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Frequency Response :

Rack n week 5 we introduced the TF and how, for LTI systems, it com modell the Steody-stote output {o Some
ogeneral input &t The TF i given by:
Vs = GS) et with G(9)= Clsl-AI"B+D , se C

We chose the genenl input e Sce vistually ecvery imput com be oeneroted os o lineas combination of terms et
Since ous system is LTI, we con thus caleulate the fespense ko complex inputs by breoking it dowm , and summing up
the individual outputs. f the input is o cosine we Sow thot :

W)= coslot) =ded?t + 4 o Tt
The output ie then given by

Yy = Gl hedt ¢ Gl 3o
we con vewrite Gljw) as Me*  with M = |G )|

¢ =<2 G(jw)

ond thea ) I . .
y(t) = Me‘]* %eJut +Me-‘l+% e-JM:

) = Mcos (ut +4)

The output is ansther sinusoid with o diftecert amplitude and phase bk same frequency. This meons that | in
ocdes bs analyze how o sinuseid offects ous system we only hove b know how the magnitude. and phose change . These
changes ace given by M=[G(jw)| ond ¢=< Gjw). So by pluging in S=jw we can completley define the
cteody-state fespomse. o o sinusoidal inpub, this is also colled frequency resporse.

There are tws ways to teptesert this:

= Polas Plot ( Nldqu.ié FAot) = Bede Plot
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as pacometric curve, w is implicit two Seposet plots as o function of w



Bode Plot:
We wont fo plot M =|G(w)| ond ¢=<Glw) os o function of w. We will use. bwe plots with o dhased
frequency axis. The freguency axis is Shown on a log,, scale in % The mognitude is ploted i deciBells, i.e.

|Gjww) | [aRT = 20109, | G i) |,
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and the phose usnally v degeees. To

Rules for Making Bode Plots

sketch o Bede plot we can follow> these rules.

Term Magnitud Phase
K>0: 0°
Constant: K 20-loguo([KI) K<0: +180°
o
Rt | Low g sompmenods | Lo oen s
S .1 « High freq. asymptote at -20 dB/dec | | Connect v‘vith straight line fn‘)m
®, « Connect asymptotic lines at ao, 0.1-0 to 10- 0o
« Low freq. asymptote at 0°.
« Low freq. asymptote at 0 dB .
S} . . . °.
Real Zero™ = +1 |, High freq. asymptote at +20 dB/dec. High freq. asymptote at +90
) - « Connect with line from 0.1-@o
o « Connect asymptotic lines at ao. t0 10- w0
igin: |
Pole at Origin: 5 |20 dB/dec; through 0 dB at =1. « Line at -90° for all o.
Zero at Origin™: s » +20 dB/dec; through 0 dB at w=1. « Line at +90° for all .
Underdamped Poles: |, Loy freq, asymptote at 0 dB. + Low freq. asymptote at 0°. .
1 « High freq. asymptote at -40 dB/dec. | * g‘g}‘ freq. ?ZYFP“;E at-180°.
——————— | - Connect asymptotic lines at wo. + Comnect Y‘t ne C"m
EANPTERFENE Draw peakt at freq= wo, with o= 10% o @0°10
@, @, amplitude H(jw0)=-20-logi0(2()
Notes:

0 is assumed to be Eosiﬂ've. If 00 is negative, maE'tude is unchauged, but Ehase is reversed.

£xom problem:

Box 12: Question 25

Consider the following Bode plot of a transfer function g(s):

Bode plot for g(s)
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Question 25  Choose the correct answer. (1 Point)

Select the transfer function which matches the Bode plot.

Os=:2
B ) = 2
Oss=2
O =2

We conm veod from the plot: asound w=1 , -20%ec ond +3¢ — unstable pole of 5=1

DC gan =208 — k. =10

i

Note thal phase slacts of -180° — negative DC gaim.  gls)=-10



If the TF has a cowplex-comjugate pair of poles We can genewlly write o comesponding TF os:

2
Gls) = —; ! =
S LAS L S4+2]Sw, + w2
Wy (Y

for these sss‘tehs the dasping rotio 7 influences the form of the Bode plol .
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Figure 8.3. Bode diagram of the second-order system (8.15) for six different damp-
ing ratios ;: [0.05,0.1,0.2,0.33,0.5,0.7].

Despite this they con be Lreabed (ike normal peles. So fos o TF given by:

G(s) =+
S+015+1

theough compacisen we can dbtain the following values: w=1,7=0.05 . To drow the pbt we proceed
0s usual. Draw o Line ot 0dB up fo w, . At w, we encountes two pdes ,i.e. -40 Blec . If we now
consider §=0.05 , Like i the plot above , we will see Some resonance on the magnitude plot and a vesy

quick phose -ghift.

Bode Plot
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Polos plot:

We. can olse cepresent the frequency tesponse as a pacametsic curve, whee w is implicit. We. can then pldt one

cusve inthe complex plave. For example G(S) =

1

1

S+

20

Bode Plot
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To droww these plol:s it is usefull to [ook of Special points e.§. w»0 ond w00, also the infecsection (s) with
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unit circle

the unit citle ond imaginacy and real axes. Today we will expand ond g fusther with the polas plot.

To draw this plot , just take the polac plet and mircor it along the real axis!

)/:..quisi: Plet

We will understand why, in just & Second. Hese acs some more. examples:
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Wikth these plots we will be able fo asses slabilily and robustness of ous closed loop  system!
TFicst let's take a slep back and See how this plot comes about.

For thob we will have to toke o quick detous b0 complex analysis. We will look ot the principle of
Nasation of the argument (we won't prove it).



Prihcig|e i vasiokion g_;[ the agumev& (Couchg's Acqument Prindp\e_)

Consides o simple TF given by G(s) = S*2 ity poles and zesos in the S-plane:

3
S‘PLQT\C,
Im
Lels now toke Some candom pomt e g. . and plug it
ifo G(s).
T ™ Gltey = doleien
1

We qel another complex numbes . Let's plet this new complex
numbes i o wew plone ond call il the w-plane .

w -plane I

We. can now soy thot ous TF G(s) o. point from

the s-plane {o the w -plane.

We con extend this ond mop entire lines fom S o w.

We can also look of how closed curves , S0 called contouss , map from S Lo w.

s-plane I w-plane

o closed cuve inthe S-plane will also result in o closed curve in the w -plane . This closed curve inthe w -plane
now olse includes informotions aboul the TF we used to from S to w.

Let's look of the fitst example ogain.

s-plane In w-plane

—e’{ Jre 45 S Re




We observe that fhe phosor of the point in the w -plane is the same as the ene from the 2e0 fo the

original point in the S-plane. Leb’s add in o pole and see whot happens.

s-plane In w-plane  Im
A 90° N >
& ¥ »Re Tis° > Re
_ s%2
Gls) = 233

The genesal rule is: Add phases of zewos subtcact phases of poles.

Let’s look of some different cConfoucs.  Matlob

) S-plane Contour ) W-plane Plot ) S-plane Contour . W-plane Plot
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) S-plane Contour . W-plane Plot ) S-plane Contour . W-plane Plot
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What we can see is thek for every time we encitle o pole/zes0 in the s-plane we olso enciscle
the. origin in the w -plane. For each clockwise encitdement of zeros we gt one CW encicclement
of the origin , and fos each CW encirdement of o pole e geb one. CCW encirclement of the origin .

Think of o. 2e50 as adding 360° and o pole as subtacting 360°.



If we have os mang poles as 2ers we end up with no encitdements , and if we have one more pole than

2ec0S , we  end up with one CCW encitdlement of the origin .

) S-plane Contour s W-plane Plot ) S-plane Contour ) W-plane Plot
15 15 15
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This means that You can Lell the telative difference of pdes and 2ec0s mside o corfous by hoto wmany times
the plet circles the origin oand in which direction.

[n ofhes words:

Theorem (Variation of the argument [Proof in A&M, pp. 277-278])

The number N of times that G(s) encircles the origin of the complex plane as s moves along the
boundary T of a bounded simply-connected region of the plane satisfies

N=Z-P,

where Z and P are the numbers of zeros and poles of G(s) in D, respectively. Note that the
encirclements are counted positive if in the same direction as s moves along I', and negative otherwise.

Bul why is. this relevant,

Ngau.ist Plot:
Recall thot for an open loop syslem ,

— L) ——

we can check wethes the system is stable by looking of the poles of . 1§ thete are any poles in the RHP the
system is unslable .

n closed -loop s::,slens

L(s)

L 3

we. now have ko look at the pdes of :
Tio=—L)L_
1+ L(s)

ie. all peints whete. 1+ [(s)=0 . To asses the closed loop .S{n.bililﬁ we have Lo check if any of the

the 2ecos 0f 1+ [(S) ace in the RHP.



To do this we can use the principle of vasiotion of the acqument imbsoduced above. We can chocse ous
contour o endtcle the entice RHP:

s-plane In w-plane  Im
+J'co

1+ L(s)

1 EAESK
\jl Ngquisl-p\o{: of 1+ Ls)

"o 1 Ngﬂuisi -contous

By choosing ous contous like this we can Lell the telative difference of pdes and 2ecos of 1+ [(5) in the RHP by
Cqmt'ms the encicclements of Lhe Nyquist - plot_of 1+ L(9), arvound the ovigin . A nice chasacterishic of

the Ngquid-p\o‘& is that:

__€ .

UNyquist-plot of 1+ L(s)

So insteod of cowting the encitdements of 1+ [(S) assound 2ero,we con hift the coordinate system by -1 ond cowt
the encicdements of arvound ~1. This is nice since we know how to dratw the. Nyguist-plot of

All in all this means:

# Encicclements of O usimg 1+ [(s) = 4 Zeros of 1+ L(5) in RHP - # Poles of 1+ L(s) in RHP

L 4 Frcicclements of -1 using

Let's fake o closes Look. Lohats the # Poles of 1+ L(s) nRHP 7
If =% , ten the poles of | (5) ase given by D(s).

We can also re-write 1+ [ (s):

1+ Ls)= 1+ Ig&; = D(s}); SI)V(S) ,Lhe pdes are also given by D(s)

and 1+ [(s) have the same poles




We can combine both ond get:

# Encicclements of -1 using = 3 Zecos of 1+ [(s) inRHP - 3 Poles of n RHP

Which finally yields the Nuyquist stobilily thesrem:

Z=N+P
# Zecos of 1+ (s) in RHP #CW Encicclements # Poles of in RHP
of ~using
= 3 ungoble closed loop pdes = 3 Ungable open loop pdes

We. can now osses wethes o closed loop system is stable, by only looking of the OL poles and the Nyguid -plot

Special case :
How do we treot poles and zecos of on the imoginacy axis 7
s-plane i w -plane '
dol >~ | o T
= i Re Re
..Jm _______________

e moke little indents on the imoginacy axis. If you move acound the poles CCW, then you hove o close the

Nyquist-plot CW at infimily.

Note:
If yous CL has some gam k:
r
X k of Lis) Yy,
kL(s)
Tis)= — kL&)
R PYIIE)
1

you have to count the #CW Encicclements of - T



Stability Morgins:
Next to stability of the cL sysiem, the Nyquist-plot cow olso tell us how fax away we ase from being unstoble.

Assume ous OL & be stable, i.e. P=0. Tor ous CL System to be stable we wow need N=0.Then Z= N+P=0.

We. con now define a phase- and gain masgin that tell us how “close” e ace to enciceling -1.
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Whal does each margin mean ?
-+ (oin Mocgin 9. The point of 180°.[t tells us how much we can Scale until reaching -1.

= Phose Mosgin ¢ : Point ot magnitude 1. It tells us how much we can chonge the phase until ceaching -1,

Fors this special case of o stoble OL system we can also read the macgin from the Bode-pldk. If the OL is unclable check

the stobility of the CL with Nyguist or Roet locus.

Exom Question:

Question 24 Choose the correct answer. (1 Point)
You are given the following Bode plot.

Bode plot
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What is the associated Nyquist plot to this Bode plot?

Nyquist plot 1 Nyquist plot 2
18—t =
v’ 1.0 /”’
10
05 0s ,,'
00 . S 00+ 4
Y '
\ J -05
10 ~ i
10
-15 -
>>>>>>>>>>>>> -15
45 30 25 20 -15 10 -05 00 -1 3 1 2 3
Nyquist plot 3 Nyquist plot 4
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