


























































































Control Systems nbartzsch

6Recital 25.10.24

Recap

Lastweekwe discoveredthatforanasymptoticallystablecausalLTIsystem describedby

yt Cetx Cle t 3urdt Jut
we can calculatethesteadystateoutputIss totheinputest asfollows

Iss Goesest withGies si t 3

ThecomplexfunctionChens isknownasthetransferfunctionanddescribeshowastablesystemEhertransforms

aninputestintotheoutputGoes it Youcanthingofitlikethe intheblockdiagramsButwhydowe

careabouttheresponsetoest

Wediscoveredthat mostfunctions ft canbewrittenas alinearcombinationoftermsest where
s is a complexnumberoftheform s o ja

Inthecontextofcontrolsystemsthismeansthatanyinput ut canberewrittenas

t Kesit

withK representingthe weightsinthelinearcombination Consequentleytheoutput canbewrittenas

Yt GE.siKiesit

WiththehelpoftheLaplacetransformwearriveattheexpression

Es GE.SKS

Where Is andUs aretheLaplacetransformof yt andat respectivleyFromnowonwewillmainly
workwithTEsinthe s domain





























































































TransferEnzyctions

WaystowriteTFS

Mostlywe canwriteTEsasrationalfunctionsWealreadysaw an examplelastweek

sans ai
Wecandopartialfractionexpansionandget

Gores
s s 5

Wecanalsofactorizethenumeratoranddenominator indifferentwaysto obtain

Rootlocusform
ios

Bodeform
ios s

inall cases sn arecalledpolesand ImzerosPolesaretherootsofthedenominatorand

thezerostherootsofthenumerator ThereareotherwaystowritetheTF dependingontheapplication

somearemoreusefulthenothersWhatinsidescanwegainformtheTFs

steadystateresponseto aunitstep

Given aTFofa stablesystemwecanobtainthesteadstateresponsebyLooking athowthesystemreacts

to aunitstep i e uthteotl.to

Example Ghers 355594

weknowthat Iss Chensest

playingin Iss Giro e GG0 6

Youcanalsousethefinalvaluetheorem SEEtht

LimY t stings S stingsGEsksfiysGE.si iylG s6

ThisisalsocalledtheBodegainKB.de





























































































ut

1 Kode
1 I

t Transientstärstate

steadystateresponseto asinusoid

GivensomeTFGoes ofaLTIsystemwecancomputethesteadystateoutputtoaninput

at sint ie s withIss Gorj Sint Gorj seeexamplefromlastweek Wenowneedto

compute Gorj and Gorj

Example

Gras
2g

romtreuen

um
Letscomputebothtermswith Gorj and Gorj

Garjw

Gorj

now Iss





























































































Poles and Zeros

Weknowthatwe canwriteTEsasrationalfunctions intheform

ios ä a

therootsofthenominatorzerosanddenominator poles areveryimportantandtellus alotaboutthe

behaviorofasystem

Poles

Tounderstandpoles letslookat theimpulseresponse

Impulseresponse

Letusconsidertheresponsetoaunitimpuls i e ut St

Istalt 1 E 0 and If ist di to t 0

wecansolvethegeneralequationfory t byplaying in 0 Xo0 and at St

yt Ceta C e
t 3urat Jut

IfTS Tdi to
Yimpt C e

t 3s at Cet e 3s tat

Yimpt e
t

now we canapplyourknowledgefromtheLaplacetransformSince S GiesUs we

canapplytheLaplacetransformtoJimand atoobtainGies Letsconsider afirstordersystem

Yimptceatb.tt
rob

SEI
sut St

now Goes is and yt

Sotheimpulseresponsetotallydefinestheresponseofasystem

Wecanextendthistohigherordersystems andourTFwilltaketheform

Goes s s stin





























































































whichtranslatesto
epitreizt rne

soeachpoleinourTFgenerates anexponentialinthetimedomainForrealpolestheseare

exponentialsandforcomplexconjugatepolepairssinusoids

Weareessentially decomposing ahigherordersystemintomultiplefirstordersystems

ExamQuestion polesandimpulseresponse

Qualitativleydrawthepolesofthesystemsbelowdescribedbytheirimpulseresponse

im 1m Im

Re Re Re





























































































Zeros

Tounderstandtheeffectsofzerosconsiderthefollowingsystem

at it It I ᵗ

Thisis a differentiatorLet'sseewhathappenstosomegeneral ut estSinceyt datut inthis

case yt sestWecanconcludethattheTFofa differentiatorisgivenby
Goes s

Sidenote Integrators are givenbyGoes s

SobymultiplyingGoeswiths essentiallyaddingazerototheoriginalTFintroducessomederivativeaction

Thisusuallyhas an anticipatoryeffect

Stepresponse

Thestepresponseisthesystemsoutputgivena stepinputie ut kt Theresultinggraphsgive

goodinsights Inthelastproblemsetyouderived ageneralsolutionfor afirstordersystemNowwewilllook

moreattheplots

Considertheplotbelow showingthestepresponseoftwosystemsBothhavethesamepoles

buttheorangesystemhas an additionalzeroat s 1

Im

RePhäsie

ZerosinthelefthalfplanearecalledminimumphasezerosTheyaddsomederivativeactiontothe

responseWhathappenswhenthezerois intherighthalfplane ie positiverealpart

Im

ÄSEE

Re





























































































we observethatthestability isconservedbutthe nonminimumphasezero causes the

outputto initiallymoveinthewrongdirection ie wehavesomesortof negative derivativeaction

Whathappensifweadda zeronear apole ConsidertheTFgivenby
Im

GETS stsj.si Re

nowletsadd a zeronearthepoles 1
Im

GEES
s 311 s Re

Rememberfromearlierthat inthepartialfractionexpansion formwecangaugehowstrongthe

influenceofeachpoleintheoutputis

Gies s s stin yt r e rae meint

So let'scomputethepartialfractionexpansionofbothTfsandcompareWecan usethecoverup
method tocomputer

r GimpS PGins

Letscomputether

Goes
s 1 s j 51J

similarly Goes
s

sothesmallere thesmallertheinfluenceofthepole s 1 Ifthezerocoincideswiththepoletheycancelout

Greis s 1 si s 1




































SincetheTFdescribesinputoutputbehavior wecancanceloutpolessuchthatwecan'tobservethe

associatedbehavior orwecannotinfluenceitthroughtheinput Ifthepolethatisbeingcancelled isstablethis

isofnoconcernbutifthepoleis unstablethisbecomesa bigproblem

ExamProblems

AssigneachTFto a stepresponse

1

2

3

4

Hint



Todays Summary

Mostlywe canwriteTEsasrationalfunctionsWealreadysaw an examplelastweek

sans ai
Wecandopartialfractionexpansionandget

Genes
s s 5

Wecanalsofactorizethenumeratoranddenominator indifferentwaysto obtain

Rootlocusform
ios

Bodeform
ios s

Given aTFofa stablesystemwecanobtainthesteadstateresponsebyLooking athowthesystemreacts

to aunitstep i e uthteotl.to
LimY t fings S

EachpoleinourTFgenerates anexponentialinthetimedomainForrealpolestheseareexponentials

andforcomplexconjugatepolepairssinusoids

ZerosinthelefthalfplanearecalledminimumphasezerosTheyaddsomederivativeactiontothe

responseFornonminimumphasezerostheoutputto initiallymovesinthewrongdirection

ie wehavesomesortof negative derivativeaction



If a zerocoincideswiththepoletheycancelout Ifthepolethatisbeingcancelled isstablethis isofno

concernbutifthepoleis unstablethisbecomesa bigproblem

Whyare wedoingthisagain
Remembercourseobjectives

Modeling representrealworldsystemswithmathematicalequations

Er Analysis understandhow a givensystembehaveshowtheinputaffects theoutputhowfeedback
influencesthesystem

Synthesis Changethesystem sothatitbehavesinadesirableway


