


























































































Control Systems nbartzsch

4Recital 11.10.24

Recap
Timeresponse

WeknownowhowtorepresentphysicalsystemswithODESandhowto uniformallyrepresent

themintheLTIstatespaceform

t xt But

yt Cxt Jut

ThesolutionforthestatespaceLTIsystemisgivenby

t e tx e
t

3utdtytcetxocfe.tt3urdt Jut
Initialcondition homogeneous responses

Letusnowtake acloserlookat systemswhere isdiagonalMorespecificwe willlookatthe

initialconditionresponse i e ut O

Foradiagonalrealmatrix
lie

yt Cetoo
wherewe canwriteout alltermsandsimplifyfor beingdiagonal

y
Yt c ca 8 Et 8

yt c e x O cze x O
t

Sofordiagonalrealmatricestheinitialconditionresponseisthelinearcombinationoftwoexponentials





























































































Foradiagonalcomplexmatrix

00 jw

yt Cetoo
wherewe canwriteout alltermsandsimplifyfor beingdiagonal

y
yt c e e x O create o

eat c et x O cze x O

Wute α sinnt α coswt

e sinnt

Stability

Inthetwocasesabovewecanseethattheoutput issomehow linkedtoexponentialterms

yt c e x O cze x O

ytxeotsinu.to
Thegrowthofthesetermsisdictatedbytherealpartoftheeigenvaluesof We canseethat if

theeigenvalues Ihaveapositiverealparttheoutputwillgrowexponentiallyovertime iebecome

unstable y

GiventhetimeresponsewecanassesthestabilityofoursystemWegenerallydistinguishbetween

threetypesofstability

LyapunovStability X E anda 0 t S t 0

AsymptoticStability X E anda 0 Lim Xt 0

BIBOStability ut E t 0 and 0 yt S t 0

WecancheckstabilitybyLookingattheeigenvaluesof

Lyapunovstableif Reli 0 i

Asymptoticallystableif Reli 0 i





























































































Time Response
contd

Forcedresponse

Wehaveseenhowsystemsreacttoinitialconditions i ehowthehomogeneoussolution e
t
Xo

behaves Itgivesus afeelingabout thenatural dynamics ofthesystemButwhatabouttheforced

response givenbytheconvolutionintegral

Cle t 3urdt Jut
Thisis hardertointerpretTogainsomeintuitionwewilllookathowelementaryinputsaffectthesystem

Sincewe are dealingwith linearized systems we canlaterconstructmorecomplexinputs

bysuperposition

Stepresponseof1ˢ otrdersystem
Let'slookat asimpleexamplewhereweapply astepinput givenbytheHeavisidefunction

ut h t 8 asinputtothefirstordersystem Xt Ext tut
yt Ixt

t ᵗ JE Eat It

wecancomputetheoutputyt asfollows

yt Ceta Ie t 3uptap Jut

eitxofeitPEdpeitx.ie

feiPapeitxo
eitteiP

y

eitxokeite.it 1

et k 1 et
t





























































































Generalresponse

Sincewe are workingwithlinearsystems wecandecomposeanyarbitraryinputtosimplerbitsSo

anyu canberewrittenas u u un Wecanthenapplyu unseperatleytothesystemandsum

alloutputs y y In Inthiscaseit wouldbeconvenient ifwecouldfindsomeinputv thatwhen

linearlycombinedwithitselfcouldrepresentallormostothersignals i e.ua v anv

Luckily we canuse a mathematicaltoolfromAnalysis tohelpuswiththat

TheLaplaceTransform

TheLaplaceTransformEliandit'sinversearegivenby

S SEE ft s ftestat

ft SEE I isst 2
whim sestas

where s is a complexnumberoftheform s o ja
InAnalysis wemainlyusetheLaplacetransformtosolveODE'sThischaracteristic isvery
importantbutwewillhowtookabitcloserattheinverseLaplacetransform

TheinverseLaplacetransformtellsus howtowrite afunction ft as alinearcombination

oftermsestweightedby s theLaplacetransformofft

sonowweknowthatifwecomputetheoutputtosomegeneralestwecanlatereasilycomputethe

outputtoanyinputsinceitwillbealinearcombinationofestterms
Let'sseehowtheresponsetoestwillgenerally looklike

yt Cetx C e
t 3utdt Jut

with ut est

yt Cetx C e
t 3estde Jest

rearrange

yt Ceta Cetfe Ja Jest

if si isinvertible

ytce txocetsTTe.si est





























































































rearrange

yt Cetx Cet si t e
t 3 Jest

andfinally

EEEEjj.EE
Yss

Wecannowgenerallysaythatthesteadystateresponsetotheinputestisgivenby

Iss Goesest withGoes C si t 3 C

ThecomplexfunctionGores isknownasthetransferfunctionanddescribeshowastablesystemGoretransforms

aninputestintotheoutputGoes it Youcanthingofitlikethe intheblockdiagrams

Example

c arroundequilibriumpoint Xe 0.0 he 0

g 10 1 5 c 25 m 1

1

g 9 3 82
t.EEEs

10 0
m

FindthecomplextransferfunctionGores si t 3

Goes Cat 33 10 8 10 s

10 s 2 82 s 2 10 82

Gras
2





























































































Buthowexactlydowedecomposesomearbitraryinput Let'sseehowthislooks ifourinput

is asinusoid eg
t coswt Zeit Zeit

Wenoticethatwecandecompose ut asfollows

ut Kest withKaz andSi jo
Theoutputisthengivenby

t.GEjwfeiwtrGe.joZeit
or

Yt GE.siKiesit

we canrewriteCrew as e with
ifeng.is ääitätseijihein

andthen
yt ei fett eioze.int

yt coswt o

Theoutputisanothersinusoidwithadifferentamplitudeandphasebutsamefrequency

Ingeneralwe cansaythat

ut K e Yt Gras Kes

WecannowmakeuseoftheinverseLaplacetransformthatgeneralizesthissumsuchthatwecan

representallinputs

ut z dim Usestds Iii Us

thesamelogiccanbeappliedtotheoutputs

yt 2
whim GEsusestds.fi 1 GoesUs

Thismeansthat

Es Gars Us

ByusingtheLaplacetransformtheoutputcanbecomputedbymultiplyingtheinputwiththetransferfunction





























































































AnotherwaytothinkaboutTFsis thattheyare theresultofsolvingtheLTIstatespaceODEbyusing

theLaplacetransformForthiswemakeuseofthepropertythatatimederivative istransformedto a

multiplicationbys i e

es Ent s s S

we canusethisnowwith Xt Xt But Xo Xo
assumed 0

yt Cxt

letstransformthefirstequation s s Xo s 34s

s si t 34s si t Xo

fromthistheoutputcanbeobtained Es
qq.it

3Ks S Giesks
forto 0

WestillhavetocomputetheLaplacetransformbutforthatwehavetables

Averynicepropertyoftransferfunctions isthatsysteminterconnections areeasytocalculate

Serialinterconnection
est

gg
go.esest

g
ChristGeisest

cnn.slGi.SGE.es





























































































Parallel interconnection est gg Grisest
GisGE.isest

cnn.srGi.SGE.is
Giftbiss

est

RelationsphipbetweenstatespacerepresentationandTF

If t isdiagonal

in
3

Gies
s s spin d An

C P1 Pn I d

If t isinthecontrollablecanonicalform

3a

a a an

bob bin1 I d

Therootsofthedenominator ofGies are calledpolesofthesystemTheyarealsothe
eigenvaluesoft Soifwewantdoanalyzethestabilityofa system wehavetolookatit's

poles Wewilltalkalotaboutpoles

Nowwehavetwowaystorepresent asystembutwhichrepresentationisusefulforwhat

1 StatespacetoTF

Sayyouare given a systemwithsomearchitectureAndyouwanttoknowtheinputoutput

relationWiththeStatespacerepresentationyouwouldhavetosolve alotofODE'sbutwithTES

youcanjustmultiplyeverythingtogether

meh

eng aus y
Grand

nun


























































































https://www.youtube.com/watch?v=n2y7n6jw5d0&t=711s 

2 TFtoStatespace

Ifweknowacertainoutputwewanttoachieveforagiveninput wecando

Eifel
ausGris

aus

area

andfromtherederivetherightsystem architecture

S Domain

WiththeTFswestarttorepresentsystemsina new domainSoinsteadofcharacterizinghow

systemsbehave inthetimedomain i e yt westarttolookathowitbehavesintheSDomain

i e Es GoesUs Butwhatexactlyisthe SDomain s o jw

LetslookatexamplesHowcanwerepresenttimedomainfunctionsintheSDomain

timedomain S Domain

t Re

sin 3 Eli sinist gwithpoleg.at

timedomain S Domain

1 e

eastsin3 Sitte sin3 1 032g with sat

FornowyoucanthinkthatintheSDomain functions orsystemsarerepresentedbytheir

poleslandzeroesplottedinthecomplexplane

videorecommendation
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Todays Summary

ThecomplexfunctionGoes isknownasthetransferfunctionanddescribeshowasystemreactstosomeinput

Es
ftp.t

KS S Giesks

Where Is andUs areLaplacetransformsofyt and at respectively

Averynicepropertyoftransferfunctions isthatsysteminterconnections areeasytocalculate

Serialinterconnection GE.isGin sestest
con

Greisest
con

Gores Coniston s

Parallel interconnection est gg Grisest
GisGE.isest

GESGE.is Chris Griesest
Ganz


