Control  Systems I nbastzsch

4 Recitol 4.10.2%

R&Cdp

Time response:
We know now how to represent physical eydtems with ODEs and how to  uniformally cepresert
them i the LTI state space form :
W) = Ax®) + Buw

y®) = Cx)+ Duw

The sdubion for the tate space LTI syéeh is given by:

: t

$-
) = eay . foe(‘)

Budr
t t it
yb =Ce "z, + [ e *“Buwde +Duw
0

Inikial comdition (homegenesus ) sesponses:

Lel us now take o closec Look af 555{%6 wheae 4 15 diagom[. Moce specific we will lock ot the
inibiol condibion vespemse ,i.e. u®)=0.

» For o diagoval , real molsix:

A= 110] 2eR
01,
y = Ce

where we Can weite ouk all tems and Swplify for A being diogonal.

At y
yo= Lo, eal[$ ]
y(‘!:)= cle_'l’Jc + c.ze,’llJc | 5

So for dingonal ,ceol waksices the iwitial condibion. fesponse is the lineas eombination of tuo exponentials.



> For o diagonal , complex malsix:

A=[°’+J"’ 0 ]
0 o-jw

gy = Cex,

where we Can weite ouk all tewms and Swplify for A4 being diogonal.

t jut t -jut ¥4
YW = cie & 2,(0)+ ce e x,(0) [

t it —jwt
e (e, x,(0)+c e’ x,00))

ot
e (o, sinlwt)+ o, cos (i) t

t
o ecr sinlwt+P)

Stability:
In the fwo cases obme s con See fhot the output is Somehow linked Lo
yb = e, (0)+ e x,(0)
yit) = we  sinlwt+e)
The growth of these ferms is dictofed by the real pact of the eigenvalues of A . e can see that if
the eigenvolues 1 have o positive teol past , the outpul will grow exponentially ovec time. ,i.e. become
unstable. (y > )
(iven the Lime-response we ean asses fhe stabiliby of our system. We generally distinguish between

three bypes of s{&bililg:
. L&apuhov Sbabil'rl:st I X.oll <€,od u=0 = lx®)ll <8§ V=0
> Asymptotic Stability: x|l <€, ad u=0 = ln lx®l=0

2 BIBO Stabilty:  llu@wll <€ V20 ,andx =0 = lly®)ll<§ Vizo0

We can check stability by Leoking of the eigenvolues of A1

b d Ltdo.punov stable if  Re(1;) S0 Vi

- Asymptotically stable f Re(2;) <0 Vi



Time Response

contd.

Torced fesponse:

. At
We have seen how 535{2&1"6 teact te iwitial conditions , i.e. how the homogeneous soltion Ce X,
behoves. [k gives us a feeling obout the wotural dynamics of the sydem. But whot obout the forced

response , given by the cenvalution ntegral:

t

e

This is hacdec to imtecpeet. To goin some intuition, we will ook ot how elementary inputs offect ne s\ss{en.

(tor)
"Bumde +Duw

Since we ace dealing with [ineoc (ized) 535‘:&5 ywe con lotes consteuet more comples mputs

by supecposition.

Step -tecponse of 4% ordes sgstew

Let’s look of o Siwple example where we opply @ step imput , given by the Heaviside function

u) = A= 1‘1"::% as wout bo the fueet ordec system:  X() =~ X + L uw
y(t) = 1z
u®=a® | XE) = 2@ +Luw y(£)
yi) = 1 x()
we can compute the outpd y(t) as follows:
¢ (t-p)
yt=Ce "x + f PR u/)dp +D’u(t)
¢ bl
e X.o + fO e T dP
1 B L 2
= ettxo +%et£ S
1 1 144
L e"*x,o + %et% [r etP]o
Ya

L 3 i
=e® %, +k(1-e%)

v



(1enecal respense.:

Since we are Working with Lineac sydtems , we can decompse any oshitrasy mput to simplec bits. So

any w can be rewriten 08 w=u+.. +u, . We con then apply Uy, ..., u, Sependley tathe system ond sum
all outputs Y= Yi+..+Ya. In this cose # would be convinient if we could find Some input v fhat when
Lineasly combined with ilself could repcesert ofl,oc most othes signals,ie. wu=a,v+..+a.v.

Luckily we con use o mathewmatical bool frowm. Aha&!jSiS]]I to kelp us with thdt:

The Laplace Tronsfoom:

The Loglace Transform £ ond it’s invesse are givew by:

Fir= L {fwls) = fo fw et gt
4 - o +jw _
fw=L {Fel) = 21—,,1-3‘:‘00 -l Foeds
where S is o complex nuwmbes of the form: S =0 +jew .
In AnclysisIL we mainly use the Loplace. tmmsform. to colve ODE' . This chasaderistic is very
importat bt we will now leok o bit closes ot the mvesse Loplace tmmnsform. .
The invesse Loplace. tmnsform. tells us , how b0 wete a function f(i:) as o [ineac combinotion

of terme € weighted by F(s) , the Loglace. transform of £(4).

So now we Know that if we compute the output bs some genecal et e can lakes eosily compute the
output b any input, since. it will be a lineac combimation of ot terms.

Lets see how the response 4o et Ll genecally Lok Like :

gy = Cetx, + C fo Jc " “Ruwde +Duw
with u(t) =

gy = Ce, o Cf: AR 4 D
reasronge

yi) = CeMX_o + CeAtf: TR Dt

if (sI-A) is investible :
- - t
y = Ce®x, v Ce®((s1-a) A B[, +Det



(X erm‘o.nae. 3

yb) = Ce*x, + Ce® (s1-a)" (M

e’ ) BeDet
and -fu'no.llaz

gy = Ce™ [x,- (s1-4)"B] +[C(s1-4)" B+ D]t

P~

Transient Steady State
1 1 1

Output y

Input u
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We can vow geverally Soy that the steady stote response fo the input e ie gven by
¥ss = GS) & with Go)= Clsl-AT'B+D € C

The complex {wnc’(im Q(9) is Known as the

an input et info bhe ouput G(s) . You con bhivg of it Lke the > in Lhe Hock diogeams.

Examgle:
. arround equilibrim pont X,=(0,0) ,u,=0
0 3=10, l=5, c=25 , m=1.
L
3l T A= [g }:I - B{o?z]
w—>

c-=[10]. D=0

I¢

™

Find the. complex bramsfer funckin G(s)= C(s1-4) B+D
o-1

-1 0 1]
G- Clg-aA"B+D=[1 0] [[Z 2]'[2 _1_

s+1 1
-2 8

o]
Ho2| *

1
st +2

1
steg+2

-[10]

02
teg 42

Gs) =

b - Ceolz]

[1 0]

02
0.2

and descsibes how o stoble sgstem G tronsforms



But how exactly do we decompose. some. ashitrary input 2 Let's see Wow this looks if ous input

1S o Sinuseid ,e.q.: o ok
ulh)= coslwt) =ded™ v e
(e rotice that we con decompose u) as follows:
ui) = ; u, &t with U, =% and s = %jw
The output ic then given by
y(t) =Gg..,)12=ej“”‘ + G(-J-..,)%e'J“’*

ot

yib) = % Glsy U, e

we can rewrite G(J‘u) oS Me'# with M = |G(J'w)|
$ =< Gljw)

ond then

T .U* - 1 - lim((a+j-b)) =c hm(A(u:i)»/ z))i
y(i:)=1\'1e‘”s i/ +MeJ+%eJ“£
y(t) = Mcos (wt +¢)

The otput is ansther sinusoid with o diftecert amplibude. and phase bt same frequency.

In genesal we com soy thet:

ub=Y 1 &t = gy =Y St

L

L2 con now make use of the invesse Loploce transform that genemlizes this sum , Sudh that we con
represert all imputs :

- O’+J'm -
uy= 5 i, | etds

o-jo

the same logic can be &pphtd to the oujcpu{&

1 | o +jw -
Yy = g dne | e*ds

Thic means thot

Y(s)= G(s)U(s)

By using the Laplace transform the outpul can be computed by wuliplying the input with the. transfec funchion!



Anothes woy to think about TFs is that they ace the resull of sdving the LTI state space ODE by using
the Loglace transform. For this we moke use of the property thot a time decvabive is transformed to o
multiplication by 5. ,i.e.:

i=1 P S

We Ccan use s vow wibh: x@d) = Axw+Buw , xl)=2x,
assume. d =0

yi&) = Cx(b)

lels tromsform the §ire equation: s Xi(s)-x, = A X(s)+ BlU(s)

X(s) = (s1-A) BUs) +(s1-4)" x,

from thic the outpul con be cbtaimed: Y(s)= Clsl-A) ' BlUs) <= Yis)=Gis) Uis)
{or X.°=0

LWe S{l“ }\QVQ. {'D cwmpu{e, the &PLO.L'Q {:mv\s@ﬁn buk .fo( faot e have tables:

impulse: §(t) 1
step: h(t) 1
s
n!
ZONS
1
h(t) - e
s—a
n!
. n . pat s
h()-t"-e G
. W
h(t) - sin(w - t) 1 ar
s
h(t) - cos(w - t) sz-l——wz
h(t) - sinh(w w
. t) s2 — 2
h(t) J
- cosh(w - t) 52 — @?
—=as
k-u(t—a) k'eS a>0
6(t—a) e %,a>0

A vecy nice propecty of tramsfec funclions is that system ivteccomections ase ensy o caleulate.

st
61(5) 65{ 61(5)61(5)6

= Sesial inteccomnection: ot

G(s) = G,(5)G,(s)



(Gy(9)+ Gyls) e

st
= Pasallel inteccomection: & G, G,(s)e Py
G(s) = Gyls) + @,(s) 6.9 S
G,
Relotisnsphip bebiseen dake - space vepresentation ond TF:
nd \{‘ Alis dio.sohol‘.
A= B. |7
Pi + P 2 L . i o d = ,ln ' Jf.i_n|

G(s)=$_,11 L L
C-L#F - ®], D=4

> If A is inthe controlloable canonical form:

- - 1 0 o . 0 0
b b, 8" R vb, 0
i = Zoat TPt T — A=|0 0 1 0.0 | R=:|O
— . ta, :
1 1
-Qo -Q1 aﬂ.-i

C=[bo byrbns]. D=4

The roots of the denommator of G(s) ase called of the system. They are oleo fhe

eigervalues of A. So if we want do N\alﬂ%e the dability of a sjsl.e.m , we have bo ook ot it's

poles. (We will €K o [st about poles!)

Now we hove bwo Loays ko tepresent o sydlem, bt which representation is usefull for wohot2

1) Stote-space to TF
Soui uom 0ce  given o Sydem with Sove acdiitectuce . And you wart to know the input output

relotion. Witk the State -space. representution you would have to sdve o lst of ODE's ,but with TFs

uou conm jud wulliply everything together.

E.
ﬂ;p\:;—tglﬁ-%T.L Y w c y
G,-
G

ﬂ%




2) TF o Stote -space

If we know o cectain output we wosk to achieve for o given input we can do :

Yo _ Gee)

T 1T

and from there. derive the right system acdhitecture.
S -Domain:
With the TFs we dodt to represent sydems ina new domain. So instead of chacacterizing wow
Systems behave. m the time domain,ie. Y()=_.. we dad to look at how it behaves in the s-Domain,

e Y(s)= G(s) Uls) . But what exactly is the S-Domain? (S =0 +jw)
Lets look ok exawmples: How can we tepreset time domain functions i the -Dowain 2

time domain S -Doman

A
v\ N

. L—L—5Re
]
sin(3t) L {sin(at)}= 5;’;3 with poles ot
time. domain S -Domain
[0

N N

2

1=
t Bl i W HE R
> — > Re

-0,8t

e %% sinat) L 1e%¥ snzb)l= with poles of

3
(s+0,8)+3

Tor now Yo can think that iv. the S-Dowmain  funcions or 535{:@«9 ase represented by their

poles (and zeroes) plotted in the complex plane.

https://www.youtube.com/watch?v=n2y7n6jw5d0&t=711s & yideo fecomendation.
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Old exawm guections:

Problem: You are given a linear time-invariant system of the form:

z(t) =A-z(t) + B - u(t),
y(t)=C-z(t) + D - u(t).

Q16 (1 Points)

Given:

A:[12 _31},3: {_11},0:[0 1],D=—1.

Which of the following transfer functions G(s) is equivalent to the given state space
system. Mark the correct answer.

s2—3:s
0 G(s) = _32_3.31%
O G(s) = — 2D
s2-3-s
O G(s)=%=psht
0 6= -5
Solution:

G(s)=C-(sI—A)™'-B+D
-0 0[5t L)[A]
o Errrrs R N S B

1 §—2
:532—4-54—1.[O 1].{—3—1} -1

—s—1 s2—4.5+1
$2—4-s+1 s2—4-s+1
s2—-3-5+2
2 —4-s5+1




Q17 (1 Points)

Given:

S = O O
_ o O O

0
1
0
0

N
Il
SO O O
sy
I
_ o O O O
Q
I
—
N|—
|
[\
e}
|
Wl
=
S
Il
o

1
0
0
0
-2 0 -4 -1 -6

Which of the following transfer functions G(s) is equivalent to the given state space
system. Mark the correct answer.

1..3 1
0 G(S) - 35—{-2?@"f+;i:-7-_13~32+6
1 .3 1
O G(s) = srgirmads
1. .3 L1
O G(s) = s
(L.g3_9.q4 L
DO Gls)= 9;2(54;4‘,25:111%

Solution:

We identify that the state space description is given in controllable canonical form:

0 1 0 0 0
0 0 1 . 0
A= ... .. ) 0 ’ B = :
0 0 o -- 1 0
_—CLO —a;y —ay --- —an_l_ _1_
C=1[bo b1 by ... bp_1], D = [d]

from which the transfer function can be directly read off:

boo1-8"" 1+ byo-s" 24+ b

d
Sn+an_1.sn—1+...+a0 +

G(s) =




1-0'&&35 Summua

The complex function G(S) is Known as the and  descsibes how o sgs‘lem reacts & seme inpul.

Yis)= Csl-AV Bls) < Yis)=Go) Uts)

Whete. Y(s) and Us) ace Loplace tronsforms of Y() and  wit) re.spedivdexd.

A very nice propecty of transfer functions is Enot system inbeccomnections ase ensy b calculate.

> Sesial ivkesconnection: il 6.0 6,(9)G, () e

G(s) = G,(5)Q,(s)

st st (G,(9) + G,(9) eSJ‘
= Posallel intecconnection: e G, G, e A
piste sl 4. G0 e
2




