


























































































Control Systems nbartzsch

10Recital 22.11.24

Recap
FrequencyResponse

Backinweek5 weintroducedtheTFandhowforLTIsystems itcanmodellthesteadystateoutputtosome

generalinputestTheTFisgivenby

Iss Chensest withGies si t 3 SEC

Wechosethegeneralinputestsincevirtuallyeveryinputcanbegenerated as alinearcombinationoftermsest

SinceoursystemisLTI wecanthuscalculatetheresponsetocomplexinputsbybreakingitdownandsummingup

theindividualoutputs Iftheinputis a cosinewesawthat

ut coswt fett zejut
Theoutputisthengivenby

t.GEjwfeiwteGe.joZeit

we canrewriteCrew as e with
fasting Iiii cnn.fiiw

andthen
ejozeiut ei ejut

yt coswt o

TheoutputisanothersinusoidwithadifferentamplitudeandphasebutsamefrequencyThismeansthat in

ordertoanalyzehowasinusoidaffectsoursystemweonlyhavetoknowhowthemagnitudeandphasechangeThese

changesaregivenby GE.jo and a GE.jo Sobyplayingin s jw we cancompletleydefinethe

steadystateresponseto a sinusoidalinput thisisalsocalledfrequencyresponse

Thereare twowaystorepresentthis

PolarPlotNyquistPlot BodePlot

Re

wasparametriccurvewisimplicit twoseparetplotsasafunctionofw





























































































BodePlot

Wewanttoplot Greg and a Grow as afunctionofwWewillusetwoplotswithashared

frequencyaxisThefrequencyaxisisshownon alog scale in Themagnitudeisplottedin decibelsie

GE.jo dB 2010g GE.jo

andthephaseusuallyindegreesTosketchaBodeplotwe canfollowtheserules

Examproblem

20dB.ec

Wecan readfromtheplot arround w 1 20 dec and 90 unstablepoleat5 1

DCgain 20dB Kode 10

Notethatphasestartsat 180 negativeDC gain.gs 10





























































































IftheTFhas acomplexconjugatepairofpoleswecangenerallywritea correspondingTF as
1er's
p

5235in
m

forthesesystemsthedampingratio influencestheformoftheBodeplot

B

DespitethistheycanbetreatedlikenormalpolesSofor aTFgivenby

Gees
5ots 1

throughcomparisonwecanobtainthefollowingvalues wn1 30.05 Todrawtheplotweproceed

asusualDrawa lineat0dBuptowir Atwirwe encountertwopoles i e 40 dec Ifwe now

consider30.05 likeintheplotabove wewillseesomeresonanceonthemagnitudeplotandavery

quickphaseshift





























































































Polarplot

Wecanalsorepresentthefrequencyresponse as aparametriccurvewherewisimplicitWecanthenplotone

curveinthecomplexplaneForexampleGores s

im

Re

initcircle

Todrawtheseplotsit isusefultolookatspecialpointseg w oandw alsotheintersections with

theunitcircleandimaginaryandrealaxesTodaywewillexpandandgofurtherwiththepolarplot

NyquistPlot

Todrawthisplotjusttakethepolarplotandmirroritalongtherealaxis

im im

ReRe

Wewillunderstandwhy injustasecondHereassomemoreexamples
















































im im

Re Re

im im

I
I I

Withtheseplotswewillbeabletoassesstabilityandrobustnessofourclosedloopsystem

Firstlet'stake astepbackandseehowthisplotcomesabout

Forthatwewillhavetotake aquickdetourto complexanalysisWewilllookattheprincipleof
varationoftheargumentwewon'tproveit



PrincipleofvariationoftheargumentCauchy'sArgumentPrinciple

Consider asimpleTFgivenby Goes s 2 it'spolesandzerosintheSplane

splane
im

Let'snowtakesomerandompointeg s 1 j andplugit

intoGoers

Re
g 2

WegetanothercomplexnumberLet'splotthisnewcomplex
Mapping

numberin anewplaneandcallitthe plane
plane im

WecannowsaythatourTFGE.es mapsapointfrom

thesplanetothe plane

Wecanextendthismappingandmapentirelinesfromsto

Wecanalsolookathowclosedcurvessocalledcontoursmapfromsto

splane im plane Im

Re Re

Icontour

aclosedcurveinthesplanewillalsoresultin aclosedcurveinthe planeThisclosedcurveinthe plane

nowalsoincludesinformationsabouttheTFweusedtomapfromSto

Let'slookatthefirstexampleagain

splane im plane Im

45 Re 45 Re



Weobservethatthephaserofthepointinthe planeisthesameastheonefromthezerotothe

originalpointinthesplaneLet'saddin apoleandseewhathappens

splane im plane Im

45 90 Re 45 Re

Gras
1 j

ThegeneralruleisAddphasesofzerossubtractphasesofpoles

Let'slookatsomedifferentcontours Matlab

Whatwe can see isthatforeverytimewe encircle apolezeroin thesplanewe alsoencircle

theorigininthe plane Foreachclockwiseencirclementofzerosweget one Wencirclement

oftheoriginandforeachCWencirclementof apole wegetoneCCWencirclementoftheorigin

Thinkofazero asadding360andapoleas subtracting360



Ifwehaveasmanypolesaszerosweendupwithno encirclements andifwehaveonemorepolethan

zeros we endupwithoneCCWencirclementoftheorigin

Thismeansthatyoucantelltherelativedifferenceofpolesandzerosinsideacontourbyhowmanytimes

theplotcirclestheoriginandinwhichdirection

Inotherwords

Butwhyisthisrelevant

NyquistPlot

Recallthatforanopenloopsystem

U g Y

wecancheckwetherthesystemisstablebylookingatthepolesof s Ifthereare anypolesintheRHPthe

systemisunstable

Inclosedloopsystems
i y

wenowhavetolookatthepolesof
s
1 s

ie allpointswhere 1 s 0 Toassestheclosedloopstabilitywehavetocheckifanyofthe

thezerosof 1 s are intheRHP



Todothiswecanusethe principleofvariationoftheargument introducedaboveWecanchooseour

contourtoencircletheentireRHP

splane im plane im

1 s
Re Re

Nyquistplotof1 s

j Nyquistcontour

Bychoosingourcontourlikethiswecantelltherelativedifferenceofpolesandzerosof1 s intheRHPby
countingtheencirclements oftheNyquistplotof 1 surroundtheorigin Anicecharacteristicof

theNyquistplotisthat

shiftby11

ReINyquist.plotof1SNyquist.plot

of s

Soinsteadofcountingtheencirclementof1 s arroundzerowecanshiftthecoordinatesystemby 1andcount

theencirclementof s arround 1 ThisisnicesinceweknowhowtodrawtheNyquistplotof s

Allinallthismeans

Encirclementsof 0using s Zerosof1 s inRHP Polesof1 s inRHP

Encirclementsof 1using s

Let'stakeacloserlookWhatsthe Polesof1 s inRHP

If s thenthepolesof s aregivenbyDs

Wecanalsorewrite1 s

1 s 1 Sps thepolesarealso givenbyDs

Sand1 s havethesamepoles



Wecancombinebothandget

Encirclementsof fusing s Zerosoft s inRHP Polesof s inRHP

WhichfinallyyieldstheNyquiststabilitytheorem

Z NP

Zerosof1 s inRHP CWEncirclements Polesof s inRHP

unstableclosedlooppoles
9 s

unstableopenlooppoles

wecannowasseswetheraclosedloopsystemisstable.byonlylookingattheOLpolesandtheNyquistplot

Specialcase

Howdowetreatpolesandzerosof s ontheimaginaryaxis

splane Im plane Im

Re Re

j

Wemakelittleindentsontheimaginary axis.lfyoumovearoundthepolesCCW.thenyouhave.to closethe

NyquistplotCWatinfinity

Note

IfyourCLhassomegaink

s

s

youhavetocountthe CWEncirclementsof



StabilityMargins

NexttostabilityoftheCLsystemtheNyquistplotcanalsotellushowfarawaywearefrombeingunstable

AssumeourOltobestable ie P 0 ForourCLsystemtobestablewenowneedN 0 ThenZ N P 0

Wecannowdefinea phaseandgainmarginthattellushowclose wearetoencircling 1

Whatdoeseachmarginmean

GainMargingmThepointat180 Ittellsushowmuchwecanscaleuntilreaching 1

PhaseMargin Pointatmagnitude1 Ittellsushowmuchwecanchangethephaseuntilreaching 1

ForthisspecialcaseofastableOLsystemwecanalsoreadthemarginsfromtheBodeplotIftheOLisunstablecheck

thestabilityoftheCLwithNyquistorRootlocus

ExamQuestion

Confügilde 30
Phase 180

onlyoption3


