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Sﬁm Llassification

Geverolly we classify System in these cobegpries:
% Lineac vs. Nowlineoc
% Causol vs. Non-causol
> Static (memoryless) vs. Dynamic

2 Time invosiont vs. 'Fim-Vavying

Lineati,{:ﬂ:
For o system to be linear two conditions have to be fullfilled.

2 Addibivity: 2 (uwtw,)=du+du,
> Homogexeity: Zku=kIu , kel
Differevtiakion and integrotion ose linear opecations!
We com Summosize both to :
2(au+Bu,)= afu,+flu,=ay+py, o ek

This implies the idea of Superposition.

A system is said bo be cousal ,iff {he fuluce mput does not offed the presed outpub. All Pmcéico.(lg

teolizable systems ace comsal. Othecwice yyou could predict the fubuce.

Stotic vs. Dyno.n.ic,

An 'mput -oufpb.{: sas‘tzm Y s shatic oc wemoryless if foc all 1, y({:*) is only o function of u(t’).

In. othes words : the presext output depends only om tne presert input ond not ow post or fubuce inpuds.



Time invosiont vs. Eme-w.rqinq-.

A time invociont sgsien will aluwoys hove the some output to o cedtoin imput, ndependent of when

the input is applied.

Buk what Kind of sydems do we coce obait 2

- |imeas )

= Time invasiost
| LTI SISO Systems
> Causd

vesy restrictive class of S\sSte.\'ls
2 Single input, Single. output many S\Fbms can be well approximated by LTI SISO Sl&s’cu\.s

Ove chawctesidic of LTI aydems icthat e can write the clate space medel in the form:

x@) = Ax@) + Buw

y® = Cxt) + Duw

wheee 4, B, and D ate constort watrices o vectors. The vecter x =(::2) is the stale of
the system. [t containg the informobion needed , bogethec with the current inpub , o uniquely
predict futue outputs. The dimension n of the slole vector X e R is equol to the dimension of the
gystem. . Every diffecent choice of stakes is called realization (there are infinitley many reolizations). |§ we

choose o fealization with the Smollest possible state vector , it is called minimal realizotion .

Lineacizokion:
When Linearizing e take Some finile-dimensionol , time -invariant , cousal nenlineac cystem and opproximate
it as o LTI system . This approximation werks very well and let’s us use control systems designed for LTI
systems even om nonlinear syctems.
The main idea is o pick an equilibrium poink of the system and then make o lincar approximabion arround that
equilibrium point. For o. sydem modeled with ODE s x () = (@), u) , we can define an
equilibium point (X, ,U,) to be of

flx, ,u)=0

Nest we use bhe Jocobian Lineasization proceduce .Where we do o Taylor eces expansion arround

(X, Ue) of the nonlineac system's dymamic .



Groghically you can think of this approadn as follows:

[ineas approx. ausround

ohlineac System

lmpostaut: we alwoaus lineasize o sydem acround some X, U, | If we linesize near andhec
equilbrium pont Ko, U, we will geb o diffecent dole space  repreSentation .
This Way of approximating nonlinesc sydems as [T1 systems works el if we oty close to

the. equilibrium poiut.

Time Response

We know now how to represent physical sys‘tem.s with ODEs and how to uniformally represerd
them in the LTI state space form :
X)) = Axw)+ Buw

y®) = Cx@ + Duw

But how do e compute the Solution of these ODEs 2
First , we can take odvantage of Lineacily of ouc equations. Since the system s lineas , e caw consides

two Seperole cases :

> Initial - conditions esponse: [ 20 = X,
->
Yie

u=0 ,t=zo0

> Jorced response: [ x0) =0

u b =u) ,tz0 =y

Mtec soving eoch case seposotley we jud add y and y, to gd the complete oubput. This Sepacation
ollows ts to analyze the effects of now-zes nitial cowdilions awd won-eco inpuls Sepacatley.

In the following we will Sdve both coses for o firet -oxdec sgstem i.e. A,B,C,o.th ate. Scalacs.



Initial cowdition (homoaenesus ) response:

In bhis case the initial condibion 16 X.(0) = X, ond the mput U) = 0.

L) = axlt) , X0 = X,
yit) = cxld)
The olution is given by : i

x = e = b,

y ) = cex, = cpi,
Lohete $8) = €% ic the dhake- tronsibion funchion.

Forced response :

In bhis case the initial condibion 16 X.(0) = 0 ond the mput U@ # 0.

X)) = ax@® +buw 2(0) = 0

]

yit) = cx() +d u)
The olution is given by : (desivotion . lecture)
t t
(t-7)
X () = [o et bu(vdr = [o $t-1) bulr)de
t t

(t-7)
y, () = cfo e” " bumdr +duw = ¢ fo¢(£-r)bu(-c)dz +d u@)

Corplete cesponse: (First-order system)

Due b Liveasiby , we con jus’t sum up both cases . Thecefore x= x + X, and y=y +y, .

t
(t-v)
x(t) = ea%xo + ]oeo. * bulvdr

t
(t-7)
yt) =c eo’txo +cf e® " bumdr +d uw
S — N 0 I —
votusal cesponse | fosced cesponse Feedthrough

Remembes thot o, b,c,and d ace sedlacs here.

Cowmplete response:  (Highec-order system)

In genecal 4,B,C.ond D are net scalose tike above. Tostunotleyy the. solution ks very similac .
Keep w mind trot wheneves 4,B,C.and D are wmoksices you hove to maintain the ordec

of multiplication!



The sdubion for the. stoke space LTI system is given by:

t
Alt-
x(t) = e,AJ‘xo+ foe t)Bu(t)dt

t
yit) = Ce’wxo +C f e Buwdr +Duw
0

[§ we take o closer look , we See thot Some ferms contoin the malsix expanerdiol Mt

But how do we compute e,A{ e

Throwback : Lineac Algebra I

The watcix expmnential con be defined through o Toylor -Sesies: (also volid for scalass)
CAEDME-TV1 SRV TRS VI RS (V)

Thecefore we would have bs caleulate jnfinelley moany beams. Buk for some matrices we

can drastically siwphfy the caleulations:

= Diogonol : ezp( 4,0 ]{,>= [exp(lii:) 0 ]
0 }'1 0 exp(,lz":)

= Jocdan Form: o A1) [exp(dt) texp(dt)
”([01 J‘) [ Po e:zu)]

Whee 1; ace the eigenvalues of the. respective matrix.
To focilitte  colculakions we can thecefore do o coordinate transfocmakion, X =T X

such thot E.M 15 easiet to compule :

TXW) = ATZ® + Buw)

{ @ = Axw + Buw

y#) = Cx®) + Duw y) = CTZw + Duw

[ 2@ = (TAT)zw + (T'B) u
yb= CT %W+ D uw

t X = AZw+ Buw

yt) = C 2w+ Duw

For o mokrix A e IRmm with n ejae\wahes A A ond n Llineacly independent e.iamvectors

119%n

v v, ove con do o Coetdinate tmmsfermakion Such that

119V




A=TAT =dig(d,,..,1,)

1109 %n

whee 4 is o diagonal matriv with the egenwolues 1,,..,2, on the diagenal and T

o transformabion wabrin containing the egenvectors v,,..,v, os columns.

Note thot the bime recponse temaing wndnonged . Through the coocdinate bramsformation , we simply use

o diffecot reolizalion of bhe sds\:ew\ i.e. o diffatm‘: shote vector.

Initiol cowdition (homoqenesus ) responses:

Le‘t us ow take o closes Look af gﬂste_‘,\s whee A4 18 d;°‘3°"°‘l' Moce S\>ec‘ \:F"(‘- we. will Lok ot the
inibiol condibion vespemse ,i.e. u®)=0.

» For o diagoval , real mosix:

A = '110] b ,1;€IR
01,
y = Ce™

where we Can weite ouk all tems and Swplify for A being diogonal.

by y
yo= Lo, e[ ]
y = o et + cpeht | 5

So for dingonal ,ceol waksices the iitial condibion. fesponse is the lineac eowbination of tuo exponentials.

> For o disgmal , complex malsix:

A=[°’+J"’ 0 ]
0 o-jw

y = Cex,

where we Can weite ouk all tewms and Swplify for 4 being diogonal.

t jut t -jut ¥4
yi) = c_ied el” x,(0)+ czed el” x,(0) T

t jot —jwt
e (crel™ x,(0)+c e’ x,(0))

ot
e (o, sinlwt)+ o, cos () t

t
we sinlwt+P)



Stability

In the fwo cases obme e con See thot the oudput is Somehow linked Lo

yb = e, (0)+ e x,(0)

y#) = we  sinlotred)
The growth of these ferms is dictofed by the real pact of the eigenvalues of A . e can see that if
the eigenvolues 1 have o positive teol past, the oubpul will grow exponetially ovec bime. ,i.e. become
unstable. (y > )

But what does stability really mean 2 There ase few ways to clossify stabilidy:

2 Lyapunov Stability: o sydem is Lyapunov stable if, foc awy bounded initial condition, and zeco mput,
the date temams bounded,ie. :

Ix,l <€, od u=0 = lxtll<8§ VEzo

= Asymptotic Stabilidy: o s‘délem is asymptotically stoble if, fos avy bounded initial condition ,
and Zefo 'mpu:[, the date convesges to zeso,i.e.:

Ix,l <€, od u=0 = Lim lxw =0

= Bounded-Input , Bounded - Output Stabil'-{s: o S\aélem is BIRO-globle if, for any bounded mput , the
output femains beunded ,i.e.:

lut)l <€ Vt=0 ,andx, =0 = lyd)ll<8 Vi=0

Every aystem that is net stable , is called unstable.

We com check shability by lecking of the eigenvalues of A

- L&o.ptmo\l stable if  Re(1;) =0 Vi

> Asymgtotically stoble if Re(1;) <0 Vi«



E)aam e:

2,0 = x,®
Hodeliﬂg 1
_ K0 = 7 [- lmg s 2, (B - c 2,0 Leos 2, () ulb)]

3l

yib =z,

uUu—>

u Lineasization

arround equilibium pot X .= (w,0) ,u, =0

0o 1
A- -
d __c 1
L ml ™l
c-=[10] . D=0

Lels solve this for the milal condition response,ie. X(0) = X, ond the npdk U() = 0.
Assume the Jollowing values for the intermal pamameters: 9= 10, L=5, c=25 , m=1.

The inilial condition is now given by:

O
[fc(’c) = Azt + Bud {a‘c(t) = Az
o —=
y® = Cxtt) + Duth
L)e_ hwa b Solva

yi) = Cxth)

W) = [0 1]x(’c)
2

For Lhat we need c’qe\walues and e'tgenvchnfS: ,1, =1, 12='2 Vg = (:II) , Vo = (-1)

Feom Linblg I we. now kvaw Bt 2(H) = €2 = T ding(e ... )T,

w0 (15 2)elf )

s (552

And vow he output is givew by:

et _e e, N
yw = [1 O][ee lé“][cl]= c.ef- e



This system is unstable. e Re(2,)=1 > 0, also Lin cetrce = o

Lets quickly look o tne othec equilibrium peimt: X,.=(0.0) ,u, =0

e

We now have to look ot
) = [0 1] 2 )
2 -1
The eigenvolues ase gwen by: 1, =

. 1. .
Tetom a2 10

Hete Re(2;) <0 &  Asymgtotically stable

Summo.ta

(riven o LT S150 system in the stobe -space representabion we got an expression to colculate the

oufput y(t). The time dependent oufput is also call time- response.

t
. t-
@) = Ax®) + Buw xt) = e J‘xo + J; e t)Bu(r)dr
—_—
y®) = Cxw + Duw b

: (k1)
ywr=Ce'tx, + O [ ¢ Bumdr +Duw
0

Given the time-response we can asses fhe stability of our system e generally distinguish between
three b&?es of s{:&bih'la:

d L&apu.hov Sbabil'«{s= I X.o“ <€,od u=0 = lxw)ll <8§ V=0
> Asymptotic Stability: x|l <€, ad u=0 = ln lx®l=0

2 BIBO Stabilty:  llu@wll <€ V20 ,andx =0 = ly®)ll<§ Vizo0



