.v.w.jointdist.fxy:
Interpretation: ftkiyldxdy represents the prob . that the random The Gaussian Case :

point / HY) lies in the small rectangle Fxixtdxxcy ,y+dy] .

F- [ d✗+yY]=AE[✗JtiE[Y] let Xn ,Xz, _ a sequenceofii.d.NU/m,r4.Then:z=Xr+--.+Xn-m~NlO,E)Example: Uniform point in the square: Theorem 3.14 : Independence for continuous v.v .'s : n

consider twor.v.is/andYwithjointdensityflxiy)=1oc-x,ya,i.e.letXiYbe two cont.r.li's w .
densities fxify _

The following are equivalent : standard deviation represents the typical fluctuations of 2-
1 174g) C- 10,172

i. volume here
1) HY are independentft"Y)={ 0 ( x,y)¢[0,112 2) ✗ it are jointly continuous with joint density : fx.ylx.yt-fxlnt.fi/ly) ⇒ typical distance betw.XH.in#andmisoforderFn

Then we have b- rectangle R-la.at/-lbib')cC0i1]
"

; y 3) V. ¢ :1R→1R,4;1R→1R :# [41×141×1]=11--141×1]-11=-14141] ⇒ rescale Z : F- 2- has fluctuations of order 1 , d.h.EE - V10.1)PCH,Y)ER]= la '
- a) - lb' - b) = Area IR) fG4y)

,
Important consequence: Whenever the F- are well-defined . So: If we consider ii. d. r.v. 's ~ Nlm,) ,

then the r.ir
.

Example: Uniform point in the dish: two independent continuous r.ro's are automatically jointly continuous ! Hit - - - + ✗
n
-

n-m
~ mom .

Let D:={thy):x2+y2≤ 1 } . Consider tworv. 's ✗ and 't with joint Example : Uniform point in the square [ 0,132 : ✓Ñ
General Case :

If ✗it have joint density fxytkiy)=1o≤x,y≤a Ifx, , × , are not normal :
"+ " ' + ×" - nm

_ v10.1)density fluty)=¥k,i+y% ,
i.e

.

Nien th
.

= > fxytxiy)=Io≤n≤ a- 1o≤y≤i-fxbd.fi/ly)ftkiy)--{¥ ""/ ≤ ^ thezcoordinatesofa uniform random point in [0,15 are independent !
Theorem 3.18 : Central limit theorem :

° "" Y
'
> ^

So ,✗,Y are jointly continuous :)
Assume F- [ ×!] well defined and finite , define m:=E[XD.ir?--VarlxiThenU-rectangleR--la,a4xlb,b'1CD:
and Sn :=Xnt . . _ + Xn

.

Then :

Example : Uniform point in the dish : f×hd=¥NÑ
Pax,Y)eR]=¥ / a'- a) - lb' -b)=Area pfsn-n-mxilhavejointdensityfxy-I.to,

and { fyly,=¥nhI wñ
≤ a) n→•s$la1=¥Éé"%dxArea (D)IX.Y) :repr%sentsa uniform point inD .

⇒

fxylx.gl/=fxlx).fyly)the2coordinatesXandYofauniformpoinl- in Dare not independent !
So

,
✗ it are not jointly continuous .



Definition 4.2: Maximum likelihood estimatorChapter4 : Introduction to statistics "%↓ˢ=ÉÉixi -miThe maximum likelihood estimator for a realization >e is the
parameter G- = Élan , . . . , xD for which the likelihood is maximal :

e.B. ✗~ exp /d)
% 1PM ≥ a]

,
PChaving specific observation] ?

{ %§¥ = - + Éy(xi-m)2
↳ (E) = mgax 1,10-1

(
> l has a unique maximum !

Probabilistic
É

,

Data Maximum likelihood estimators of m and r2 :
Example : Bernoulli modelModel
I

741 - -- i% Let ✗ n , .. . , ✗n
~ Ber Ip) . A possible realization : a. = Gcn , . _ , ✗n) c- { 0,1}

"

in ( x, , . . . pin)=
"+ - " + "n

n

statistics ⇒ likelihood fit : ↳dp)=PlXn=x, , . . . ,Xn=xn]=p
"" G-pi

""

possible model that
underlies this data ? C observed son , . . _ pen

/oh , . . . , an)= In¥
,

(x ; - Ñi (x , , . . . , xnÑwhere Incl = Tiki

4.1 Estimation of parameters
Now

,
we want to find Fst . ↳ (F) = 07¥, help

) : 4.2 Confidence Intervals
= > easier to study ¢ Ip)= logllxlptl-lxl.bg/pI+ln-lxDlogl1-p)Goal : We want to estimate parameters , given the observed data .

↳ Goal : find out
"

how good
"

the estimators from chapter 4.1 are
than help) ( UseTrick of taking the log for 110-1 inform of a productOur framework: sequence of ii. d. r.r.'s Xn

,
. . . ,

✗
n
w
.
distribution Definition 4.7 : 2-% - confidence interval forOlalways the case for ii. d. r.ro's ! ))depending on one parameter 0 or more parameters Consider a probabilistic model w. underlying parameter 0 .

Oi , . . . , On that we want to estimate .
For 0 ≤ 2- ≤ 100

,
a 2- %- confidence interval for ⊖ associates to each⇒ ¢

'

Ip) = ¥ - -10 / find max .→ ¢ has unique man. ! )
Examples of discrete models : realization x = Gcn

,
. . .

,
xD an interval I = [ahh ,

bloc)] CIR st
.

⇒ Maximum likelihood estimator for p : 15th , . . . , xn) =
"" + - - -

+%
• Xn

,
. . .

,
Xn i.i.d. ~ Ber Ip) , p

c- [ 0,1] n b- ⊖
,
IP [ a 11h

,
. . . , Xn) ≤ 0 ≤ blxn, . . . , Xn )] ≥%

• Xi , . . . , Xn i. i. d. ~ Geom (p) , PE [ 0,1]
• Xi

,
. . .

,
Xn i.i. d. ~ Poiss (d)

,
d > 0 4.1.2 Maximum likelihood estimator for continuous models ¥ not random.TT

random elements

Examples of continuous models : Consider Xn , . . . , Xn i.i. d. Continuous r.ro's w . density fo. depending on Example: Exact confidence interval for the normal model w . 02--1
• Xn

,
. . _

,
Xn i. i. d. ~ U ( [ 0

,
-03)

,
0>-0 some parameter D- c- IR . ( or more parameters -01

,
0-2

,
. . .

)
let ✗ , , . . . ,Xn be i.i. d ~ Nlm

,
02=1)

,
m unknown

.

◦ ✗ n , . . . , Xn i. i. d. ~ exp (d) , d
> 0 Goal: define a natural estimator for the parameter 0 .

⇒ Maximum likelihood estimator form: ñnlnc
, ,

. . . pen)=
"+ - - - + "n

• ✗ n , . . . , Xn i. i. d. ~ Nlm ,
F)

,
me R

,
F > 0 Definition 4.3 : likelihood function of a realization ^

⇒ We're looking for a confidence interval form of the form:

Realization of a model : A vector x =/ xn
,
. . . ,xn) c- IR

"

of possible let ✗= Gin
,
. . . ,xn) EIR

"
be a possible realization for 114 , . . . , ✗nl . The

values for 1×11 - - -

I
✗
n
) likelihood function of x is : 110-1=1 ,, (f)= folx,]. . _ . .fo(xn)

IN= [ÑW -Fi into +¥] ,
c> 0 constant

.

Main Question of Chapter : We observe a realization 44 , _ . _ ,
an) of

→ Intuitively : fo.hu, . . . . folxn) ± probability that (×, ,
. . .

,
✗
n)≈ (× , , .. . ,xn)

since P[^mlXn
,
. _ .

,
✗n) -¥ ≤ m ≤ in 11h , _ _ . , ✗n) +¥]=P [-c ≤ Z ≤ c]

our model
.

Can one estimate the underlying parameters) of the model ?
w .

2- =
✗it - - - +✗n- n-m

~ No
,
1)Definition 4.4: Maximum likelihood estimator : rn

4.1.1 Maximum likelihood estimator for discrete models The maximum likelihood estimator for the realization ✗ = Gen , . . . ,xn) = > Pfc ≤ 2- ≤ c) =P [ -2 ≤ c] - IP [2- < - c] = 2$14-1

Consider ✗
1 , . . . , Xn ii. d. discrete r.v. 's w . values in a finite or countable is the parameter G- = Ñ Inn

,
. ._ pen) st . the likelihood is maximal:

w
.
& (c) =#{ e-

"% doc ^

[
2- ≤ c)

,

set E
,
and distribution ( pom) depending on some parameter OER . ↳ IÉK my 1×10-1

Hi
,
the c- E

,
P[Xi=x] = polxl

Check inTable : 2.€11.9b) -130.95 PÉ]

→ When model involves more parameters On , 0-2 , . . . : = > So
, by choosing c= 1.96 we get:Realization / observed) (x , , . . . , xn ) → 0 ?⃝ ↳ likelihood function of the form ↳ IQ, Oz , .. .)Goal : define Ñ Gin , . . . , xn) = good prediction of ⊖ ↳

maximum likelihood estimators for a realization ✗= lxn , . . . pen) = P[^m 114
, . . . ,

Xn ) - ≤ m ≤ m^ 114
, . . . ,

Xn) +19¥] ≥ 1%
Definition 4.1 : likelihood function of a realization parameters Ñ, ,Ñz , . . . st . likelihood is maximal : ⇒ Itn)= [in Gc) - 1¥ ≤ m ≤ into+ 1¥ ] is a 95% -let ✗= 104

, . .
. ,xn) C- En be a possible Realization for (✗^ , . . . , ✗n ) . ↳c /0-7,0^2 , - . .

) = Max 1×1-0, , Q ,
. . .
)

likelihood function of x : = 110-1--4,10-1=11714 = x , , . . . ,Xn=xn] 0%0-2 , . . _ confidence interval form
likelihood of x=^ probability to observe the realization ⇐ Gin

,
. . .

,
xD

. Example 1 : Normal model
( d.h . der echte Wert von m befindet sich zu 9506 in Ibc))

↑when the underlying parameter is Q ! ≤ in probabilistic terms to the let ✗^ , . . . , ✗n be ii. d. ~ Nlm
,
F)

.
Possible realization: x= ( oh , . . . , xn) c- IR? a.B.Temperature at which water i

joint distribution of Xn , . . . , Xn ! ⇒ likelihood function : Lxlm ,o4=# exp {-¥
,

" 7
"
}

for ii. d. r.r.'s ( for us always the case !) ,
likelihood function is :

⇒ maximum likelihood estimator : find ñn
,
% sit .

↳ 10-1=11714--1 . . - P[Xn=xn] = patient - - - Po. Gcn) ↳ (m^
,
E) = man Lxlm ,F)

MEIR
,
> 0

↳ look for the critical points of the function log 14 :

bo Is
,
when

each measurement can be modeled by a Nlm ,
1)

4. 3 Statistical tests

Goal: introduce the notion of test ,
7.13

.
used to decide if a coin is fair or not .

Theory of testing :we have general hypothesis on the probabilistic model .
Goal of test : accept / reject these hypothesis by analyzing some

realization of the model .



4. 3 Statistical tests

Goal: introduce the notion of test ,
E.B. used to decide if a coin is fair or not .

Theory of testing :we have general hypothesis on the probabilistic model .
Goal of test : accept / reject these hypothesis by analyzing some

realization of the model .

Framework: ① Fix a threshold c > 0 Probability tree:
n i. i. d. r.r. 's Xn , . . . , ✗n whose distribution depends on some parameter D- . ② For each possible realization ✗= lxn , . . . pint calculate the ratio
consider two Hypotheses of the form : PHI ✗Fan , _. . , Xn=xn] ↳ too)

a
MR""' =

PH, [✗n=x, , . . . , Xn=xn]
=

1,1%1Null hypothesis: Ho : 0=0-0← two possible values AC
Alternative hypothesis : Hi. 0=0,

✓ for the Parameter ③ Defined lock /° "" " d.h
. we reject Ho if rlx) ≤ c.1 Mx) ≤ c PCB# \ IPCB 1P_1=1-1171311-9⇒ Given a certain realization of our model x= Gc, , . . . , xn ) , a ④ Relevance level of the test : ✗ = PH.fr/Xn,...,Xn) ≤ c ]

test aims to decide whether the hypothesis Ho is accepted / ⑤ Power of the test : 1 - p = 1- PH, 41×1 , . . . , Xn) > c) = 117-1,161/4 , . . . ,✗n) ≤ c] B B' B B
'

palANDY {PIC' IANB4rejected in favor of th . Theorem 4.9 : Neyman- Pearson 's lemma: Platt# \
,
,
⇒-Pliant]

c ce
! ! ! I

→ Test: given by a function D= dlxn
,
. . . ,xn ) c- {0,1 }

Consider a statistic framework with two simple hypothesis Ho and c ce
th . Among all the tests with relevance level ✗ , the likelihood ratiodlx) = 0 : Ho is accepted dH=1 : Ho is rejected testis the most powerful .

Errors that occur when setting up a test : ⇒ PICK IPCANBNC] + IPCAAB' not IPCATIB not PCA'dBbc]

Type I error : Reject Ho when actually it is true ⇒ planBnc] = PCA]- IPCBIA]- IPCC / AnB)
This type of error is controlled by the relevance level of the test : Using this for Eddy's problem :

For a bad coin (10--0.7) : likelihood of x= (x, , . . . , xn) is :
[W' kit

,
datu landen ↑

muss durch alle diesel
✗ " = PHO [ dl✗¥,=^

]
pH
,

/ ✗⇒c) =L,, 10.71=0.71×10.310-1×1
⇒ Pfade = Pruit Verbedingungen

Ptb = probability measure when the hypothesis Ho is satisfied For a fair coin lp= 0.5) : likelihood of E- lxn ,
. . . ,xn) is :

knot en: IPC
.
.in . . . _

A
.. .

)

(d.h
. 0=0-0) Pth (✗⇒c)=L,, / 0.51=0.5^0

↑
alle Schneider die man durchgeht !

Type II error : Accept Ho when actually ,
Ha occurs : The ratio rW=PHˢ is equal to : r (a)= 0.6101¥)

""

Wichtigbei expectation value :
This type of error is denoted by P and gives rise to the Pm E- [ 1×+411

,>
+1×+2-11;] =# [ ✗+Y]- PCD] + IEC ✗+ Z )- IPCD']Represent this in a table:

Wichhig bei Normalverteilung:power of the test := 1-f- 1- Pth[ᵈl✗"a;;;p¥°] Wenn X~Nlm×
,
0×4

,
Y~N(my,%) unabhiingig sind ,

damn
Tabelle ans Skript

Principles when choosing the test and the hypothesis : ist ✗+You ( m ✗ + my , 0×2+9,2)
→ Main Goal: Avoid Type I error (controlled by a) Defining a probability space , example :How to " read" this table:

↳ Roll of die & toss of coin :→ Secondary Goal : Avoid Type I error → look for most If Eddy chooses c- 1 : he will reject to if 1×1 ≤ 6 .

In this case:
a- { 1,2 , } , 4.5.63 ✗ { 0,1} (Irl = 12)

↳ Roll of n die :

powerful test after fixing ✗ .

Relevance level of test : ✗=P,-↳ [ reject to]=pµ, [ 1×1 ≤ b) ≈ 0.3503 7=2
' (IF 1--21^1=2") " ""' " ' ' b}

" "" = " )

Example : Eddy's Problem: ( Good /Bad 6in ?) IP : f- → [0,1 ]Power of the test : 1- p=PH,[reject Ho] = PH, [IN ≤ 6)≈ 0.8228✗n , . . . , ✗ no ~ Berlp) A↳¥,
choose 2 hypotheses for the test :

↳ D.h
. w . choice e-1,35% of the coins Eddy brings to the

1. priority : Avoid bringing bad coins to the casino casino are bad ,
but 82% of the good coins will be brought Wenn nach Vert lilting ⇐ Distribution) gefragt ist ,

untersu che :

2. priority : Avoid throwing good coins away to the casino . Dishret : IPC ✗= k] = _ .

= dist
.

⇒ {Ho
: p = 0.7 If Eddy chooses e- 0.1 : he will reject Ho if 1×1<-3 . In this case: continuous : PC ✗ ≤ x] = . . .

= Fx (x) = dist .

th : p= 0.5 Relevance level of test : ✗=P,-↳ [ reject to]=P,-↳ [ IN ≤3) ≈ 0.0101
Borel set : Any set in a topological space that can be formedThis means : Power of the test : 1- p=PH,[reject Ho] = PH, [IN ≤ 3)≈ 0.1719 from open sets 1 or from closed sets) through the operations of countable

{ Ho rejected ? Eddy concludes that the coin is not bad → D.h
. w . choice e- 0.1

,
1% of the coins Eddy brings to the union

,
countable intersection

,
and relative complement .

Ho accepted E Eddy concludes that the coin is bad .

casino are bad ,
but only 17% of the good coins will be

Here
,
we have : brought to the casino !

Borel T - algebra on [0,1]?= Die kleinste Menge von Teilmengen von R ,
die :

Type I error =^ bringing a defected coin to the casino HI) REF

Type I error ≤ throwing a good coin away . H2) AEF ⇒ A' EF

113 ) An
, Az , . .. C- F ⇒¥

,
Ai EF

setting up a test with likelihood ratios : lrfiillt & alle Mengen [×, , ×, ] ✗ [ ya , y, ] ,
0 ≤ ✗ncxz≤ 1 ,

0≤ yncyz ≤ 1 enthiilt .For us : distribution of Xn
, . . . , Xn completely determined under Ho & Hi .

⇒ set up a test using the method of likelihood ratios :



Anhang
· Wenn Ex gegeben, and his wollen PCa-X<b]: Medicament

Ein Pharmainstitut behamptet, ein bestimates Medinament with mit
B(aX <b) = IP(X<b) - IP(X ( a)= lim ExH) - LimEx( einer Whit ron mindestens 90%. Daranthin wind das Medinament an 100Urnenmodell: *Ib Personen verabreicht.

mit Zuridelegen one Euricklegen · X.Y with joint distribution fx,x(x,y). a) In dieser ersten Testreihe zeigt das Mittelbei 97 der 100 Personen Wichung. Isn: #KugeIn, k: #Evge
-IP(x<3y]=10(k(x<3y3fx.x(x,y) dyde damit di Behamptung des Pharmainstituts and dem Significantirean con

Reihenfolge relevant n!
5o statistisch bewiesen?

(variation( nk
(n- k)!

~ IP(Y= 1) =101dSyz53fx,x(my) dydn
· Es gibt unabhngige some nicht unabbingige Infallsvaraben, fire die PieNulhypothese wind so gewaht, dass das, was man selbst beweisen will, in

Reihenfolge irrelevant der Gegenhypothese stent. Das Pharmainstitut versucht natiolich In beweisen,

( Kombination) (n+1) (i) #()fC gitt. Es gibt specialfalls, in denen IE()
=*gilt. dass das Medicament gut ist.

· Wirfel: 1=<1,2,3,4,5,63" n.#Wiirfel =x( x1= 6"
Identitaten:

Die Nullhypothese ist dana: Ho: p<0.9, was bedentet, dass das
-(a+ p)u=z(Y)xpn =E(v))(Y) =(Mn) =%- Konfidenzinterval Medilament mit einer geringered that als 0.9 witht.

SeiY,,...,Yn eine Folgeron i.id. Messungen einer unbehanter Grosse m. Die Gegenhypothese ist: Hip<0.9, also dass das Medicament mitDie Verteiling Ciner Messung ist N(m, r") mit behauntem 5=0.1. Wir-(()= (Yi) + (vii) =ull -eX=E betrachten das Konfidenzinterall I:CtZEY-a, fEitYi+a]. Walle das
einer Wahrscheinlichkeitron mindestens 90% witht. In folgenden berechnen

grossez sodass Iain 2%- Konfidenzintervallist.
wirdisWahrscheinlichkeiten unter der Nullhypothese:

· retdt=n! Oxtan(x) = Ycos?x Hp=0.9(X=k) =0.05(1- Pp=0,g(Xk-1) = 0.05(= Pp=0.5(X=k- 17 =0.95SeiYn:ZEY. Aufgound der Eigenschaften von Infallsvariable erhalten wir Xist binomialverteitt mit Parameter p=0.9 and n=100. Die Binomialver -

-oxn(x)= 1 + ((x+Ve- ++ =6xhex= Yar N(m,5Yn) and somitz:=
wn((n- m)

- N(0,1). teilung ist for grosses a numerisch schneng in berechmen, hand aber gut mit
eier Normalverteilung approximient werden, we man einfach mit dem

Wichtige Reihen /Summen:
IP(In- a = m) =IP(Yn-m =a) =1/rYx-m) =v) =P(z-) = (a) and somit zentralen Grenzwertsatz beweisen learn: x=x1+...+ Xn, wobei Xi i.id

(
Bernoulli-Variable sind mit Parameter 0.9. Somit gilt I(Xi)= 0.9 andIP(xn- ac m)=1- ((9). Analog:↑(Yn+azm) =(((a) -> I(n+ acm)=1-(F
-12 =0.9.(1-0.9)

= 0.09. Daher gilt lant dem CLTGeometrischeBeihe: nEoANEEto
ens

#(me (In- a, Fn+ a]]=50 isquivalentzn 0= 1-1P[m*(Yn-a, Yn+a]]. Da di

x(p=0.9(x-h-1) = 1Pp=0.9(Xnt...
+ xn -0.9ncktong(kogn)

1- q Ereignisse 3Yn-asm3 and [[n+a< m) disjunt sind Linen wir die Wahrschein- Nogu

lichkeit der Vereinigung als Summe der Wahoscheinlichheiten schreiben:
Als nachstes bringer hirk in der folgenden Ungleiching and die linke Sites

Arithmetische Summe:Elzat
t=1-1P([Yn-ac m) USTin+ a <m3) = 1-(P(Yn- asm) + IP(Yn+ acm)) = #Og(<0.95Es hOgE-10.5T

Partielle Ablitung: (a"f(x1g(x)dx = (f(x).G(x)."- Sf'(x1.G(x)dx = 1-2(1-(()) =2)() - 1. #>k = 95.95
↓....1

f(x)G(x) DieNullhypothese wind also bei95 oder wenigerTreffern in Test, also Personen bei
~

Faires Spiel":I(X)=0
Rote & Schwarze Kugeln: deven das Medicament witht, angenommen and be 96 oder mehr abgelthat.

InTest wirtte das Medilament bei 97 Personen, das high fir das Pharma-

Unabtiangighit: Auch liber I verifizier bar! institut in ginstigen Ablehnungsbereich. Das Ergebnis derTestine ist damitnonemit Z0roten and SO schwarzen Kugela. Eiche 3mal mit zuriclelegen. statistisch significant beliesen.
lange sines Confidenzintervalls: Fir Xi, i= 1,2, ..., nwN(m, 54 ist die Lange des a Definiere den einfachsten (Weinsten) Wahoscheinlichkeitsraum (I, F, P) der b) Zweifel an Wichung an Medicament. Never Test an 100 personen.
Konfidentintervalls: 1C(x11 =

21(1-412).
r

->

fallsnachngesuchare Test Nullhypothese & Gegenhypothese? Wie muss seine Entscheidungs-
Va dises Experiment beschreibt, wobei wir nur an den Farben der Kugeln interes regel lanten, wenn erseine Vermutung and dem Signifihanzniveau conl

wobei 1-x(0) der gluinschte Konfidenzintervallist. siert sind and in welcher Reihenfolge dis Farben gizogen werden.
statistisch belegen will?

(Konfidenzinterall hat die Grenzen kZio XINE"(1 -E
Die Nullhypothese wind so genault, dass das, was man selbst beweisen will, in

2:= 30,133, wobei o fier not and 1 fir schwarz stent. Ill = 23=8 der Gegenhypothese stent. Hier wind versucht an iberpoifen, ob das Medicament

Fi=P(x) 3lngeln
nicht dock schlechter with, als behamptet.

Normalverteilung, Verteilungs funktionen: daichen (1000(schwarz or weiss) (F1
= 20 = 24%

DieNullhypothese issomit Ho: p=0.9, also does das Medicament mit 90% when't

standardnonmalvetatung: X-N(0.1): (x)=Eeeetdt #FeCO.], Are IP(A):- zwen 0.275i0.gWi oder met witht.

w=(w,,wz,ws)
Die Gegenhypothese lantet: H: p<0.9, also dass das Medicament mit

allgemeine Normalverteilung: X-N(m,t2):F(x) =rewldtEM)
T

weniger als

Subst.t= rz +M

new Integrations var. z =Em

901 Wahrscheinlichkeit witht.

Wirwollenh finden, sodassIp=0.g(X(k) =0.05. Analogin a), wende den
zentralen Grenzwersatz an:

Ip=0.9(X-k)=Pp= 0.9
Xnt...+ Xn- 0.9n ck-O.ORJ=(40.gn) and aman2 Nou

analog weiterrechen: oggn) ->0.05 Fog*(0.05) (1k= 84.0
Die Nullhypothese wind bei 84 oder met Patienten, bei denen das Medicament witht,
abgelehat and demach beis5 oder met Patienten angenommen.


