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Recap
SystemClassification

Generally weclassifySystem inthesecategories

LinearvsNonlinear

CausalvsNoncausal

staticmemorylessvsDynamic

Timeinvariantvs Timevarying

Linearity

Forasystemto belineartwoconditionshavetobefulfilled

Additivity u u u 2

Homogeneity ku k u kER

Differentiationandintegration arelinearoperations

Wecansummarizebothto

au Ba α u β u ay BY α βER

Thisimpliestheideaofsuperposition

Causality

Asystemissaidtobecausal iff thefutureinputdoesnotaffectthepresentoutputAllpractically
realizablesystems are causal Otherwise youcouldpredictthefuture

StaticvsDynamic

Aninputoutputsystem is staticormemoryless if forall t.pt isonlyafunctionofu t

Inotherwordsthepresentoutputdependsonlyonthepresentinputandnotonpastorfutureinputs



Timeinvariantvs Timevarying

Atimeinvariantsystemwillalwayshavethesameoutputtoacertaininput independentofwhen

theinputisapplied

Butwhatkindofsystemsdowecareabout

Linear

Timeinvariant
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OnecharacteristicofLTIsystems isthatwecanwritethestatespacemodelintheform

x t x t 3kt

yt Cxt Jut

where 3 Cand areconstantmatricesorvectors Thevector Fit isthestateof
thesystem Itcontainstheinformationneededtogetherwiththecurrentinput to uniquely

predictfutureoutputs Thedimensionnofthestatevector isequaltothedimensionofthe

system Everydifferentchoiceofstatesiscalledrealization thereare infinitleymanyrealizations If we
choose a realizationwiththesmallestpossiblestatevector it iscalledminimal realization

Linearization

WhenLinearizingwetakesomefinitedimensional timeinvariant causalnonlinearsystemandapproximate

it as a LTIsystemThisapproximationworksverywellandlet'sus usecontrolsystems designedforLTI

systems evenonnonlinearsystems

Themainideaistopick anequilibriumpointofthesystemandthenmakea linearapproximationaroundthat

equilibriumpoint For a systemmodeledwith ODES X t t x t.at we candefine an

equilibriumpoint XeUe tobe at

f Reihe 0
Nextwe use the JacobianlinearizationprocedureWherewedo aTaylorseriesexpansionarround

eUe ofthenonlinearsystem'sdynamic



Graphicallyyoucanthinkofthis approachasfollows

linearapproxarroundXe

Xe nonlinearsystem

Important wealwayslinearize a systemarroundsome he he Ifwelinearizenearanother

equilibriumpoint he hewewillgetadifferentstatespace representation

Thiswayofapproximatingnonlinearsystemsas ITsystemsworkswellif westaycloseto

theequilibriumpoint

Time Response

WeknownowhowtorepresentphysicalsystemswithODESandhowto uniformallyrepresent

themintheLTIstatespaceform

t xt But

yt Cxt Jut

ButhowdowecomputethesolutionoftheseODES

Firstwecantakeadvantageoflinearityofourequations Sincethesystemislinear we canconsider

twoseparatecases

Initial conditionsresponse 0 Xo

Unt 0 to

Forcedresponse X O 0

uftut.to Y

Aftersolvingeachcaseseparatleywejustaddy andy togetthecompleteoutputThisseparation

allowsustoanalyze theeffectsof nonzeroinitialconditions andnonzeroinputsseparatley

Inthefollowingwewillsolvebothcasesforafirstordersystem i e 3 Cand are scalars



Initialcondition homogeneous response

Inthiscasetheinitialconditionis 0 Xoandtheinput ut O

Xt axt 0 Xo

yt ext

Thesolutionisgivenby
t eatx otto

gut ceatx cotto

Where of eatisthestatetransitionfunction

Forcedresponse

Inthiscasetheinitialconditionis 0 0 andtheinput ut O

Xt axt but XO 0

yt ext dat

Thesolutionisgivenby derivationin lecture

ft feat but di tot but di

y t feat but di dat clot i but di dat
Complete response Firstordersystem

Duetolinearity we canjustsumupbothcasesTherefore x x andY Y Y

t eatx feat but di

Rememberthat a b c andI arescalarshere

Complete response Higherordersystem

Ingeneral 3 Cand arenotscalarslikeaboveFortunatleythesolutionlooksverysimilar

Keepinmindthatwhenever 3 Cand arematricesyouhavetomaintaintheorder

ofmultiplication



ThesolutionforthestatespaceLTIsystemisgivenby

t e tx e
t

3utdtytcetxocfe.tt3urdt Jut
If wetake a closerlook we seethatsometermscontainthematrixexponential e t

Buthowdowecomputee t

Throwback LinearAlgebraII

Thematrixexponentialcanbedefinedthrough aTaylorSeries alsovalidforscalars

et not t t t t

Therefore wewouldhavetocalculate infinetleymanytermsButforsomematrices we

candrasticallysimplifythecalculations

Diagonal exp ftp.t Pol exp

JordanForm exp I I t expft P

Where I aretheeigenvaluesoftherespectivematrix

Tofacilitatecalculationswecanthereforedo a coordinatetransformation x ̅
suchthat e t iseasier tocompute

xt xt But x ̅ t x ̅ t But

yt Cxt Jut yt C x ̅ t Jut

It It 3 ut

yt C x ̅ t ut

It It But

It xt̅ Jut

Foramatrix with neigenvalues 2 Inand n linearlyindependent eigenvectors

v1 vnonecandoa coordinatetransformationsuchthat



I diagli.in n

where is a diagonalmatrixwiththeeigenvalues 1 Inonthediagonaland

a transformationmatrixcontainingtheeigenvectorsv1 vn as columns

NotethatthetimeresponseremainsunchangedThroughthecoordinatetransformation wesimplyuse

a differentrealizationofthesystemie adifferentstatevector

Initialcondition homogeneous responses

Letusnowtake acloserlookat systemswhere isdiagonalMorespecificwe willlookatthe

initialconditionresponse i e ut O

Foradiagonalrealmatrix
lie

yt Cetoo
wherewe canwriteout alltermsandsimplifyfor beingdiagonal

y
Yt c ca 8 Et 8

yt c e x O cze x O
t

Sofordiagonalrealmatricestheinitialconditionresponseisthelinearcombinationoftwoexponentials

Foradiagonalcomplexmatrix

00 jw

yt Cetoo
wherewe canwriteout alltermsandsimplifyfor beingdiagonal

y
yt c e e x O create x O

eat c et x O cze x O

Wute α sinnt α coswt

e sinut o



Stability

Inthetwocasesabovewecanseethattheoutput issomehowlinkedtoexponentialterms

yt c e x O cze x O

ytxeotsinu.to
Thegrowthofthesetermsisdictatedbytherealpartoftheeigenvaluesof We canseethat if

theeigenvalues Ihaveapositiverealparttheoutputwillgrowexponentiallyovertime iebecome

unstable y

Butwhatdoesstabilityreallymean Therearefewwaystoclassifystability

LyapunovStability asystemisLyapunovstableif foranyboundedinitialconditionandzeroinput

thestateremainsbounded ie

X E anda 0 t S t 0

AsymptoticStability asystemis asymptoticallystableifforanyboundedinitialcondition

andzeroinput thestateconvergestozero i e

X E anda 0 Lim t 0

BoundedInputBoundedOutputStability asystemisBIBOstableifforanyboundedinputthe

outputremainsbounded ie

ut t 0 andy 0 yt S t 0

Everysystemthatisnotstable iscalledunstable

WecancheckstabilitybyLookingattheeigenvaluesof

Lyapunovstableif Re 1 0 i

Asymptoticallystableif Re 1 0 i
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Letssolvethisfortheinitalconditionresponse i e XO Xoandtheinput ut O

Assumethefollowingvaluesfortheinternalparameters g 10 1 5 c 25 m 1

Theinitialconditionisnowgivenby

xt xt But xt xt

yt Cxt Jut yt Cxt

Wehavetosolve

Et Xo
xt

Forthatweneedeigenvaluesandeigenvectors I 1 12 2 v1 v2

FromLinAlgIIwehowknowthat Xt e tx diagle e

T.LI
inomationsxtE2E about c

Andnowtheoutput isgivenby

yt 10 Eat c et ce



ThissystemisunstablesinceRe 1 1 0 also Lim c et Cae

Let's quicklylookattheotherequilibriumpoint Xe 0.0 he 0

Wenowhavetolookat

t xt

Theeigenvalues are givenby I 1 i 7 12 1 i 7

HereRe 1 0 Asymptoticallystable

Summary

Given a ITSisosysteminthestatespacerepresentation wegotan expression tocalculate the

outputyt Thetimedependentoutputisalsocalltimeresponse

Xt xt But xte txofe.tt 3utdt
yt Cxt Jut

ytce txocfe.tt3urdt Jut

GiventhetimeresponsewecanassesthestabilityofoursystemWegenerallydistinguishbetween

threetypesofstability

LyapunovStability X E anda 0 t S t 0

AsymptoticStability X E anda 0 Lim Xt 0

BIBOStability ut E t 0 andto 0 yt S t 0


