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‘Hodeliv\az
e wart to Leam how o wathematically tepreset dynawic systems . All sysfeme fhat we ward o

describe , com be vepresented by diffesential eguotions. e wil genesally use this  standacd form

to deseribe  dynamic s:astens.

() = (), u)
yib) = A (), u))

[€ g o S‘gste‘m a[ 15£ ocdes ODEs (as seen i Linklg IL) . T‘\,\S (s colled the stoig-spc\ce_ ﬁ)\'ﬂ_,

Since we ose obsesving how $he ctole vecter x. chowoes .

Z,®

The vector X =( :

)

chonges infernally oves time . It can be theught of as o memery , containing o summory of how the

contains oll stote vosiables of the system The stoles desceibe how o system

sysem behoved i the past. Given the inbernol slotes ovd the curvert input ,we can uniguley
predict any fubure behavior.

Block Digcoms
Block dingroms ose om effeckive way to visually show how diffeserd. Sss'tems are. connected.

[t s the standacd woy to illustrote the intecconnection o} different sysfens and control acchitectures.

The simplest example. is:

—_— y

Hete S waps on imput w do om output y . We com write thok:

y=2u




We can olso look of o gimple feedback lop Wwith T being o scolas gain, meoning

y=Ze with T e R

If we now choose T 4o be -1, the oubpuk y Wl go fo infrady, independent of w.
That meoms thot we have to be caceful when using feedbock , else auc aystem wight become

tnekoble (ie.,y»00),

Remembes coucse objectives:

E:;;&—’Modeung: tepresent feal tworld systems with mathematical equotions.

Anolysis :  undecstand hots o given system behaves ; how the input offects the output , how Jeedback
nfluences the sgs’ten.

Synthesis :  Change the syslem | so that it behaves in o desirable woy.

Systen CLa&i{a'cattotl

Now we Know how to describe physicol sydems with equations. With that we con alse classify them in
diffecert ways. This classification is impectort for us,since we will only consides one specific ype
of cystem in this class. (S0 colled [lineac time invariant or LTI systems)
But generolly we classify SQSfen in these cotegpries:

> Lineas vs. Nowlineoc

*  Cousol vs. Non-cousol

> Static (memoryless) vs. Dynamic

2 Time invosiont vs. nme-Varyina




Lineas i‘“ﬂ :

Foc o system to be linear twe conditions have to be Jullfilled.
2 Addibivily: Z(uwgtw,)=du+du,

>

Homogeneity: Yku=kXu , kel

Differentiabion ond integsation ose lineas opecotions!
We com Summarize both to :

2(au+fu,)= adu+flu,=ay,+By, o, ek

u, Y, u, Y,
—_— Yy — —_ Yy —
aw, 5 oy, Ru, 3 ﬁyz

This implies the idea of Superposition. Thal meoms that,when a system is Lineac, we caw:

»  Breok down “complicated” input sighals ints Simples components
> Compute the oufput for each simple input sepecatley

2 Sum ol of the simple oulpuls together bo obtain the response {o the complicated input

fga-ﬂg\&s'-

L'mear :

2,0 = 2,0

g_ww_ — AWM= ) e ul)

e gl yb = 2,0

Nonlineac:

ol 1,0 = 2,0

e AW =Elingsnx,d - cx, e Leosz, @) ult)]

yib = x @



Lineat vs . Nownlinear :

Lineac

Nonlinear

1|y = ui-1

X

2. | yW) = sin(u(t)

1y = uft-1)= %,

Y=t w (k-1 = Tlu,)

2.y )= sin(ut) = ¥ (u,)

y ()= sin(uy () = 3 (u,)

! S (atqePuy)= tlaugt-1sp u (t-1)

=aY(ug)+P X (u,) T linea

] Y(aug+Buy)= sin(a u(t)+ fut)

# o sin(ug(t) + B sin(u(4) — nonlineas

A system is said bo be cousal ,iff {he fuluce mput does not offed the presed outpub. All Pmcéicallg

tealizable s'gstens oce cousal . Othecwise gou could predict the fubuce.

Cousol Non- causal
yt)=ult-a),Va< 0 X
y&)=ult-v),ve>0 X
yt) = cos(3t+Dult-1)[ X

Stotic vs. Dgno.n.ic

— Fubuce mputs

An ]upui: -oufpu.{i 535'&.'1 Y s stabie oc wmemoryless if foc all t, y(t*) is only a function of w(t).

In. othes words : the preset autput depends only on tne presert impit ond not ew post o fubuce imputs.

Sydems described by ODEs ase always dynomic . Stotic systems are usuolly desesibed by olgebraic

equotions. You can think of systems from Mech T as static ,ond these from Meck II os dynamic.

Static | Dynamic
y =2 ) | X
t
y(t)= j ufr)dr X
yt)=1u(t) X

"Sums up" everything thot happend

W(4) = Lim ) -ult-h)
k=0 A



Teme invaciont vs. Time - vacying :

A time invaciont System will always have the some output to o cedtain impul, independent of Wwhen the input is applied.

Tormally this means thot we com ghifl the input iw time and the output wil alss be sufted .
u ]

]’\/\/ —_— L—/J\/
u J

¢ ¢
¢ ¢
o =l

T T

Vosioxt nvaciant
Y= k-1 ult2) X

yib) = cos(d) ut) X

But whet Kind of sydems do we cace obak 2

-

> | imeas

» Time invasiont
LTI sIso Ssz‘l':_ns
- Causd

Vesy restrictive class of systems
2 Single input, Single. output many S\szns can be well approximated by LTI SISO S\istu-\s

Ove chawctesidic of LTI eydems isthat e can write the clate spoce model in the form:

x@) = Ax@) + Buw

y®) = Cx@ + Duw

wheee 4, B C.ond D ase constant watrices o vectors. One example of Sudh system is the

Mass-Spring  System foom befoce . The elate space form caw be re-wriften i moteix form.



2, = b Z, () 2, @\ [0
. K 1 . s M 1 wit)
W= wa,®ewmu®) =\ X W/ \w

yi = x b (xlm)

n

y(b)

I this exomple /,B,C.andD ase defined o8 follows:

The. vectos 1 (4") is the stabe. of the sy IE conbains the infimbion nesded , bl

X

with the curcent input , to uniquely predict futuee outputs .

The dimension v of the Slole vectsr X e R is equal fo the dimension of the systewm .The choce of a
Systems slate is nol unigue. Evecy diffecent choice of states is called realizotion (there ace infinitley many
cealizations). |§ we choose o fealization with the Smollest possible Stote wector |, il is called minimal

realization . A stofic system hos a 2eco - dimensional stote vector.
Let's Look at the othee example from before , the Swing:

k0= 2,0
8 = 2z [- Img $n 2, () - € X80+ Leos X, (8) ulh)]

v = x )

How do we write this in the makrix foem,ie. thol ose 4, B,C ondD 2
X, x,(t)
e ul
X, () x,(t)

x,(4)
yd)
X,(4)

The sgstem is nonlineac. Therefore we canlt divectley write it in the form of o LT systewm. But

we can modify the SBS"ZCM and appeoximate it as o LT) systewm.(We will do this a lof sice most

Systems ace nst LTI



Lineacizotion:
When Linearizing e toke Some finite-dimensionol , Eime -invaciant , causal nenlineac system and approximate
it as o LTI system . This approximation werks very well and let’s us use control systems designed for LTI

sasker\s even on nonlinear systems.

The main idea is to pick an equilibrium point of the sﬂs{m ond then make o linear approximation arround that
equilibrium point. For o system modeled with ODEs X() =F(x@d),ult) , we con define
an eguilibeium point (X, U, ) to be ot

fFlx, ,u)=0

Lets find Some equilibrium pomts of the Swing exampe . We will ok at equilibeia where U, =0 .
Intuitevley, whece twould those be 2
let's take a closes look:

u.=0 , f(x_,0)=0

)= x4 =0

1) = iz [ g s, () - A+ Leos () (D]
yib =z,

==L inx =0 = %,=0 srx =7

So Jor Ue=0 thece ace fwo equilibrium points:

X.=(0.0) ,u,=0

[

Xe=(m,0) ,u,=0

This alss aligns with expectations since the firsk eq. is just pointing down, and the second is pointing
Vestically up.

In ordes to lineasize astound am equilibrium we use the Jacdbian Lincarization praceduce Where we
do o Tylor sedes expansion around (X, ,U,) of the nowlineac system's dywamic . The

lineacized LTI system motracies ace bhen given by:



A af(x w) o
Ox (x..u.)
C- 0 h(x,u)
Ox (x..u.)

(o4, 84,
X 0x,
oh .. 04
_87{,1 Ox,
£449
eR'

[ oh, ok,
ox, Ox,
Oh, oh,

_8x1 Ox,

2449
ek

e u,)

o u,)

e

_0f(x,u)
& ou

_O0h(x,u)
D ou

aro.pk;co.\lg You con think of this opproadn as follows:

[imeas approx. asround

(x..u,)

(x.ou.)

ohlineas System

S

Lets bey t om our Swing example :

£, = 2,0

)

yit) =

with e,qu\l'cbr‘\um poh\['.s ot :

Compuding A
EA
Ox,
A =
O
_39(.1
8
o)
3%, [

Z, ()

x, 0]

x.=(0.,0) ,
xX,=(w,0) ,
84, |
O, a4
L Ox,
0f,
o4, Ox,
Ox,
“Hx o u,)

nir[ g s 2, (B = < 2, (B Leos X, (1) uh)] ]

?

= A [- bmg s, (0 - c X0+ Leos 2, () ulb)]

u.=0

u.=0

ot

Ox,

oh

Ox,
(xou.)
o)
> [x ]
ol

20

2

du,,

Pxm

eR

[ tmg s, < e 2,00+ Leos ,0) u ]

(x . u.)

(x..u,)

(x. .u,)

e



[f we do the come {for B,C,omdD we ge:[',:

B- ‘f c-[10] . D-o

ml
Impostavt: we Lineasized the sgsﬁem. asround X ,=(0,0) , u_ =0/ If we Lineacize near the

other equilbrum poit X,=(1,0) , U, =0 we wil get o diffecest dole space representation:

0o 1
A- p-|°
c 1

U TR =
c-=[10] . D=0

This [Tl approximotion works well if we ctay close to the equilibrium peint. By choosing the

rigt confroller we can also ensure it works well withe real wowlineac aydem.



