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Recap
NyquistPlot

Todrawthisplotjusttakethepolarplotandmirrorit alongtherealaxis
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PrincipleofvariationoftheargumentCauchy'sArgumentPrinciple

GivenaTFGE.es wecanplugindifferentvaluesofsandgetanothercomplexnumber Wecanplotthis

newcomplex numberin aplaneandcallitthe planeWecannowsaythatourTFGoes mapsa

pointfromthesplanetothe plane Wecanextendthismappingandmapentirelinesfromsto

Wecanalsolookathowclosedcurvessocalledcontoursmapfromsto
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Icontour

aclosedcurveinthesplanewillalsoresultin aclosedcurveinthe planeThisclosedcurveinthe plane

nowalsoincludesinformationsabouttheTFweusedtomapfromsto

Considerasimpleexample
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Weobservethatthephaserofthepointinthe planeisthesameastheonefromthezerotothe

originalpointinthesplaneLet'saddin apoleandseewhathappens
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ThegeneralruleisAddphasesofzerossubtractphasesofpoles

Let'slookatsomedifferentcontours

Whatwe can see isthatforeverytimewe encircle apolezeroin thesplanewe alsoencircle

theorigininthe plane Foreachclockwiseencirclementofzerosweget one Wencirclement

oftheoriginandforeachCWencirclementof apole wegetoneCCWencirclementoftheorigin

Thinkofazero asadding360andapoleas subtracting360



Ifwehaveasmanypolesaszerosweendupwithno encirclement andifwehaveonemorepolethan

zeros we endupwithoneCCWencirclementoftheorigin

Thismeansthatyoucantelltherelativedifferenceofpolesandzerosinsideacontourbyhowmanytimes

theplotcirclestheoriginandinwhichdirection

Let'sgetbacktotheNyquistplotRecallthatforanopenloopsystem

U g Y

wecancheckwetherthesystemisstablebylookingatthepolesof s Ifthereare anypolesintheRHPthe

systemisunstable

Inclosedloopsystems
i y

wenowhavetolookatthepolesof
s
1 s

ie allpointswhere 1 s 0 Toassestheclosedloopstabilitywehavetocheckifanyofthe

thezerosof 1 s are intheRHP

Todothiswecanusethe principleofvariationoftheargument introducedaboveWecanchooseour

contourtoencircletheentireRHP
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wehowknow

Encirclementsof 0using s Zerosof1 s inRHP Polesof1 s inRHP

Wecanmakeuseofthesecharacteristics

Insteadofcountingtheencirclementof1 s arroundzerowecanshiftthecoordinatesystemby 1andcount

theencirclementof s arround 1

If s thenthepolesof s aregivenbyDs Wecanalsorewrite1 s

1 s 1 Sps thepolesarealso givenbyDs

Thus sand1 s havethesamepoles

Wecancombinebothandget

Encirclementsof fusing s Zerosof1 s inRHP Polesof s inRHP

WhichfinallyyieldstheNyquiststabilitytheorem
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Zerosof1 s inRHP CWEncirclements Polesof s inRHP
of 1using s

unstableclosedlooppoles unstableopenlooppoles

Wecannowasseswethera closedloopsystemisstablebyonlylookingattheOLpolesandtheNyquistplot

Specialcase

Howdowetreatpolesandzerosof s ontheimaginaryaxis
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WemakelittleindentsontheimaginaryaxisIfyoumovearoundthepolesCCWthenyouhavetoclosethe

NyquistplotCWatinfinity



Note

IfyourCLhassomegaink

s

s i s

youhavetocountthe CWEncirclementsof

StabilityMargins

NexttostabilityoftheCLsystemtheNyquistplotcanalsotellushowfarawaywearefrombeingunstable

AssumeourOltobestable ie P 0 ForourCLsystemtobestablewenowneedN 0 ThenZ N P 0

Wecannowdefinea phaseandgainmarginthattellushowclose wearetoencircling 1

Whatdoeseachmarginmean

GainMargingmThepointat180 Ittellsushowmuchwecanscaleuntilreaching 1

PhaseMargin Pointatmagnitude1 Ittellsushowmuchwecanchangethephaseuntilreaching 1



Frequency Domain Specifications

SimilartothetimedomainspecsthatresultedinfeasibleareasintheSplanewecandefinefrequencydomainspecs

thatdictateshapehowourBodeplotshouldlooklikeRecallthesensitivityCLTFSweintroduced awhileback

d

i e Y i e
s u ss Y

n

OpenloopTF Complementarysensitivity sensitivity
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Ifwehavedisturbancesdandor noisenenteringourCLsystemwecanuse andStomapthenoisen and
disturbancesd totheoutputgUsuallydisturbanceshavelowfrequenciesandnoisehashighfrequenciesThecommands

weinputtooursystemusuallyalsohavearelativleylowfrequencyKnowingthiswecanconstrainthemagnitudesof

Sjwand jw inthefollowingway

Sjw 1 atlowfrequenciesfordisturbancerejectionandgoodcommandtracking

jw 1 athighfrequenciesfornoiserejection
Remember S 1 w Wecan'tmakethesensitivityfunctionsarbitrarilysmalloverallfrequencies

Asalwayswewouldliketohavetheseconstraintsas afunctionoftheOLTFS.tnthiscase

Sjw 11 1 shastobelarge.atlowfrequencies

jw 1 1 s hastobesmallathighfrequencies

Wecanquantifyhowlargeorsmallwewant s tobewithsomefunction jw Sowecanwrite

Sjw njw 1 1 jw jw jw jw

jw ajw 1 P jw.a.jo 1 jw ajw



ThisresultsinthefollowingobstaclecoursefortheBodeplotof jw

0

NexttohighandlowfrequencybehaviorwecanalsoconstrainthebandwidthofCLsystemThebandwidth

tellsusthemaximumfrequencyforwhichtheoutputcantrackcommandswithinafactor 0.7 Inotherwordsthe

bandwidthtellsusforwhichmaxfreqwegetsatisfactoryoperation jw 2

WecanusuallyapproximatetheCLbandwidthwiththeOlcrossoverfrequencywg
Buthowdoweapplytheseconstraintstoour jw

Loop Shaping

Nowwegettodesignourcontroler Weknowhowthedesired s shouldlooklikeandhowtomodelthesystemor

plant s Ourcontrolershouldthenbesomethinglike Cs s s

Usuallyweapproachthisproblemwithsomebasicbuildingblockstosteer s throughtheBodeobstaclecourse

Thatwayweconstructa dynamiccompensator s thatfulfillsourrequirements

Proportionalcompensation

Inthiscase Cs k wherek is asimplegain

Shiftsthemagnitudewhilephaseisunaffected

ForstableOLsystems smallk k 0 yieldstableCls

Improvescommandtrackinghighermagnitudeatloww andCLbandwidthmovescrossoverfreq.toright

Stabilitycanbecompromized
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Leadcompensator

Aleadcompensatoris apolezeropairWecanwriteit in ageneralformas

Geads O a b

In aleadcompensatorthezeroalwayscomesbeforethepoleGraphically itcanlooklikethis

Examplefora 0.1 b 10 i eGeads 19 100

Themaineffectsare

Increasemagnitudeathighfreq.by whilelow fregare unafected

Increaseslopeofmagnitudebetweenaandbby20 dec

Increasephasearound abbyupto90Themaxphaseincreaseisof

LaxZarctan go



Mainuse increasephasemargin Geads K optionaltoadjustwe

i Pick ab atdesiredwe

ii Pick dependingondesiredphaseincrease

iii Adjustktoputw.atdesiredfree

sideeffectsincreasemagnitudeathighfree

Examproblems 4522

Solution Seelistabove

Solution

Themaxphaseincreaseat ab is La Zarctan 90

Fromthisweget

ab 109 a 199 a 19 a 19

pm 30 Zarctan 90 b Ja b 319 103



Lagcompensator

AlagcompensatorisalsoapolezeropairWecanwriteit in ageneralformas

class Ob a

In alag compensatorthepolealwayscomesbeforethezero Graphically itcanlooklikethis

Examplefora 10 b 0.1 i eGags 988 11005

Themaineffectsare

Decreasemagnitudeathighfreq.by whilelow fregareunafected

Decreaseslopeofmagnitudebetweenaandbby20 dec

Decreasephasearound abbyupto90Themaxphaseincreaseisof

LaxZarctan 90

Mainuse improvecommandtrackingdisturbancerejection Clags K

i Pick asthedesiredincreaseinmagnitudeoflowGreg

ii MultiplyKby highfreqnotaffected

iii Pickatobesufficientlysmallnottoaffectwe

sideeffects reductionofphasemargin



Examproblems 4522

Solution Seelistabove

Solution

Lagcompensator O b a Ruleout i ii

choose a sufficientlysmallnottoaffectwe

a 75closerto100 Optioniii thebest

5 fulfilledbyiii



Limitations

ThetoolsfromaboveworkwellforstableminimumphasesystemsButwhatifwehavepolesandzerosintheRHP

Loopshapingfornonminimumphasesystems

Rememberfromtherootlocusthatclosedlooppolesapproachopenloopzeros Ifoneofthezerosisnon
minimumphasetheclosedloopsystemmightbecomeunstable
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Thismeansforlargeenoughgainstheclosedloopwillbecomeunstable An.m.peZeroalsolimitsthemaximum

crossoverfreqTheconsequence isthattheCLsystembecomesslow

Loopshapingforopenloopunstablesystems

Wecanlookattherootlocusagaintoseewhathappenswhenwehavea ClpoleintheRHP
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Weneeda highgaintostabilizethesystemInreallifeahighgainmeansfastandstrongactuators

Inthiscasethecrossoverfreqbecomeslarge

ThisshouldgiveyouasenseofhowformanysystemsthereareclearperformancelimitationsCertain

requirements canthusneverbesatisfiedEghavegoodnoiseanddisturbancerejectionwhilstalsohavinggood

commandtracking



TimeDelays

Afterchoosingourcontroler s wehavetoimplementitUsuallyweusecomputersforthistaskUnfortunatley

computershaveafinitecomputetimewhichmeansthatthecontrolinputtoacertainerrorhassomedelaySomephysical

systemsthemselvesalsohavedelaysAnextremeexamplewouldbecommunicationwitheg a marsrover

InthisexamplethedelaycanbeseveralminutesHowcanwetakethisintoaccount

Mathematicallywecanexpressatimedelayas

yt at

Thetimedelayisa linearoperatorthattransformsaninput ut intoadelayedoutputy t.is theammountofdelay

WecanalsocomputetheTFofatimedelayAssume ut est

yt esᵗ es at
TheTEofatimedelayisthusgivenby es

Thisnota rationalfunction Wehavenopolesorzeros Rootlocusdoesn'twork


