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Lost week we discovered bhat for on asymptotically stable ,cousol, ITI systew  descrbed by

t

¢ (t-1)
yb =Ce "x + foe “Pu@dr +Duw ,

0

we con coleulate Bhe steody state output Vss 1o the input &t s follows:
Vss = G(8) & with Go)= C(sl-4)"BsD

The complex. function G(S) is known as the trancfes function and describes how o. stoble system G transforms
an input & info he ouput G(s) . You con thig of it Lke the 2 iw the Hock diograms. Bub why do we

cate obeut the respense to &tz

st

We discoveced bhot most funclions f(#) can be weitten as a (ineac combinotion of teme e | where

!

S 15 o complex numbes of the form: S =0 +jw .

In the context of control systems 4his meams that any inpud u() Can be ce-written as
w3 U, e

with U; representing the weights in the lineas combinabion. Conseguentley the output can be wiiken os:
Y = LG, &t

With the help of the Laplace. transfom we aeive of the expression:
Y(s) = Gis)U(s)

Where. T(s) and U(s) ate the Laplace transform of  y(t) and u) cespectivley. From now on we will mainly

work  with TFs in the s- domain.



J;ahsfec Functions

contd.

Uags {o write TFe

HMostly we con write TFs aa rotional functions. e already saw an example lagt week:

n-1 n-2
bn_is +l>n_2$ ... +b°
n-1
ST T HlLta,

G(s) =

n
Sta,

e can do partial fraction expansien awnd get:

T. A g T
1 + 2 + cee "-
Spy P, | Sh

Gs) =

We can also fadorize the rumerotor and denowminater in diffesest ways fo  obloin -

< Root -locus form: k, (5-z,)(s-2,) ...(5-2,)

G(s) =

TS (sop)(sp,) ... (5-p,,)

» Rode form: Ko, (Z0)E) (&)

in all coses py,...,p,, ae called poles and z,,..., 2. 2esos. Poles ase the toots of the denominalor and
the zecos the coots of the mumesator. Thece are other waye 4o worile the TF . depending on the application

some are mose usefull then othes. (ot insides can we gin form the TFs 2

Steady state response 40 o unif slep:

Given o TF of o dloble system we can obtain the steod stabe respamse by Looking ab how the system reacts

o unit S, ie ub=h®)=e =1 =0

. =258
Exangle: Ges) =3 Tescrh

we Know thot: yss = G(s) es‘k impulse: §(t)
step: h(t)

9|

pluging in: y,, = GO &= GO =6
You can olso use the final volue thesrem:

lin Y= lin $Y(6) = lin s GOIUS)= lims Gls) = lin G(5)=6

50 l

This is also called the Bode o (k)
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Steody state response to o Smusoid:

liven some TF G(s) of o LTI system, e con compute the steady slabe oulput fo o input

ulb)= sinlh) ,ie s=%j with y. = |G(j) | sin(t+2 G() (see example Srom ladk weekd. (e now need to

compude | G(j)| and < G(j).

Exomple: c
C)
l 2
_ 0.
al — G Fooal
u—

Ié

™

Lels compute both terms with |G(j)|and < G(j)

|G|

<Gy

now Yss =
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Poles and Zecos

We Know thot we con write TFs aa rotional funchions in the form:

b s"+. . +b,5+b
G(s) = n - '\.-1 1 2

STta, ST+ ta.Sta,

the rocts of the nominotor (zecoa) and denominator (poles) ace vecy importart awd fell us o lof about the

behavier of o SQdem.

Poles:

To undesstond poles , leks lodk ot  the impulse. response..

Impulse response:

Let us consider the respense to a unit impuls , i.e. ult) = 6(t)

Le can Sole the genetal eqqu;'\on {.o\' y({:) by p|u3i\'\3 in: D=0, X,=0. and ult)= 8¢
t o
At A° Alk-1)
yb =Ce 4(;+Cfo e Buwde +Duw
t A0 Mt e
Yo it)= C fo e Bémde = Ce fo e Bé)de

y b= Ce™B
now we can apply ous knowledge from the Loploce trancform. Simce Yis) = G(s)US), we

can apply the Loploce transform to Y, and u &0 obtan G(s). Lets consides o fird -ordes system.

impulse: 6(t)

ok L 1
= 3 = =
Vodt) = ceb Y(s) step:h(®) %
ub =5 = U= ho- e -
h(t) - et !
S—a

now G(s)=Y(s)=—— oand yi#)=

So the impulse tesponse totally defines the tesponse of a System!

We can extend this ko his\nex ordes sndsiems ,and ous TF will take the form

=_TN T2 Tn
G(s) S=F, P50t SR




which translotes to ' ' '
Py +r,e& +m+Tnem

yit) = re
So eoch pole in ous TF generoles an exponential i the Eime domain. For real poles these ace
exponertials and for oomplebcpnjusa{e pole paifs , Sinksoids.

e ase e,SSex\’ciollh "decmnpcsius"a highes order 535':2\'4 into multiple ficst order sgstems.

mpulse Response
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Esxom Question: (poles and impulse. cesponse)

Guolitativley draws the poles of the Systems below desceibed by their impulse tesponse:

4 1000 10

-)

-1000}-:

- T
o o ol
@ @ -2000 9
2 2 <
-3000
- -10
. 4000 0 0.5 1 1.5 2 0 0.5 1 1.5 2
Zeit (s) Zeit (s) Zeit (s)
4&'“ l\'" Ab'"

Re Re Re




Zecos-

To understand the effects of 2ecos consider the folowing Sgsteru

u) —f 4L, Y=L uw

This s o differentiator . Let's see what happens to some qenecl w(t) = il Since y(t) Yk uw) | in this
case y(t)= se™ . e can conclude that the TF of o differentiofor is given by:

G(s)=s

So by wultiplying G(s) with s , essentidly odding a zeso 4o the origimal TF, introduces Some desivobive action.
This usually hos on "anticipatory effect.
Step response:
The chep response is the sydems oulpit gven o stepinput e ut) = ). The resulking graphs give
good insights. In Ehe (ast problem séb you decived o genordl solution for o first ordes sydem. Now we will lodk
more at the plets.
Considec the plet below , showing the step response of tue Syclems Both have the same poles,

but the system hos an oddibional 2¢co ot s = -1
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Zeros in the left half plone o called mmimum phose zeros.They add some desivative oction bo the

response. What happens whenthe 2ew is m the right holf plane ,i.e. positive eal pack Z

Step Response @ b

Re




we obsene thal the ghabilily is consecved, bul the non-minimum phase 2er0  cauges the

oulpul to imibially move in bne weong direction e we have Sowe sort of "negabive” decivafive action.

What hoppens ¥ we odd o zewo neac o pole 2 Consides the TF given by :

m
=($+1)(6+11-J)(5+1—J) = R
now lets add o 2eco neac the pole 541 :
Llm
62(5)=(s+1)?;1;+3')(s+1-J) = —e——T——Re

Remembes from eaclier that in the pactiol fraction expansion form e can quuge how Stong the

influence of each pole in the output is:

= T1 Tz Tn L P‘E PZ.{ P'k
G(s) = SR tSoR et e yt) =ve 't +v,e* + +re"

So let's compue the pactial fraction expansion of both TFs awd compare. Lo can use the cover-up

method to compute « :
T= Eu:; (s-p) Gls)

Lets compute the T

o+l 5-1-1+J'+ S+1-j

S'm'llm'lg’- G(s)= £ +-1/2J + V2
S+1 S+l+j S+1-j

8o the smaller ¢, the Smallec the influence of the pele 5+71.1¢ the 2eco coincides wilbh fhe pole they cancel eut!

ST

G40) = et eei)




Since the TF desesibes input -output belnavior , we can cancel out poles, such that we cont obsesve the
asecioted behovior , 6¢ we conndt influence it thraugh the input. If the pole fhot is being comeelled is stable this

is of no concern ,bul if the pole is unstable this becomes a big problem.

£ xom Problems :

You are given the following set of input to output transfer functions: Figure A Figure B
5 <
L . 2o
3 3
5+0.5 20 o o
Gl = 7 oss 1 goe 2.,
8 oo 8
o a
2. Sos 8o
1-s § - § o
Gs) = 55— o v
824+ 055+ 1 0 “rimels Time [s]
& Figure C Figure D
- s 5 % Em
Gl) = s24+0.55+1 ‘g 125 3
o 1w @08
4. S o Bos
L 8 os g
v § o g
C6) = Grosst1 S 2o
£ g
D -025 =
o s o w om = o s w6 om
Time [s] Time [s]
Assign eachTF to o step cesponse:
1 -
12 -
33—
4 —>
Question 12 Choose the correct answer. (1 Point) H‘V\l.':
Initial value theorem:
What are the initial yy and final values yo, of an impulse response for the following input to output |g‘3} x(t) = slgg s 'X(S)|

. Eo. .
transfer function? Final value theorem:

li t)=1li X
[lim x(©) = Ji s- X))

- s+1

T 2524055+ 1

[A] 4o =05, yoo=0 [Cl =0, yoo=1
Blyo=1, yo=0 D] 4o =0, Yo =05

G(s)

These two theorems only hold, if X(s) is a stable function.




Tadau\.‘s S‘ummu.ca

= Mostly we com write TFs aa rotional functions. We olready saw an exawmple last week:

b " hb s"2eleb
Gls) = = t—2o -

Sta, S +..ta,

e can do partiol froction expansion and get:

T 2 Tn

6o = 5o P, SR

We can also fadorize the rumerotor and denowminator in diffesest ways fo  obloin -

* Root-locus Jorm: o o ke (Somlls2) - (s20)
() = Toop)opy) - (5pry)

* Bude. forn ke ) )

= Given o TF of o cloble system we can obtain the steod stobe response by Looking ab how the system reacks
b oo unit step ,ie. ulb)=h)=e '1 120

|.m. y #) = limsY(s)

$-0

= Fach pole in ous TF generates onm exponential i the Eime domain. For real poles these ase exponertials

and for complex -conjugate ple paiss, Sinusoids.

V¥
v §
SRR
= is
A A

= Zeros in the left holf ploane ar callld mmimum phase zeros.They add seme desivative oction & the
response. For non-minimum phase 2eros £he outpul to imikially movesin the weony direction,

e we have Sowme Soct of "neso.l:i’ve" decivabive action.



I o zeto coincides with the pole they cancel auit! If the pole fhot ic being Comcelled is stable this s of no

concern bul if éhe pole is unshable this becomes o big problem.

L)\ts e we doing this ogain ¢

Remembes course objectives:
Modeling: fepresent feal tworld systems with mothemotical equations.

{‘3:;;&4 Anolysis : undecstand how o given system behaves; how the input affects the eutput, how feedback
influences the sgs’cem.

Synthesis :  Change the system | so that it behaves in o desirable woy.




