Exercise 3.4  Investing in the stock market (2 Points).

You have 100 CHF and you are considering investing it in the stock market. You heard from your friends
that a particular stock is promising but you are not sure. You decided to analyze the performance of
this stock during the recent past.

You have a friend that had invested in this stock for n consecutive days in the recent past. You asked
your friend about how much money she invested in this stock and how much her total investment
worth was progressing every day. You gathered this information in two arrays A = (Ay,...,. A,) and
I =(1y,....1,). Here, A, represents the additional amount of money that your friend invested on the
i-th day. More precisely, if your friend bought on the i-th day then A; would be positive, and if she sold
on the i-th day, then A; would be negative. The value of /; is the total worth of her investment in the
stock on the i-th day. Here is an illustrating example with n = 4:

i 1 2 3 4
A; || 150 | 150 | 200 | -100
I; || 150 | 350 | 500 | 400

In the above example, your friend had invested for 4 days. She invested Ay = 150 CHF on the first
day. Since she had not invested anything prior to that day, we must have /1 = A; = 150 CHF. On
the second day, she invested an additional A; = 150 CHF and the total worth of her investment was
I, = 350 CHF. This means that right before buying the additional 150 CHF, her total investment in the
stock was worth 350 — 150 = 200 CHF, which is an indication of an increase in the price of the stock
from the first to the second day. On the last day of investment (i = 4), she sold 100 CHF worth of her
investment, and the remaining total worth of her investment after the selling operation was 400 CHF.

a) Let 1 < i < n — 1. Suppose that you had invested 1 CHF on the i-th day and sold the entire
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investment on the (i + 1)-th day. Show that you would have got — L ] “t1 CHF in return.
)

Solution: On day i, your friend had a total investment of /;. On the other hand, on day i + 1, right
before the additional investment of A, the total investment was worth /;; — A; ;. Therefore,
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if you had invested 1 CHF on day ¢, this investment would be worth % X 1CHF =
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b) Let 1 < i < j < n. Suppose that you had invested 100 CHF on the i-th day and sold the entire
investment on the j-th day. Show that your profit is equal to
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Note that in the above equation, we adopt the convention that if i = j, then : =1
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You are interested in finding the maximum profit that you could have made in a single buy-sell operation
by investing 100 CHF. Here, you would buy 100 CHF worth of the stock on some day i where 1 <i <n
and then sell the entire investment another day j where: < j < n.

We first assume that all Ay,..., A, and I, ..., I, are positive, and that I}, > Ay, for every k.

c) Describe how you can use the maximum subarray-sum algorithm that you learned in class in
order to devise an algorithm that computes the maximum profit in O(n) time. You can assume
that arithmetic operations (such as addition, subtraction, multiplication and division) as well as
logarithms and exponentials are elementary. This means that the computation of log and exp
take one unit of time each.

Hint: You can use the fact that the logarithm is a strictly increasing function that turns products

into sums.
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Algorithm 10 Computation of Maximum Profit

procedure MAXPROFIT(A, I)
forl1<k<n-1do
Gr < (Ikp1 — Ary1) /I
MaxProdG « MaxSubarrayProduct(G)
MaxProfit < 100 - MaxProdG — 100
return MaxProfit

procedure MAXSUBARRAYPRODUCT(G)
forl<k<n-1do
Ly log(Gk)
MaxSumL <~ MaxSubarraySum(L)
MaxProdG < exp(MaxSumL)
return G

d) Now assume that the logarithm and exponential operations are expensive so that we would like
to avoid using them. Explain how you can modify the maximum subarray sum algorithm in order
to solve the problem using only elementary arithmetic operations such as addition, subtraction,
multiplication and division. The running time of the algorithm should remain in O(n).
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Algorithm 11 Computation of maximum subarray-product

procedure MAxSuBAarRrRAYPRODUCT(()
P+ Gy
MaxProd - max{1, P}
for2<j;<n-1do
P « max{G;,G; - P}

MaxProd - max{MaxProd, P}
return MaxProd

It is easy to see that the above algorithm runs in O(n) time.




