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Abstract

The impact of a magnetic field on the light emission of a neon lamp was studied by observing

the spectral lines using a Lummer interferometer. The elementary charge mass ratio was calculated
to be (1.9 £0.1) - 10! C/kg, where literature values deviate by 8 %.
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1 Introduction

The Zeeman effect describes the splitting of spectral lines if a magnetic field is applied to the light
emitted by a radiant body [1]. It was first observed by P. Zeeman in Leiden in 1896 and three years
after partially explained by Hendrik Antoon Lorentz [2]. They were awarded the Nobel Prize in
Physics in 1902 «recognition of the extraordinary service they rendered by their researches into the
influence of magnetism upon radiation phenomenas[4].

In this experiment the spectral lines of a neon lamp is observed using a Lummer interferometer.
The Zeeman effect can then be illustrated by applying a magnetic field and observing the splitting of
the spectral lines in different intensities [2].

2 Theory

2.1 The Lorentz Theory

The Lorentz theory is based on the model of a harmonically oscillating charge, which emits radiation
of the frequency corresponding to the ground state. The harmonic oscillation is driven by an electric
field which is described in the following equation of motion:

. € .
B+ wizi = — (& A H);, (1)

e

where i = 1,2,3 and H denotes the magnetic field. Provided that the magnetic field H = (0,0, H) it
follows that the parallel component to the oscillation is not affected. This can be solved to

x1 = cos|wo + Q)t]
x1 = —sinfwo + Q)]

and

x9 = cos|wy — N)t]
x9 = sinjwy — N)t],
where a profound derivation can be found in [2]. The factor € is defined as

Q.- eH,
2me

(2)

where m, corresponds to the mass of the electron. Considering that the magnetic field points in z-
direction the solution found for Equation (1) describe a left circular wave (x1,y1) and a right circular
wave (z2,y2). Equation (2) provides a possibility to determine the absolute value of e and the sign of
e/me.

Equation (1) describes a radiating particle with no restriction to its frequency. This does not coin-
cide with the discreetness of energy levels in quantum mechanics. It contradicts energy conservation
as the electron is accelerated and therefore emits radiation whereas the solution of Equation (1) show
no decrease in energy. Further the quantisation of angular momentum and the concept of spin are
neglected in the model.

2.2 The Bohr Model

Bohr postulated that electrons only radiate during a transition from a discreet energy level to another.
From a quantum mechanical view the energy is discrete in integer multiple n of the Planck’s constant
h. Further the orbital angular momentum L is analogously only possible in integer multiple [ of the
reduced Planck’s constant h.
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Figure 1: For fixed quantum number n the quantum number [ and m are considered for the transitions
described in Section 2.3. The precession frequency (2 is responsible for the change in quantum number
m. The left side corresponds to the situation where no magnetic field is applied, whereas on the right
a magnetic field acts on the radiant body. Illustration from [2].

The magnetic moment p of an electron orbiting is defined as

e L
2me

p=—
where L is the orbital angular momentum. The torque is defined as
T=puNH, (4)
which leads to the equation of motion
=1L (5)

by inserting Equation (3) in Equation (4). Solving the equation of motion yields a precession in the
components perpendicular to H. The precession frequency is

0- eH (6)

- 2me

and is called Larmor frequency.

2.3 Selection Rules

Bohr’s second postulate states that a photon is emitted if an electron descends to a lower state (see
[3] for further information). In this experiment only several transitions are of importance as other
transitions have a negligible possibility to occur. These include transitions where

o Al = +1 and
e Am = 41 or 0.

The frequency variation €2 shown in Figure 1 can be determined by the magnetic energy:

eH eH

hQ = A Eupper _ AElower - (mupper . mlower) —F Am.
m m 2Me 2Me
Considering the selection rules introduced previously 2 is
eH
Q=4 0 7
e " (7)

which coincides with the Larmor frequency.



2.4 Spin

A more general model of the Zeeman effect includes the consideration of spin, which is further of
discreet nature. In the Stern-Gerlach experiment the magnetic torque pg of the spin S was found to
be [5]

eh e
= = -85 8
Hs =g o (8)

For electrons the quantum number s corresponding to the spin S takes the values -1/2 and 1/2. They
are related by the definition S = s - i. Further the total angular momentum number j is defined by
§ = 1+ s which can be determined using the operator J? = h2j(j +1). For electrons the spin quantum
number m, equals +1/2, which can further be added to the 2] + 1 quantum number m;. This results
in a new quantum number m; = m; + mg which lies within —j, -7 +1,...,5 — 1,7.

2.5 Many-Electron Atoms

For atoms with multiple electrons the total angular momentum can be summed together to define the
total orbital angular momentum

L=>1 (9)
and analogously the total spin

S=> s, (10)

where 7 counts the number of electrons in the atom. These quantity can then be combined to define
the total angular momentum

J=L+S5, (11)

which is known as LS — coupling. This quantitatively describes the effect of the magnetic field of the
nucleus on the spin of the electron which has a relative velocity in respect to the nucleus. Another
effect is due to the coupling of the total angular momentum to the spin, which is often found for
heavier atoms [5]. Therefore, the total angular momentum is defined as

J = Z(ll + SZ'), (12)

where 7 sums over the number of electrons in the atom. Equation (12) is known as jj — coupling. The
quantum numbers introduced above yield further transition rules, which are

e AS =0,
e AL=0o0r 41 and
e AJ=0or £ 1.

2.6 Singlet and Triplet Structure of the First Excited State of the Helium Atom

Helium is an atom with two electrons and therefore the simplest many-electron atom. The Pauli
exclusion principle states that the wavefunctions of two identical fermions must be antisymmetric
with respect to the exchange operator. The state of the electrons consists of a spatial part and a spin
part, which is either

1
X— = —=(Xt142 — Xy112) (13)
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for antisymmetric spin and

= 2 (rua + xuaro) (14)
X+ /2 X112 T X1112),
X112 Or  X|1)2 (15)

for symmetric spin. The ground spatial function is 1)1, whereas 1o defines the first excited spatial
function. Therefore, the allowed states are of the following form:

\1[[%(7‘1)1#2(7’2)+¢1(T2)¢2(T1)] (16)
7[w1<r1>w2<r2> b (ra)a(r) - a7
7[¢1<n>w2<rz> Da(ra)a(r) e (18)
TS 01 )atra) = i ra)in(r) e (19)

(20)

As Equation (16) is the only form, where the spin part is antisymmetric, this defines a singlet structure.
Following the three residual forms define a triplet structure.

2.7 Calculation of the g-Factor

In [2] following definition is given for the case of LS-coupling:

(&

pi=—5—gJ. (21)

2me

Further the absolute values for J, L and S are given by /J(J + 1), \/L(L+ 1) and /S(S + 1),
which are needed to solve Equation (21) for g. Knowing that p; =y + ps and using Equation (3)
and Equation (8) it follows that

e e e
J=—"3585- L. 22
2m6g Me 2me (22)

Taking the absolute values and solving for g yields
JJ+1)+S(S+1)—-L(L+1)

=1 23
g="t+ 2J(J +1) (23)
2.8 Derivation of the Equation of Motion Using Lagrangian Mechanics
The Lagrangian of an electron in a magnetic field is given by
1
L= §m7"2 —ed+er- A (24)
Using the Euler-Lagrange equations
oL dOL
Y - =0, (25)
X aqi dt 8qi

where 7 sums over all spatial coordinates, the equation of motion for an electron in a magnetic field is
given by

Lo dA;
mi; + e T 67“1 —I—ez j (26)



The total time derivative of the vector potential A is given by

Finally Equation (27) can be inserted in Equation (26) which results in

875 _371"1]—'_ Z[T] 817 _TJ 8rj]

mi; = e[—

(28)

and coincides with Equation (1).

2.9 Solving the Schrodinger Equation for an Electron in a Magnetic Field

Using a Legendre transformation Equation (24) can be used to find the Hamiltonian of the problem

K2 h
H=—"A+ 2 A.V—eV. (29)
2m mec

The Hamiltonian H can be separated in two parts

h2
H() = —%A — 6V and (30)
h
H=""A.V. (31)
mnc

In order to measure Hy and H; simultaneously, the commutator [Hy, H1| must vanish for any wave-
function W.

eh? eh3 e2Vh
HyH\U = ———(924;)0, ¥ — A;0,0°0 — A;0; 0 32
04 Qimzc( J ) im2c J ime (32)
3 2
HH = —— T ao200 — V4000 (33)
2im2¢c Y ime

In Equation (32) and Equation (33) the Einstein sum convention and the definition 0; = 6% is used.
Assuming that V - A = 0 it follows that AA = 0 using the identity A® = V(V-®) — VA (VA ®P) and
Maxwell’s equation for stationary conditions. Therefore the commutator vanishes for any wavefunction
U and Hp and H; can be measured simultaneously. In [2] a derivation is provided that the total energy
of the Hamiltonian H is

eH
En:E2+2mc
e

hm. (34)

3 Experimental Setup and Measurement Procedures

In this experiment the light of a neon tube is analysed using a Lummer interferometer, where an
overview of the setup is shown in Figure 2. The interferometer provides a possibility to determine
the wavelengths difference of the emitted photons from the neon light. A schematic of a Lummer
interferometer is shown in Figure 3. The incident light D’ penetrates perpendicularly into a wedge
shaped plate and reflects at point D. Assuming either that the angle § is large or the index of
refraction n of the Lummer plate is large, the incident light will be reflected almost totally. The beam
will then propagate along the plate while emitting part of its beam every time it gets reflected. The
phase difference ¢ of the rays exiting the Lummer plate is given by

4dmd
b= /2 — sin?a, (35)
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Figure 2: Experimental setup used to observe the zeeman effect.

Figure 3: Schematic of a Lummer interferometer from [2]
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Figure 4: Characteristics of the interferometer used in this experiment.

where d, a, 5 and n are defined corresponding to Figure 3 and A the wavelength of the incoming beam
[2]. Imposing the condition for constructive interference ¢ = 27z, where z is an integer, Equation 35

can be rewritten as

2d
z = —y/n? — sina. (36)

A
For a fix z, the splitting of one beam % is given by
2d ;
AMa) = 7\/712()\(@)) — sin’q, (37)
which is an implicit representation [2] of
%
= S (38)
X
The function F' is given by
2d -
F(a,\) = X — —+/n?%(\) — sina, (39)
z

which can be used to solve for %. Therefore in the dispersion region the change in wavelength for

different angles « is given by

A2y/n? —1
dim? — 1 —ndn (40)
(n? —1—-n\g{

AN = |

where o ~ § and sina =~ 1 was assumed [2]. Equation (40) bears a possibility to measure the
change in wavelength A\ by observing the change in interference pattern Ac. In this experiment, the
wavelength is changed until the interference lines are equally spaced which is only the case when the

variation in wavelength is A\ [2].
The values for n and dn/dX\ can be taken from Figure 4 and the thickness of the plate is d =

3.18 mm.

Figure 2 shows two coils inducing a magnetic field through the neon lamp, where the magnitude
can be adjusted by changing the current flow through the coils. The magnitude of the field as a
function of the current is shown in Figure 5, where a fit is provided for calculations.

As derived in Section 2.3 the degeneracy of the energy levels splits if a magnetic field is applied.
Using a knob the magnetic field is adjusted until the current is found where the interference lines are
equidistant. The difference in energy AE between two o-polarized multiplets is defined as

eh

AE =
2m

Hf(g1,92), (41)

e
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Figure 5: The magnitude of the magnetic field as a function of the current.
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Figure 6: Spectral lines of a neon lamp with corresponding wavelenght [2].

which is derived in [2]. The function f(g1,92) is a function of the g-factors which are discussed in
Section 2.7. If the lines are equally spaced, the energy AFE is equal to Ae which is defined as the
energy difference between two maxima of the lines. As derived in [2] a further possibility is to use
Ae/2 which would correspond to half a wavelength shift and half the current.

4 Data and Analysis

Using the interferometer five spectral lines were identified and are shown in Table 1. This was done
by observing the colour of the spectral lines and comparing to Figure 6.

For each spectral line the current was then adjusted until the pattern got equidistant. Figure 7 shows
the equidistant pattern observed through the Lummer interferometer for a wavelength of 603 nm.
Finding this pattern was rather difficult and, therefore, an error of 0.1 A for the current had to
be taken into account. The error was then propagated in accordance with linear error propagation
theory, where uncertainties [6] was used. Using the fit shown in Figure 5 the magnetic field was
then calculated and is shown in Table 1. As the wavelength is known, the values for Jy, Jo, g1, ¢o
and, therefore, f(gi1, g2) can be taken from [2]. Further the following relation holds for the elementary



Figure 7: Equidistant pattern observed through the Lummer interferometer at a wavelenght of 603 nm.

A [nm] I[A] HkG] | /1| 2| 51 g2 | f(g1,92) | e/me [101! C/kg]
o985 1.1+01|7£05| 0 1 0 1.034 292 20=x£0.1
o988 09+01|5£05]| 1 2 | 1.304 | 1.503 291 1.9 £0.2
603 10£01]|6+05] 1 1 | 1.304 | 1.464 291 1.6 £0.1
651 1.1+£01|7+£05| 2 1 | 1.137 | 1.464 291 1.8 £0.1
653 144+01|8£05] 1| 0 | 0.669 0 291 25 £0.1

Table 1: Aquired data from the measurements.

charge mass ratio. This is given by

e AN

o ome— 2N 42
me N g1, g9) (42)

where a derivation is provided in [2]. The calculated mean value for e/m. was determined to be
(1.940.1) - 10 C/kg, which deviates by 8 % from the literature value [7]. This inaccuracy arises from
the fact that the wavelength was determined using Figure 6 and comparing to for example Figure
7. Nevertheless, the literature value lies within the error bound. As Figure 7 shows, the intensity
of the lines is not constant throughout the spectral range. It can, therefore, not be excluded that
the pattern is not equidistant in the less visible part. However, the uncertainty of 0.1 A does cover
this problem, since values deviating more than 0.1 A definitely do not result in a equidistant pattern.
Further it shall be noted that the determination of the wavelength was based on an categorisation
by eye, where Figure 6 was used as a reference. This has an impact on the calculation as the energy
transition in the multiplet structure shown in Figure 8 changes. As a result, this bears a possible
source for systematic errors which was indeed the case in this measurement. Overall this experimental
setup can be improved in precision and accuracy. In order to achieve higher precision a camera could
be mounted at the end of the Lummer interferometer with appropriate resolution. It would then be
possible to analyse the pattern with numerical methods. A possibility to achieve higher precision
could be done by analysing the wavelength. This could be done by using a lens with focal length at
infinity. The resulting beam can then be studied by using a Fabry-Perot-Etalon, ideally with very
high finesse, which makes the categorization of the wavelength by eye redundant.
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Figure 8: Energy transistion scheme showing the multiplet structure, where transitions with Am =0
are not shown. This arises from the fact that they are not observable with the interferometer.

5 Conclusion

The Zeeman effect could be used to determine the elementary charge mass ratio at (1.940.1)-10! C/kg,
where the literature value deviates by 8 %. The deviation arises from inaccuracy in the determination
of the wavelength of the spectral lines and the procedure to find the magnetic field which yields an
equidistant pattern. Overall this experiment provides a interesting insight into spectroscopy and the
effect of a magnetic field on the emission of light.
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