m

Linear Algebra & ODEs . ;"
General Matvix Priperhes: Let A € IRHXM

range (A)= Spanfas, ., du3 5@ subspace af/R"
Pevforrm Gausselimnst For all pivets take the Lu{lﬂ;ranlil’\j origingl
rank (A) =d[m(mwlm)c"‘"‘“"“ in A,
null (A)=§x cR" :Az:()f i» a subspace of R™
=Setof Vectors Oy+kujopw\\ +o the rows of A
Perform Gausselimin. for howageneous Linenr system:
Introdue a paramgier Gt;..) for every Linearty deperdent 56t of colwmns
Span of soluhin with parameters in R b 4he nm“synle.
A inverbble @ det(A)#0& Ax=3 has @ unique sol.
S nll(MN =103 © rdhgg(A):]R" © Al e-values are nowiero

Mabvix [pverse € Al unque if it exists
2x2 Matvix 3x3 Mabvix

1 i-fh chebi bf-ce)

-1 a b ¢ el
[? s] -2 [”{ 'I’J d eFJ 22 |di aicg d-a
det(a) L€ 4 g b iJ detA) [dh-eg by-ah ac-bJ

det(A) =qq|- be
Block Piagonal marix

g=fr 0 "_[Aa’_o
0 A “lo 'AE ':f & signs

E-Values % -Veclgrs: AF;ix , eC
- d€+(A-).I)TCLVJ(l)'= 0 -solvefor X;
= insert fowd A in AvzAv, - 0lVe Gy vy

Hurwit2-Criterion! (pn\y for 2x2 matrix)
Chp()= o+ Aty 20

£ B,y have same sigh & ﬁe{l-,}< 0w
By et same s9n & 30t Re§2;? >0
D |a90 MLI‘M ‘N(/ +)’- (AM: Alyebmic Mulhpl/’c/b)

GM= Geomep ¢
I AM= GM; VA 5 A s diagonalizable
Thim' AM2 GM > always 5/f no L repeated = diagondlizable
C“Y'fY'H““"“,’,'xanh Thm: ‘ ‘ ‘
Every Matrix AeR"" sabisfies its charaderishic  polynomial,
A A 4, A e v an D=0 & A= -(a, A" A va,T)
2 all powers of A are 0 uwkl AV all higherr terms A A S5 0
Symmefvic Matrices have real e-Values § orthaganal e-vechs
= are always diagenalBible thwugh Orthogsnt ] Howfremahion.
CXTAx >0 Vx#0& Apositive defnie © Li20 Vi

cxTAx20 Vx#) ©@Arsitvesmdebnte© 120 Vi

(qu'u'caL Jordan forms: .

] f’J Jordan matrices are diagonalizable IfE all
2

Jordan blgcks (blocks with same d(qggnal entries)
GM; =#Blocks for Xi, AM; =#1;

are 1x1 matrices,
Lipschitz, Exisience & Uniqueness of solyhons:
Def.: If(xm - @ W= Ak AL 1P o -3 I & § lipsihite
.dEE exists & is bountled 2 £ Lipshida o £ linear = £ lipschita

X
Thm.: | £ erther:
1 1) L(xte)) (avtonomows) is Lipschitz in x(¢) |
2) flx(u),t) is Lipschit2 in X(), continwous in ult) kint
and u(t) conhnuous For almost all t
2 State soluhon exists & is unique

det(A) -
a-d€+[s f}‘ L'dﬂ[: "cJ 1-(.de+ﬁ iJ
Petevminant witl, Laplace expanson

X ()= Ax(t) +Bu(t)

Mgnn—*

i—C'—-O._T.‘)ﬂ-E

B ——— General Syskem:

Modeling . :0-T-0:01 40
R )

System (lassfricahon  lapyr State  Quhput

Time - lnvariant Linear Autono mouy
no explicit dependence Additivity § Homogeneity | +ime= b inpui-
on Hme ACO,B(6), (&), DCE) con depedont ] img?mt»'
To make a system fime invaviant, introduce t as a new
State with £21, The new sysiem has dimension n+1

LT‘ SZS“'CMS (state Space Representation)
. /"f ster Dynamics .
£(0)= Ax(£)+Buto) AT Be

3({;) FCX® +Dult) «—— Output measuremy,
states <Senery) in the Sysitm =

PE:P Hﬁo
hx m P m
AEIR'\M BeR MCHRMh DeRP E @B

inverhb
Coordinate Transforms g'CSYS“Jer"’F"‘UA remain urchingd
2(t):Txlt)

A has same eV_as A as they an® Simlay.
. A a
2R Y 3D = A2(t)+ Bult)

(=cr’, =P

A=TAT”, B=TB
Y = Cx) +Dult) 77, 9@= Cators Duty)

Mcdeh‘ng Q(fuah‘onj.‘ PL'\\/SICUI\ ba(,kground

Electrical circuit

Inductor:  Equation- State: Eneryy:

] .

S L@ LY xiwsie B-ILike
AR

Capacitor: v (0)

H— |-G xove  EdGCw
Ve

-3 Uirchkofe g - Stake Space rgpratnb\hbh
Mechanical system
Se(n‘njﬁ Free body*

B Fim

State: (elashe) Energy .

Equahon:
Fio=kpta) xth=ple) Es)=21 i)

(kinetic) Energy:
F@=dp@ x®)=pE) E,w=Lmp'®

Co ntin wous LT| in Time Domain

X(t) = Ax(e) + Bu(t) = £Gx(),ult), t)
YO = Cxl€)+ Du(t) <h (x(¥), ute), t)

129 (-.14

ngyer N
] [

o)
[

x(0)=Xo (4l LT[ § have a wnigue Solihon
tate & Uu:b"','} Sgsruwﬁamve e o)
X ()= §l)xo 48 (-T) Bu(t)dT

ZST 9x(6)= (HxuW)(t)

(070) S5R39 101 (Kxw(d)

t
g0 Cox] 1] CBEDBUDIT+Dute
0

State Tmns,u;ﬁgwk Matrix por
@ (":): cAt :; (—kt!)- :I‘rAt*'% to.t ] t.e

(OW\PH’)( /]ﬂalysisf [Parhal Frachon decompos.:

S\v\(l)‘%(f’?—éu)/ Lw(}):ﬁz_[f ?‘c‘}) double poles: A1 . e
x-p

[HEAEAEAEACAEZ EAES (x-p)*
sin [0 [ [Zalma] 1 [3 [T, ["4a] 0 | |Gnplex poles: _Ax+B
s |1 %4 [Fa| o [-u |-%74|-1 epxeg
tan [0 |Z4]1 || - |-B]-164] 0

I£ A diagomiizatle: A:WAW4$6A£:W9A*W/ e
)FA.17/\\/+% and N, D commute: CM;: EDt‘eNf
ilpojent d'“}vﬂﬂl .,

(At

ni1

Properties of Siate Trapsihon Makrix
®0)-T BB > Pet) peo T

490  pgty Pl G2l

lmpulse Trangiton & Impulse Response
Let u(t)=86) and x%,=0
Impulse Trausihon:

1= HE)-
x&)(uu):ue) ) ®[t)B

Impulse Respanse:

28T x(t)=(Hx ule)

Comtrollability con | sier o) with u(e?
Def: Vax(irx, Vxn Jubx[o,t]oR” e x(®)x
© Vx)=x Jul):[0,t]R™ (4. x(t)=0
& Vx,eR  ub:lot) »R"™ ;¢ xe)=x,
S controllable over [O,T]e) contlble over [0,T] NT'>0
Contvollap, lN—yt Gramicn

IR"x"a WL @)= _reAT’ BBTeATIJ-E = WIU) 20
contrallable over (0,4 © W) inverhble &d et (Vo) 0
Contvpllability Matrix

symneic,positive sewt deharie

YU .= M= COEBIDIY 2580 ()

P=lg Ap A5 -~ ABIER
Contollable over [0,£) © ranke (P)=h <5 sor(9)+ 0

Stability
Definihons® A Systew is called
= stable it VE>0 3§>0: I1%ll< § = i< €

—)qSyM’hhm"y S}AHC |lf ~H\e I/;kh s J'/ﬂHf a_’l‘l fbih,,”z(e)” r O
0

21T Stability  we hove 200G, =™,

A didqonali 2able £ (or A non-diagondlizable byt ng e~value
The-syaferites with Refii3 20 15 epeated )

— stable ﬂ Ref;340 Vi
— dspmstable iff ﬁeil',g <0 Vi
— Wnstable iff 3 Re§A,§ >0

Trick: Use
Huavwita-Citerign

A non-diagondlizable = Repeated e-valug L L, =672 )W
= ﬁ(f) contains terms of fovin e’"‘t/iez“'t/---/tmel‘t
PEAE H:kellij;)_;) o =) unsiqble
6:0 2 =" le¥t|zconsr. 2 Shable
Y 1o 1 )t"’e“lﬁ 0o D Wnstable
e S2d

6<0 9 1t M| 520 o asymptohaally slable.

> System with m.mhugon'aliw“" A (ﬂ( VeWMHd ;l,, with Redl,}=0
= asywm. stable ff Rep2;3<0 Vi Trick: We
Hurwilz-Criderion

1€ A nil + leuldie ettt - A =0 all lower powecs #()

k! /

= unstavle if 3i: Ref2,3>0
Stability with Inputs @ST)
2 K< B < @

B1BS=stablity! Nult B, Lo

Readrable Shafes?

The Set of reachable rep. cminlluble siakes is range (P)
The set 6f vnwnivollable States is Null (P)

PHB reste 17/ - An e~values of A

rank (liI’A BY=hn =A 5 a comivolluble modte

—if 2, contvolluble V¢ =) Syslem contvollable
— if all unsiable i contvolluble D System shabilizable
VA, m».);m),, 750 Spiem cnrolable = sysiewn stasili 2auble
syslem Stdble =) System  shablizable

Minimumn Energy mputs
Thim! Assume syshim is (mivollable. Inpur that drive) +he Sysitm
from x(0)=0 4y x(9-X€R", €70 and has minimum eneyy

is gwven by oy B eAeT) w‘(t)-111 for Telot)

Obse}’qu[U{- Can | deteymine x(t)
yOSErNabi vy

kmwing ult) & Y(e)?

Def:: System i called observable over [0,t) if given
uC): [0, (] SR and ) : [04)RY, we can uniguely desermine
x0):fo,t)R"

EXz0 s the only unobserVasle State
& obseyvable over [0, T) & obseyvable over [0,T']
X'eR" s wobservable & (A*x'=0 Vkefo .1}

Qbservability Gramian

R™>Wo @)= feNT(Te o/ yr = Wo (0 2 ¢
observable aver‘ &7/{] © Wa &) invechble <sdf‘a‘*(‘dol‘t»?‘:0
Observability Matrix

symneHL,pasipive Semi dehaie

B1Bo-stadility: ulbI€B, < = NgWILBy < %
21T asymplotally shable = 2SR s B/BS & BIBQ

Ehffq,y/ COW"ro“ab(‘ll'i‘yl Obge,vqb“,'fy
Eveny: E@=2XQz, Q@=Q70 (1)

. b7y .dE@
Power: P(t)=%

:-51 xR+ %[u(t)TBTQ 6 # 2T (Bul

S0 if 2)TE u®=0
Lyapunov Sability (217) R-R'=(a+04)
System is asym. stable (c.vq[.m of A have Refl;3<0 V.)
i for any R=RT>0 +here oxisly a unigle Q=Q™> 0
such that A'Q*QA=-R (Lytpunoy £q.) holols

E-G: AR given = Fing Q
531 Q with Q=QT>g @dsym, shkblity

5 Z,’EPM IR(M)Xn Obsevvable over [O/f,]
- |cA I
0|2,

& rank[&] < V)‘ﬂ_v@_i#(ﬂ?)*o
gbfervaé le States:

r p=1
eset of observable state§ is range(Q)
The set of unobserwible states is Null(Q)

PHB test 2, 2, e-values of A

AI-A7 - |
"""k[ C A] =h = A is an observable mode
—if A observable Vi = Syslem observable
— i -lﬁ unstable 11 obscrvable = system detectaple
VA with Aefl fo0 SWsiem sbservable = systewn detectable

syslem  stable = Sysiem detrectable

0 bservers &%rar dynmnfc;

. e Cstimate
e(®)=(A-LC)e®, elt)=x(e)-3k)
Syskm observable &9 3| s.t. (A-L) is asym. Shable

Oelt)—0 & stare eShmale @) (owerges fo @ X @)

observ

“YQ or @ not UNIGUE ar Q not sya. pos. def & no dspm- Shabilily

t-00



LTI-Systems in Frequency Dowain
Laplace Tranform:  Fes)= L [F(8)](5)= :f FOEdt

aflE1Hhgt)o—e aF6)+bGL5) | LFe) o~ p(s)
e_;"f{n o—e F(s+«) ££(t) "—'(-'l)":ﬂ:—n FGs)
() o— sFE1~£(0) (Fr9l) o—o FG). G1s)
£OUt) o—a 5 F5)- "6 (0)-.8" o) ST AT o— %F(-\‘)
)nitial vale thm  £(0) = {l;v; f(#) = sl;iz s-F(s)
Fi lug +hm? - .

ral valug thm lg;’;-ﬁﬂ): ls"-m s F(s)

f(at) o—e %F(%)
Ht-a) — ™ F(s)

9,
Iwportant. 1 0—e is’ 520 € o5,/ SO0
Travsforeghions o ! at. e b
Stere—1 s 20| bt s, 2a
0—p . @a at s-a
5“'{“*)"“‘;—“:1« s20 | ¢ ‘“S(‘t)Hm; s7a
" n at n.
LT/’S)/ﬁCm: (os(alt)u_.‘lml , 570 te o e

Closed Loop Systems: ). Kéo)

o6 Kl Yo A7k RO
6)—G— K Hee s 1
T 0= ke RO

Deduction: See Block diagrans w/th G,6)=KG(5), G,(s)=T
We want el{)é_:) O (asymptohic stasitrty)
> Closed logp stab(ty defesmned by roots of 1+K4(5)

Fact: Open lovp poles= closed loop 2eros
L
PN,
' alw, 15 Symm

Principle of fhe Argument:
Wrt. real ‘x5

Assume clodas'se D-curve that dloes
ot pass tah poles/2evos of G(5)

N:# clockwise encirtlements of (o,0) by L-cume
N=2-P 2:# of (yos) 2evos in D
N Yqust Sta

LM -£ (8)5) = 61-4)" € €
X (s) = (SI‘A)qu +(5I-AY1B Ues)
Y(5) = C X1+ DUG) = CLTA) eyt GOUE)

Y(9) {(C GT-AY "B + DJues): 6ol
GG) transfer funchon

For x=0"
(zm)

P: 4 0F (pos) poles in D

5/1/)‘) Criterion for Uls):KeR
Cmsder Nyquist plot of 1+1c(,(5)/ / GGs)

- c d (Jl clockwise

SNz Hhmes | encircles (0,0) / [ k/o)
~3 2 = # closed bep washable (RHP) pales (vofs of 1+K6()20)
> P = open loop unghadle (RHF) poles (poles of G(9)
Pw'u,’,le of tye Argvmew*' = N=2-P
For closed loop stability we aim for 2=0
Closed loop systen s asym. stable il N'=~P

k £ h &) GGE) proper
(-24)(5-2). 6-2) ﬁglq Gl < oo

(5-PA)(s-P2) - (5-pn)  k<n &G sty prope
3 lm JG(th)l: 0

G(s)-

Mo pole-2ero-cancellahon &Denominator :(_L.';(A)
Thm: Se-values of A =poles of G(s)

SIS0 GCs) From LTI-Syskems are abways proper
+ SIS0 G65) from LTI-Systems ave svictly proper ip D=0

[orﬂ"ary'. ‘1( opeén laayr ngm )S s%able, the clﬂsed IOUP 5)/5f€hq 51
stable iff Nyguist plit pmakes vo encirdements of /(‘17;/0)

Bode Plots: ¢- 2014y, (6)

962‘): ' 5" 6, G, () lot b
0) exisrs cal . d'start magn. plot Here
If 2(,-4;) 5 ,.e,-.m? ,‘ﬂq,tc lﬁfi Z",,“,,’L Phase y“‘l(rgu( with 0° p(.!e

Else: Starf with smalles ninsers w1, Fy (w) = 20-lagy, (|6GW) )

. » Magaitwde Phase
(Smg/t’) Ffe’q uency QE‘S,AQM se- G(5)* |6(‘)I'e"“’m 1Ysn Integ ratov =20 N dB/dec eveywhre| = JOON  everywhere
" {{']: S""{wt)/ 5[6):“ Sint Y) ) K e;Y’ s Vitferentator | 420N ab/dec everpuiee | 1 90% N eVlywhre
" . - ) 1 LHP pol -20- - 4
Stability: (Reguirement: n0 pole~zero mnwl(«ﬁan;}) ()" P pole 20N dBfdec 909N 01w =10u
; Y51 RuP pole “20:N dBlec +90° N 0.1 100
L asym, stable i ff Re ip; <0 Vi ~ / o
dishnct poles : 4 stable F® R 3 e 0 ¥ (x+5) LHP co +20:N dB/dec +J30°N 01w - 10w
“nstable i ge. P3 = x-0" RWP 2ero +20- NV dB/dec -90°N 01w -10w
] T 3 'Reipl >0 Resnanie- G- P 4. For stability need Q70 )
o b I . o (2™ o oler S 1. For G217 svecdumped (renl poles
repeafed PO‘Kf {t:z:ﬂ:‘eu e ’-F& §??£L3{;}0> g‘ L d 2w, st 3. For G=1 critially damped realkeequalp)
L 1 : ex. spring mass dampe, . M 4 For 0¢C<) wnderdamped (complex p)
else! Foviher inVeshi gahun necessary Nakural “freq. un;ﬁ;‘" ﬁ“ 5 ngf; u.n...m’(,...q,,..,: )
: Dawpiny rath . d s & €. For q;f; wagnitwle plot decreasing inty
vl’;av_gma‘l\ly:;ableTR;{P,;fa/ ﬁe%r};o &JM?PE# % = S = % For 0¢ Ef%' maguibade ;’/N hay
we have pole-2ero  cancellupions, only - ) P L S T i
No ing Mirg, ! . X H rr= 1 X
Skability ys dtcimnable Pole zero” Gndellahon” Correspmds Bode Stability Criterion: T I

to a lgss of contwllability and/or observabiliy

U Gls) has Jegs poles Yhan the dimension of A; We know tha)
Pole- 2ero cancellatyons happened

FFisd number of pole-2ero cancellghons:
Calculate which modes A ave uncontwllable and Jor uno bywvable

Assume  G(5) asym. stable and magniude kphase bode
plot are wwv_\o-l-ohimlly decreasing. Then the Closed loop
sysem (CLS) is asymplohcally stable L

| K Gw) <1 at +he frequency where & GGw)=~190°

using PHB-+esh, IF observalility and/or controllabilixy ~ pHB-Matrik
or & Li do not have Full rapk = 1i gets pole-2r0 cancelled- Guat Pot d;

Y, ()

I3
Block D[o\jmmgi o
u (
O g 0

Uo -6,(5) L&) -6 0 A
: Y6): 4EIUE)

Swall Gain Thm: Under above condihong, if IKGG|<T
Yw 3 CLS s asym. Stable.

Foc 6M, PM: Assume OLS G is asym. stable,

[‘Ial'h Marg in: = maxinum gain KM s.t. CLS shllstable

L6)
G6)= G,()+G,(5)
G(Y= G (VG4(5), Vo 5)= G Uy () b,

VAR b EL 6 o Yoo
)= KO- K 6 GG (6] —
3

(5)= T
(I+6:06,6)) - ,6)

Y- (I'Gls)bi)Ka(s))ﬂq(i)w’m’{’)u@ izk‘éle R’VG; a’E =i Z[MG&]»‘R

2 -
K 237 6.6:1 PR T5ean

1 . o
H 4 Wy) =-1
Gr 166wl where G(J u)d’hm 39550%1(«:{»«0«(7
Pko\s-e Ml\rjln) = mavimum phase Py, s.t. (LS shll stable

PM= X G(jw,) + 180° where |GGuc)|=1=0dB

Jain crossever {vﬁquenLy

IF Wy 4 not grrst 2 GM 2 00 1w does mot exisi3 PM 00

DfScVew‘C LTI'Sys;lem,( in Time Domai,

1 State Soluhon:

X493 Axy+ By, N -
‘Jk:CIkJ D"k YA +~.Z,A Bui
x(0)=x, ! K Gs7)

A d(dganuuiablf S A=WAWT? A WA w’

eat equili';rium: X, 1q% Xic
Stability:
A d\‘aganah‘lab(e/ The System is...

A non~diagomalizable, The s Siem 15...
> stable fE Aj]e1 v Vl<a

= asyk. stable ﬂ 111 W
= unshable i€ 370 )11

S asym. stable iff X< Vi
5 wnstable o 30 : 1,021 S else’ No siqlement, 1 dependfs
it on e-value with A1z

Lyapunev Shabibity® Cin the discrete case

;1 <1 Vi i#F VR=RT>0 the eq. ATRA-Q=-R

hus o unique soluhon with 0101,—

Deqdbea-l- Response: e-Vales of A: 1,0 Vi .

(ot possiblg in contmuous) DAY=0 NEn  (ulpotent Matrix)
DRIT 1 =Ax, -0 Vk2N

Conm”ab[l{f{-y 5( Observab[l”'y (Power isihe same asin Conl)

check the same way as (n conhAUOUS Case, Diffence’s mm'EN

Conbeellability for (0, m) Q& combllibitity for [o,m!) a5 we reguire &%
leas+ kzn (smeu:q :l'mk.) steps o B{feer systtim fraw inihal fo final sk
. s isce

Sampling: 78" e =
X (00T = " x(em) th T VB aTxuteT) Lo =D
SAmpliag  auroromous cont. ime syslens never leads fo wipotent disciete hime sy

Forwar] guler approx,’ x, ,=(r+§A)x, + SBu,

I avtororas: - tlh+1)§) = oA x (k8) % (T+AS) X, §:= T = Stp

Minimurt Enctyy input: s 7 (pF) 6 -A"SD, 10 48~ A7E)

% -TramSFonv. F(a)= Z{hS =§ﬂz‘k

Lineavity: X faf 1b9,3=aF@t6(2) | 4, o0 2 (1,41 k20 soust 0)

il X e
Time chift: Z{ﬁ_k.g -7 “F(2) § o0 1 (8027, §=0 Viro
Convolyhoy: Xf(F*S)ﬁ: FR)-6z) a* H:‘q

Findl value thm! (im X = Lipm (- f’)X(i)
e 2

Initial vale thm: Lim X, = Lim X(2)
h3o0 0

Teantfer fanchon: 6(2)=‘% = C(2I-A)"B+D Al

no pole-devg canc, = deominator of 6 <des(a-2T) D @ym stabiliy@lE:1<T v)
D System is both observable AND conivolluble

Qeowmerric Sevies: >0 ¢ - =, 74"
Nonlinear Systems

We ony look at autmomous, hime-invariam  syStmg

x(t)= f(xw) x(f)élR", £ lipschil2 &sol. exists & is unighe
|nvqrian+ Sets

A set of Statg SS'B" 's alled invarant if V€S V20 x9S
Eqm\libr{um le+ x be dn equilibane

onlihons €or £+ Combusus 5 =0 | discrelt  Xiwy=X:

I€ you stort at X, you will stay +here forever ‘
all equilibvivin points Of a sysiem form an in varidnt Set

1-g""

g

A
x

Stabilidy of Equilibria: Let 5 te onequitiviun

Def.i £ & shble & VE0 3570 : llxo-X <8 = lIxt)-TII<E V20
Otherwise fue equilibrium 3 unstable R
Local asymptoh sability (LAS): The equilibru¥ X 5 ¢led
LAS £ () X is stable and
and (VIM70 : x,-£1<M D limxip=f
Glotal asymplobe stability (¢ as); g,,,f:: LAS but must hild YM2(0
System has more fhan one equilibrium =7/7 a GAS eqw'llér[um

Ly«punov Finvl/{m'red Methog (y Lincarizahon)

. £4(Xy,..,x0)
X(0f(xe) = [ Ea }—.— f&)+ dix f&) A-(.\cle)~i)+o@w)—if)
S Nt X
Fn (s r Xn) =0 ::Sr{e) \,,:)O—a
26H® -2 L6
. I DA :
A= ][‘((I)Nn - [3; e = ) ASclt) Uneur
oL h®. L

If Ref2i3<0 Vi = Uneariaed syskr asym, shile I
Dhonlinear Systens is Tocay asym. stable Growd

1 31 Refli3 >0 = unstadle

Inconclusive iF 3i: RefLig=0 & others have regabve feal pot
(no informahon about dowain of atirachion)

Lyapunov second [direct Metho
Assume  Jopen set SR with X €8, VOV R SR diffreasabe
OVE:=9 )V>0 VeeS\§%3 (;.‘.‘)%V&(Q)S 0 WxeS
=  the eqw'u‘bn'um Xis stable nis locall

» ) d [N E 7
If addifenally Gv) WV(“J‘)K 0 Vxe asym. Stable

s globqlly

If addifimdly (v) Dxii— s = IV(x)]| =% 2 X Ty Srabie

ﬁ V(x(6) = (T () frx)
La Salle’s Theorem

Assune 3 compack (bowded closed) imaviant set S ¢ IR”
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