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Conservation laws → conserved quantityMethod of characteristics (M.0.cl2-SMF Ana 3 - Marvin SteinKellner initial curve (e.g. mass, energy)
solves (quasi - ) linear 1st Order PDE:/ ×,,,,

strong formulation
✗ ( spatial)
to
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uld
, y) = fly) ⇒ ITS/=(¥ , ) • ay + du)Ux=0 i dnt = f'(a)1. Findin ] { age , =f(×) ⇒ Mst (Ecs)Tls) implicit solution

✓ implicit

ulx.yt-uolx-ducx.ylyl-VCx.gl C- JR ✗ [Dye]2. Solve System of ODES E initial curve

Operators and classification xtcs.tl-alx.y.nl with initial ¥!:?) Critical time{Yts.tl = bcx.y.at conditions 561=(71%0)
gradient Du = (¥, ) ' ñtlst) =c(x.y.us from initial curve no smooth solution for y > Ye

Uz
ya = inf {-¥}

Laplacian Du = PZU = U×× + Uyytuzz
3. Check Transversality condition sea

,

(Uo)s<0

det /
✗ tls, ✗so, o )

Problem is well -posed ⇐ *(go, yses.sn/=det(a(
✗"

'"'Y'"°!ñ's. )

xscs.rs/blxCs.01.yls.ot.ucs.oDysCs.o, /*° Integral formulation
• solution exists

,
is unique and

stable
⇐> (F) and (

""
'
°)) are transverse (not parallel) ¥ ✗0,4

, Yo, -1 ,
C- JR with ✗our i0<yosy, :

stable : small change in I.C. iYs(Sid
gx,

⇒ small change in solution
⇒ we can solve for s(×,y ) and t(×,y, ✗

☐

" (✗
'%) -U(✗'Yo)d×

not well -posed = ill posed in the neighborhood of (Sio) -)%f(ucx.in/-f(uCxo.yDdy *Yo

strong solution ⇐ , there exists a unique solution in the neighborhood
weak solution (

"
shock waves

")
all derivatives in the PDE exist and are continues of ( s

,
0) if a. b. c are smooth

n

(otherwise : weak solution ) Let D= U D; be the original domain
i. =h

4. find slay) and tlx, -11
Order of PDE = Order of highest derivative

5- Plug skill, tlx.ylinufs.tl ⇒ a- (sexy,,z(×
, ,,y=u(×,y,

ulx.gl is a weak solution if

Linear/Quasilinear/fully non - linear • ulx,yD is continuously differentiable in each Di

• Linear <⇒ all coefficients in front of u and • ulx,y ! satisfies the original PDE "

it 's derivatives do not depend on
• ucx.gl satisfies the integral formulation *

a and it's derivatives

Boundaries between D; : shocks
• Quasi - linear ⇒ PDE is linear with respect to

shocks need to satisfy the
the highest derivative

Rankine - Hugoniot - Condition
• fully non-linear ⇐> neither linear nor quasi - linear



Rankine - Hugoniot - Condition Homogeneous Wave equation (hyperbolic
) where W Solves

shocks are curves (
• (Y) ) where

utt - c2u××=0 ,
G. f) c- JR

.
✗ [0.*)

{
Wtt - iwx×=° ,

G.HEIR
.
✗ [0.x)

y
ucx, =f(×) ,

✗ c- JR wcx
,
=f(×) -✓(401

,
✗ c- JR

gyy , =
! flat) - flu-1 u

- {uzfx.rs/--gCx) ,
✗ c- JR Wtf-1,01=91×1-46,0) , ✗ C- JR

ut
ut - u

-

goes left -f
✗ ulx.yi-FCxtc.tl/-GCx-et) 3. ulx.yt-vlx.yltwlx.gl

E goes to
the right

Note : Solution is unique(
"
if 1- T : ✗ has to grow for const . input

"

)
Entropy - Condition solve with D

'Alembert 's formula F. f. g odd
=D U odd

weak solutions are not unique ! ⇒entropy
-cord

.

✗+ct , , even ⇒ u even

helps us in choosing the best solution
. ucx.tl = f(

✗ +d) + f(✗"t)
+E)g( g) dy , , periodic ⇒ a periodic

2
✗- et

e(at)< G'(y ) < dei) ⇐> f'(ut) < O'(y) flu)
⇒ if ✗ not in C- D. d) but ✗ c- [0

, a) with uco.tl-0solution is unique ! t.goddle.ua/peiodic- ⇒ u also
Eflux f-1×1,51×1

,
F-(at) : odd extensions of f.g.Fodd!

- -

⇒ characteristics only enter shocks but do not Domain of Influence Region of Dependence ⇒ solve problem with f. g. É

emanate from them (
" information can't be

to ✗+ 't=a to
•
(xo.to)

generated → only lost)
"

=b "¥¥,
"

,
,

Separation of Variables
2nd Order PDEs ☐

✗

"

y
☐

×

Xo-Cto ✗
☐
+Ctob homog. Heat equation

classification nonhomogeneous wave - equation
Ut -Kun, 0 ,

(×
,
t) c- [9L]x[0.x)

Llul = auxx + Zbuxytcuyytduxteuytfu =g Utt - c2U××=F(✗it ) , cx.tl c- JR. ✗ [0.x)
UCO,t)=u(L,tI=0

,
te [0

, a) Dirichl.
B. C.

ucx, =f(×) ,
✗ c- JRwith a,b

,
- - -

, g functions of ✗ and y
{ulx

, =f(x) ,
✗ C- [0,1] Initial cord.{uzfx,0)=g(×) ,

✗ C- JRJ(2) (xo.io/=bYxo,yo)-aCxo,yo)c(xo.Yo)
option A ☐

'Alembert for nonhomogeneous wave - eq : 1. Ansatz ulx.tl = ✗(x) Tct)

• 8cL)(Xo
, yo ) > 0 hyperbolic ✗ +et t ✗ +cct -I) 2. Plug into PDE ✗(✗IT'(t ) - KX "( ✗ ITCH -_ 0

ucx.tl =
f(✗ +ctltfcx - et )• 8cL)(x☐

, -1.1--0 parabolic
z

+E) gcyldy +%)/F(G. I)d§dT ⇐s TYH

kit,
= =-D c- JR

• 8cL)(x☐
, yo / < 0 elliptic ×-et ☐ ✗- eft -t)

if a. b. c const : global property otherwise
local

option B (if F is simple)
3. ODES

[ ✗ "1×7+11×41=0
wave -eq. : att - du✗✗ =D hyperbolic 1. find part . solution ✓(KY) that solves

( ✗ (o, = ✗(2) = , ; 1-
'

(E) + ✗KTCH =D

Heat - eq. : Ut - u×× = ° parabolic vzz-ivxx-FCx.tl P
here we have homog. ODE with B. C .

Laplace -eq :u÷y
=0 elliptic

2. use D
'Alembert (homogeneous case ) to find W

⇒ solve ✗ Cx) first



4. solve ✗ (✗ 1 inhomogeneous heat equation elliptic equations
✗> 0 : ✗ (x ) = Asin (Ñx) + Bcos(Ñ× ) ut-kuxx-FCx.tl ,

(×
,
t) c- [9L]x[0.x) harmonic functions

11=0 : ✗ 1×1=-4×+13 ufyt)=u(L,tj=o
,
te [0.*) Dirichl. B. C. solutions to the Laplace

-

eq. U=0

Aco : ✗(✗ I = Asinh × ) + Boosh x) ( (×
, =f(×) ,

✗ c- [0,1] Initial cond. are called harmonic

from B. C. : non trivial solution for d > °
1. separation of Variables (neglect FCx.tt) → ☒ (t) Poisson- equation (± Laplace - eq. ifplay1=-0)

⇒ Xcx) = £Ansin(n÷× ) (Dirichlet) *

n=,
2. Write U(x.tl = £ I. Ct)✗n←É Du(×

, -1 ) =p/×, y) ,

(x,y) C-DEJRZ
n=1 Problemfurrier -coett .

"""""

{u(×,y, = qlx.yl.cx.PE 2D5. solve Tlt)
3. Plug this into PDE with RHS = Fast)=§t

" F

TCH = £1Bn e-""
"t

,
dn=(n¥j n= ,

b. sin × ) Neumann

{dulx.yt-plx.yl.cx.ylc-DC-t.liProblem
n=1 4. match coefficients before sinus duucx, -11=94,41 ,

(x,y) C- 2D

cn=AnBn ⇒ System of ODES for Tn (t)G. put together Fourier-↳ett- Qu -- F. Pu , I is 1- on 2D and pointingof f-(x)

sin /¥×)
J
. find Tna) with I. C.

ucx.tk/Cx7TCt1-- £
!
-
" ( " It

a * f outwards

n=n

(he
u(×

,
= £ Tnco) ×n(✗1=1-1×1 = Eicnsinl ×) Problem

{dulx.yt-plx.yl.lx.ylc.DE
JÑ

n=r h=1 of 3rd-

7. find Cn with Iinitial condition Fourier * ↳ this has

sin (h × ) kind ulx.yltxdu.ci/x,yl=qCx.y),Cx.y1c-2D
⇒ Tn (D= Cnucx.ro/=.&Cnsin(TI-x)--flx1-f&bnsin(¥×) Existence of solution to the Neumann problem #-

n=1
-

t-
t

n=± ☒ - 6. solve Tnct) and plug into u(✗it )=ÉTn(+1×4×1 -

tf qdÉ=!yp(×,y,d×dy (dxdy→ rdFdr)n=1

⇒ Cn = bn
← n - th. Fourier coeff. of f-G) Energy method & uniqueness

← °" ☐

"
and

"

weak maximum principle to
* we want Fourierseries of f- with only sin if D is bounded and u c- CTD) AUEC (D)1

.
Let W:= Un - Uz

⇒ if f isn't odd : do an odd extension on ↳☐
is harmonic in D (Du=0 in D) then :2. Energy function Ect)=%wE(x.tli-iwicx.tl dx

☒ Dirichlet B.C. ⇒ sin
,
n --1,2

.
. - . ma×{a }=ma×{a} and the same for min.

3. Show that Ect) =0 and Eco)=O D- 2D

Neumann B.C. =D cos
,
n=0

, ? . - .
Strong maximum principle

Boundary conditions ⇒ Ect) = 0 Yt
u harmonic in D

,
D connected

.
Then :

• Dirichlet : uco.tl-ul.tl = 0×1×1=ÉAnsin(¥x) =D W× = WE = 0 ft ( because c
'
=/ 0)

n=r U attains Max/min in Ñ ⇒ u = const
&

• Neumann :ufo.tl-uf.tl = 0 ✗(×)=£Ancos(zI×)
⇒ W(✗it> = ° that Mean value principle

• Mixed/Robin : R.I.P. man
" ° ⇒ 4=42

☐ u harmonic in D
,
B ,z(×,,y,/ ED .

Then :
21T

Uf ✗0
, Yo ! =¥)ou(✗☐ + Roost-01, yo + Rsin (0-1) dF

if flx,y) is smooth and satisfies ns.v.p. ⇒ f harmonic



Boundary splitting with Neumann B.C.

maximum principle for parabolic equations"
y
AD. bounded Domain

,

u solves the heat -equation d.
uy=h 1. add harmonic polynomial :

time space
then ,

at [0.1-3×13 u×=f Du=0 u×=q
Nice Stuff

in Qt = [0,T] xD T - e-
a,=k

V Ut ✗ 1×2--14
1 I DX

u achieves maximin on the y×☐
"
✗ a b

2. Write the Problem for ✓ Fourier-coefficients
parabolic boundary 2pQt={{o}×☐}u{{[gig ✗ y☐}

3. split → ✓= 4 + V2 if we want sinus : do odd extension off on [-1,1]

y
✓
✗
=f+2✗a

→ f°¥? = bsinlnf-xtibn-Z-fjflxls.in/1Ix1dxRectangular Domains d ?(vy=h -Zxd
% (4)✗ =f+2✗a n=r

n

d-
° Dito ✓×=q+2xb

e-
(4)y=0 D%° Hl×=q+2✗b if we want cos . : do even extension off on [-LL]

Laplace - eq. with Dirichlet - B. C. c-

,Vy=k - 2.✗ C ,(4)-1=0 even in

a

' ''
✗ hy{ ' ''

✗ → text -_ a. +E-"" "
"
""" ""

"""" """ """

°
" " b

""
""" "¥"

u(×
,
c) = ulx.cl/-- 0

,
✗ c- [a. b]

4. find ✗ separately is *{Ula, -11=-141 , ye (c. d) 1=1> minus before ✗ 1×1
141-1=0 where an ={¥Ñf(✗ldx ,

n=°

for 4,2 with necessary
- cond

.

d-

e-

(Vz ) f- +2.✗a DEO (Vz )×=q+2xbU.lt
, -11=91-11 , y C- (c. d) no minus

n.ae#.=m.,y,, ⇒

"")
(often :✗⇒) iv.no

8inch xidx.no
'

b

☐
✗

Icy) a solving ODE with chp.CN5. Solve V
,
and V2

2. solve YG) first because we have homog. B. C. here
6. write U= v - ✗ 1×2--17 • X=±aEJR : yhC×1= Asinhlax) + Bcoshcax)

→ ycy)=É ✗nsin.la?ICy-eD.dn=(d?IcY.d=at-bi:yhCx1--eax(Asin(bx)tBcos(bx ))n=^ ←
☒ Circular Domains

3. solve ✗(✗1=§ . in general §Aie"i× (for di # Aj , i=j)
n= ,
pnsinhldnrlx.at/t8nsinh(dnMlx- by

Laplace- eq.sn circular domains Trigonometry/Tricks4. find ✗n.pn.sn with B. C. & Fourier- coeft. off and q ulx,y)=w(r
,
F) ⇒ Laplacian Dw= wrrtr-wrtf-zw-oosinlxt-yl-sinlxlcoslylt-coscxls.inCYD

Laplace - eq. with Neumann - B. C. Polar - T
✗=rcos(F) ;y= rsintl Yost

cos (✗ ±y) = coscxlcosly) Isincxlsinly)☒ Y

{
☐ " = ° '

"
'" ⇐ ["" ✗ [" d]

""d"""" {" = " = """" /%)
a
✗

☐
× sink> sin#=É('" (× - Y ! - cos /✗+Y))Uxla

,-11--4×16,41=0 , y c- [c. d] 1. W(r, F) = Rcrl (F) minus
no minus cost)cos(y)=z1(cos(x-g) +cos/✗+y))4×1%4=41×1

,
✗ c- (a. b)

2. Dw=0⇐, RZR"(r1*rRCr) =L -0%, or
uxlx.cl/--klx1 ,

✗ c- (a. b) Rer) g.(a)
=D c- JR sink>cos (4) = f- (sink-g) + sin/✗+y))

①
"
(F) +d -010-1=0

1. check condition for existence of solution ( *) sin4x1=1z(1- cos (2×1)3. solve {0-101=-012%1 ⇒ {0-nto-1-Ansinlno-11-Bncoscno-12.nl?Y1--XCxtY---gg= =€Rn , ①
'

(a) = -0121T) cos
>(×)=1z(1tcos(2x))

+ An= hz

3- solve ✗(x) first because we have homog. B. C. here minus sin
>(×)=¥(3sin(x ) - sin (3×1)

4. solve r2R"(r)trRYr1 - dRCr1=0
→ ✗(x ) =£ cos

>

1×1=411304×7+043×1)n.jxneosljI-a-lx-ap.hn -_(I÷T
⇒ Rncr)={Cot D. Inch ,n=°☒☒ sin4(×)= f-(3-4cos(2×1, + cos (4×1)Cnrh + Dnr

- n

,
n =/ 0

4. solve Ylyk pnsinhldnfy.cl/+znsinh(ilnTCy-dD
"° if zero is inside domain : Dn 0 the No cos"(✗1=8113+4cos (2×1+6514×1)

5. find coefficients with B. ( (and Fourier -coeft.ofh.la)
Circular Boundary Conditions sing,=e

"
-é
"

Zi
icoscxl=eii×

Full circle :{ (" = (£1T) ?⃝nfo-KAncoslno-ltbns.in/n0-)
④ When writing ulx,-11=111×1441 : ④

'

G) =
'

Czar)
⇒{✗n=nZ sinhlx) = ;

coshG) = + e-
✗

2
Let An:=✗nPn and Bn:=✗n8n

Sector : ?⃝(o) = (✗1=0 ⇒{?⃝nH1=Ansin(
¥-21

⇒ less unknowns dn=(h[→ r and r
-

"


