N a’sda:mor 5

'l(‘,ln l(ahn ng‘ef K’orrejcbl..g'b' I/)OOL\
Vo“Sl:and-'Jka't jaranb'(/&q.

e Bei Fellern oole~ Ve/&ssuanjsvorro(.fiiaeq
J¢cannmsk oln  ir ene Mail Sova'&'Lcn an
msteinkel@ethz.ch




2SHMF Awna 2 - Harvin Stemleelines
Prod. M. Tacobelli - HS2024
Version of 2% 4 Jav.uo? 2022

Opeotors and Class fication

Geoclw Vu = (&‘;)

Ua

[__a{a’aﬂ Du = Pu = Usx +Uyy +Uza
Preblem we"-pom‘ @

o Solulion exists , is un:a,uc and stable
stable : small M"Q‘ in I.C

-) S'M” Ol‘n'ﬁi- n ‘d“ﬁo'\

not el —‘aouo! il Po-reaf

Stmm\ Solubion
all devatives in the PRE exist and are continoud
(ofl)hui% : weale soludion )

Ordles of POE = Order of uj‘»ut desivabive

Linecr /Quasilintar / ,C..Ily hon - linear

« Linear e all coeflicients in front of o amel
it's de-vatves olo usk dept.d om

a od il's derivatives

*Quasi -lineor a3 PE o fimeor with respect to
the h:alnst deAvative

o»fu"y non-linear > neithes lineor nor 7ua.n'-lu'n<ar

A, Finolin o

Hethool oF Charackeristics (1.9.C.) el e
Solves C7uas;-)Unew Tct Oroler PDE_:/

(5,0
bt s bluy)uy = <loy,u); I"(s)=( 7"(537)

t(s0)

2. Sohe  Sysiem of OO€s

X, (8= alx,y,u) ith initiol
Ye(s8) = blxyu) Condlitions  [Ts)=

aé (s¢) = C(X,y,u) J:J""‘ wibial ecrve

r(s)

x(s,0)
(y(:,o)
(5,0

3 Cl"ebk TmnS\Icr.;‘aliL7 wndliton

xy(50) X (=.°)) al(x(50),y(59) &(5,09) x (s
- ’ A " s lo)
olet ( y:(59 Ys(s0 /= olet b(x(s5,0),y(s5,0) &(s,0) ye (s,0) ) *
a x:(f.o)
P anal ( areé fmu! se
( 6) ys(s,0) v Gt paie)

& we can olve {ov' S(x,y) and l‘[x,y)
i the Mdﬁl-bo’l"'“' 94 (S,O)

&> le/: exskc a Wl'7v€ Solution in the hdauwrlwoo'
of (s50)

4 {ind S(x,7) ol 1(x,y)

S. ﬂun S(X,y), t(K,Y) o &'(S;f) =) a’(:("y,' i(’(,,)):

if 6\,‘,(_ ore simooth

ulxy)

Conservabon laws ,-o(couswea' 7ua»tit7)
c.9 mass, 0)?/37

S\‘:mha formulation x‘;(‘f'b‘"')

c Uyt flu) =0 ; u:Rx[00) =R ; f:R— R

L flux y (time)

‘Uy + c(Wue <O ; clu) = {'{a)

im‘olidt sdution . . s
— | — mvr 1
u(’f.Y’ = uo(x‘ c(qu,yly) V(x’7) 6 JR X [0’ 7‘1

indlal curve
Critical time

no smooth golution -For 7 ZYe

cimf 4- 2
Ve —SG.R, C(u,)s
Cu) <0

,nkam’ -Formulat\'ov\
V x.’qu 70’7' € &2 Mlik,d x.<x1 ; 0<7°<7":

J;.‘:'(x,y-.) ~a(x,ys) olx H
b4l
.J7' f(u(x,'y)‘) '{(u(x,,y'))d)l ®

Weal: SOIH.HO-A (,,‘LQLIL waueg“)
Llet O= _(_}”OL be the Oria'mal olomain

“(",‘/) it a wealt Sdulion if
culxy) is continously diffe-etiable in eah D;
-ulxy) sobisfies the original POE "
culxy) satisdies the ;qte\c)ra' JormJaH(h ®
Roundlories  letwee 0; : shocks
Slocks neeedl to Sab'tf7 éls(
Rankine - Hu qoniot - Condition




Ravkine - Hu Qoniot - Condl'bbn

chocles ore corves ( ‘;‘77)

dopt et T
ut-u” “ 5

Entropy - Condition
Wegk sdubions are et um'7w.! =oemiropy -cord.
helps us in o‘aoolr'n:’ the best solubion.

wL&C

()< 6 ()< ew) e f(u) < 0'(y) < Fln)
t-,flux
= charadtristics ou|7 enter shoeks but oo wof
emematt "ﬂ"‘ them (,,in‘ormhb'oﬂ 't be
qeotrabesl o oub, lott )
2ud Order PDEs

Cla:xlﬁcaﬁ;ov\
L) = athyy +éu,‘7 +lUyy rolu, teu, fu =3

with ﬂ,‘,--.,j Junctions of x anel Yy
S(L)("o,yo)-.- L‘(x.m,) - alx, ye)(xo,70)

° S(L)(X,' 7,) >0 L”Mrbo,n'c
e S(L)(xo’ 7.) =0 Paralm'l'c
* $((x,, y,)< ©  ellptic

if a,bc conmst: 3lolp( fwvrlrf?v othe-vice local

wave ‘f?. P U - Czuxx =9 L7PU'LO"'¢
He-t-ctr. : uf - uxx =0 PNRLO';(_
Lq’:lnc -€9: Uxy +dyy = (7] dl,'ri--'c
[ Y 4
Ou

ulx,t)

Homoﬁenaaus Wave C7uain'on (L”ser‘w'nc)

Ut - g =0, (x,8) 6 R x [0 w)
ux,9) = £(x) , XE&dR
g (%,0) = 9¢) , REWR

left 2

ulxy) = Flx+ct) + G(x-ct)
tﬂm to the right

(,, if 1 : % hos o grow Jor const. input ")
slve. with N'Alembet’s formula

FlOxtct) + flx-ct)
2

p x+ct
. . . l x-ct
SOIU-*IOI') 15 un-que . ‘F’ﬁ Odd/ev&‘/’)b;d'c = U dso
odol/
Domain o‘bﬂu&nce &.:lion of D(.,ab—.dm:.c T

ulx t) =

t o xtct=a t (%, Lo)
‘.§\\\Z:;¢-ct=L
x %-Cto Xorek, 7

a b
non L\omoﬁo.e.ws Wawe - CﬁuQth

Ut - gy <Flat ) (x,2) € R x [0 )
ulx,9) = -ch) , X e
wy (%,0) = 36‘) , RER
gpb'on A O'Akml»w J:of nonLom00¢"‘°“‘ wave-(.7.-

x+ct t x+e(d-T)

+ é‘;j gy + ;‘;-HF(Q,t)Jg‘.ct

x-~ct ox-c(¢-T)

_ fx+ct) +§(x~ct)
- 2

Option B ( F is simole )
A. findl ‘oar{. solution v(x,y) that solves

th-Cz\/xx = F(x,¢)

2.use D’AICMLQA (Lomoawoux cae) to J.'no‘ w

whee w  Solves
Wit - € Wiy =0 , (xt) 6 R x [0 w)
W(x,0) = £(x) -v(x0) , xeR

wi (x,0) = 3‘*)—%.(3:,0) , RER

3. “(",‘/) = V(x,y) + wix,y)
Note: Solution s w:?uc_
F'[;j oddld = u odd

W even =D U even
" ,Def'-o 9".‘- = U feﬂoa‘.C

‘”"‘i x pot in (-0, 00) fut xe [0,00) with u(0)=O
'F(‘).E(*), E(x,t):odd extentions of £3'F

=0 Sdve. Problem with r.a; F

cosh(x)
sinh(x)

icpcm&;on o{ Variables

X

komo:. Heat e?uab'on

Ug-kay, =0 , (xt) e [orIx o w)
u@t)=ull,t)=0 | te [ou) Dirichl. B.C
M(*.°)=-F<*) , XETY LY Initial cond.

A. Ansatz wlx t) = X(x) T(¢)
2. Ph.a mto PDE X(x)TC) -kX'"(x)T() =0

[~ T'(f) X"(xl
kT ~  X(x) =-A €R
3. ODEs

x"( AX(x)=©
{x(o):) :((1_) :)o ; T'W+AKTQ)=0

t
hee we hove howmog. ORE with R.C.
= solve X () first




4. solve. X(x)
AP0 X(x)= Asin(\mx) +Rcof(\’:\'x)

A=0O: X(x) = Ax +8
Aco: X(x) =As:nL(FXK) +B®:L(mx)

frome RC.: 1row hividl sdlution for A2
= X(x) = Z'A s-n('ﬁ' ) (Dicichlet)

L 4
S‘ solvc T(¢)
o
W= 2B, ()
ns1
=A,R,
6. r:ul- £006H-|£/ Cn
w lr.(
wlx, b= XC)TCE) = ZC e s...({—x)

t !""'0( C.,, with Jintid condibon Fow&s *

2‘“ iy d Z"' /G
u(x,90) = Cn SM(T x) = f(x) = L..s_"'(-: x)
n=1 @_ nz1

= C.= L n-th. Foerer coedf of f(x)

% we want Fouritrseies of £ witl o.,.l7 Sin

= if { it odd:clo an odld extetion on YA

® Dfn’a“éﬁ R.¢ =0 S, n=T2 ...

Newum ann
BouaJary conglitions

«Divichlel: u(@t)sulL,t) = 0 X(x)= ZA sin( 28 x)

« Neumann : ulot)eullt)=0 X(x) = ZA cos( )
< Mixed/Robin : R.IL. F A

RC = COS' ""-'014."'

inlnomoao,(,om heat e7uann

ut-ku“ = ch,t) ) (X, t) é [O'L]x [0’ “)
u@e)=ull,t)=0 |, te [0 u) Dirchl. B.C
u(x,9 = f(x) , XETOLY Initial cond.

A sef,emh'on of Varlables (nc:)fcd F(x,t)) - X ()

o
2. Write alx,t) = 2. T,(8) X, C4)
2o Tl X0 (B

whn

Fouff ‘” "ﬂ‘q

3. Pluj this into PDE Wltl- I?HS = F(x t) = Z‘L‘ s.,,(..-,g)

n=4
4 mnt‘L\ CoeJJ:c:enfS L!J&( Sinus
= Sy stem of ONEs for T, (2)

Fount—- st {.
S. find T, (0) WuL Ic 0.’ #Cn)
u(x,0) = Z‘T (0) X, (x) = f(x) Zchs:n( )
net lo{lvis h:l
sin (45)

= 7,(0=c¢c,
A
6. sove T,(t) omdl p’uJ mto ulxt) = ZIT,,(!))(,‘()&)

n=1

Eheray meéLool &uni7ue,h¢s

/’. let w:= U,-uy

L
2. Eneray function E(i):fo W:(x,t)-;czw:(x,t)dx

3 Show thot %E(u.-o ool £C0)=©

= E(t)=0 Vit

= Wy =W, = @ vt (Lbecause c® 20)

= wix,t)=0 VUx,t

> U=y

e_"in‘c e1uab'on$

Larm onic¢ ‘Fancﬁons

solutions to the Larlaa_-eq Au=0O
are. called harmon; ¢

PO;SS'Oh-CquaHon (-’-‘ LQ’JACC-C(’_ l-ff(x,y)EO)
Dicichlet  Au(x,y) -—/o(x y) , (xy)eD < R
Problem
ulx,y) = 9lxy) , (xy)€e 3D
Newmain( Au(x,v) f(x y) , (xy)€D < R
Problem
 (x,y) € aD

3,ulx,y) = glxy)

QU=V-Vu, Vis L om D and pointing

outwards

kinel ulx,y)+ 9, ulxy)= 7(’!)!) (x,y) & 3D

Exuk&lnc& 0[ solution to the Neunana ISNUGWI @
El*j 10([ j/f(*y)dxdl (alxdr—-o rd9dr)
Wealk maximum Prmc. |£ ”a“l

if D is bounded amo uéC(D)/\uéC(D)
is  harmonic in D (Bu=9 i, D) then:

r%aX{a§=sh;x {«} anel the same for min,

Stm.-, maximum friud,.\k

u harmonic in D, D connected. Then:

u attains max/pe, in 6 = « =consé

Hean value f:n_nbfl_t

wu hormenc ia D RR(x.,y,)SD . Then:
2]

2
u(x.,y.l s z%'j; ulx, +Rcos (), 7,*Rs:’n(8))d9
if flxy) is smooth asd saticfies mv.p- = £ harmonic




maximum rr‘marlc fc rmraLolnc er‘qbon:
D, bounded Domain U solves the heat- ~equation

t (o,r1x0
Eim
in Q = [0;3 x’ﬁ'“" Then T4
u achicves mac/min on the Toin x

Ianm'oollc LW'M"‘")' pQy = {{"} X D} {;[01’] x 30}

RCcl:OuJular Domains

Ln'p,-cc -¢q. with Dirichlet -B.C.

Du =0 Lo e Cablxled] oo before Yiy)
ulxe) = ulx,d)=0, x¢ela,bl (Lehea. B.C for XGx)
ufa,yl = {¢y) L€ (<,d) =0 minus before X (x)
u(b,y) = 1(7) Ly € (s, ) N0 minus

Y
4. ulxy) = X(x)Yly) =0 ::“: = 7;((’;) ‘)\éJiE

2. solve Y(y) .{.r:l becans. we have Lmoa R.C. hee
-2 Y(y)= n( = (y-¢ — *
Y ngw,.s (d_‘(r )) ' '\"‘(d-c.)

3. sove X(x)= i:P,,sbL(JA_.' (v-q))# z..s.‘..l.(m(x-la))
4. ;:-.J «., ﬁ,,, Yo with B¢ % Fom'cr-co(ﬂ.o{ .[ avel 7

L_n’:hcc - 9. with Neumawn-R.C.

Auz0 » (xy)l6fa,b]xCe,d]
Ux(a,y) = u, by =0, yelcdl

Ux(xc) = h(x) ,x¢&Cab)

Uy lx,d) = k(x) , x€ (a,b)

A, check condlition Jw ins!:o»a, of colubion ()
2. ulx,y) = X(x)Y(y) =p - 2]

o TAQeR
3. solve )((X)Jr:l becanse we have Lw.\n:l RC. hee mMmut

= X(x) = 2“ <os( (x ﬂ)) b--)

n=0
4. solve Yly)= Z Bnsinh(YX, (-¢)) + & simh (W Cy -,q)
S fomel Coefficienis with B.C (Canel Fouritr-coedl. of L,k)

A,ﬁ:o(“F,, B'I== 0(,,7..

=n less unknowns O

_ Bom‘nr7_:r'iﬁu3 with Neumana B.C.

7 "7"' 4 00(0( Ldnvmnc fyhaw-nl
""‘-k“"‘t Vst x(x-5?)
“,l
| a ;‘x 2. Write L'M— Pf'OLIlh-\ J\Y v
3_ SP':'! - y= M’ + VZ
y Viee £ +2ua y
d vysh-2ud d (), s £ #2000
gz P (] PR =) AN
Vysk-20¢ vy=0
v e \\, | a L -
gk ey )0 gy
“o( ‘/4,2 MLL neccﬂ"/‘ (\/,)7.€+2«a(v,),.1+2.gk
(often: % 50) < Ay
[ a S

I e v, and v,
6. wite Uz v-ux(x*-v?)

g wrcular  Domaing

L_quncc—q.m ciredar clomams

4

ulx,y) = w(r,9) aLafl-c-'an Aws= Wy +—Wr +'ri;Wso

Polar - X= reos(8) ; y = rsin(6)
coordinates ) \lx‘+7 ;0= ardnn(’)x)

A. W('} 8) = R(n-O(s) inks . o minks
2.Bw=0 e CRORG | Ol 4 o
Y RCr) = O(e)
@1 +)0(9)- 0
3. salve { O() - O(2%) On (@)= A,, sin (n8) + B, cos(n6)
9'(0)=O(29) A= nt

4. SO'VC rzR'(')+ rR'(')-AR(r) =0
= Rnp(r) ={(° + D,In(r) ,n=0

Cr"+D,r" ,ne 0

if 2ero is inside Oomain ; D,,élo VhéNo

Circular Bowmlnr7 Cowdlitione

7
Iﬁv_,
x X

. . @(0)= @(zﬂ @n (6)= Ahcos (n9)+ R s;"(”g)
FU" or‘k : @'(0)— G'(Zi) =D A ) ”2 n
Seckor: @(0)=B(x)=0 =0 B(01=Apsin (‘-g) uf

Moz (nﬁ)_.r_

% anck

Nice Stu{f - U

Fow'l'!/-Coe{{fdhls
if we wank sinus: olo vdd extension of f on [-LL]
{ ey g b,sinl 2 5n='f-'f:4'(u)s;n{!;__"7,.),(x

(*, = hs 1
if we wamb cos. . olo even extension of f on [-L L]

even
- '[ (%) ="‘»"‘£-a“c»s(5‘—E )

20
where a j f F6x)olx , n
jf(v)cos{ x)dx ,ntO
Sa|l-ihl| ODE with CLPﬂ

A= xa€iR : Y. (0)= Asinh(ax) + Bcosh(ax)
Asazh : 002 e (Asialba + Beor(bx)
-in generel ZA c€ Hix ('f‘f'/\.#t\, , i#j)

I:aommd:v/ Tricks

sin(x2y) = sinlx)cos(y) £ cos(x)simly)
cos(xty) = cos(x)cas( y) 7 sin(x) sin(y)

5m(x)=m(y7 = - cos(x-yl cos (x+7))
cos(x)eos(y) = (co:(x -y) +cos(x+y))
sin(Weas(y) = %(sin(x-7)+ sinfﬁy))
sin*(x) = -21 (1-cas(2x))

s () = ; (1 +cos(2x))

sin:(x) = ;’f!-(gsin(x) - Sin(gx))

cos (x)= T (3ot +eo5(2))
sinl(x) = —-(3 ‘fcos(Zx)+ao:(4¥))
s () < ( 2+9¢os(2x) +co5(9x))

"* -ix x _-ix

sinlx) = 2&6 ; coslx)= & 1€
- b 3 -X

s:..uxhe"—z e . cosh(x= 624




