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Nggu.ist Plot:
To draw this plot , just take the polac plet and mirror it along the real ayis!
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Principle of vosiokion of the acqument (Cauchq's Acqument Ptindp\e.)

Given o. TF ((3), we con plugin diffecest Values of s and gqel another complex numbes . (e can plet this
new complex  numbes in o plane. ond call il the w-plane . We con now soy thot ous TF G(s) a
poit from the S-plane fo the w -plane. We con extend this and mop entire. lines fom S Lo w.

We can also look of how closed curves , S0 called contouss , map from S Lo w.
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o closed curve inthe S-plane will also recult in o closed curve in the w -plane.. This closed curve inthe w -plane.
now olse includes informations obout the TF we used to from S o w.
Consider o Simple exomple

s-plane In w-plane
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We observe that fhe phosor of the point in the w -plane is the same as the ene from the 2e0 fo the

original point in the S-plane. Leb’s add in o pole ond see whok happens.
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The genesal rule is: Add phases of zecos subtcact phases of poles.

Let’s look of some different Confoucs.
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Wat we can see is thek for every time we encitdle o pole/zes0 in the s-plane we olso enciscle
the. origin in the w -plane. For each clockwise encitdement of zeros we gt one CW encicclement
of the origin , and fos each CW encirdement of o pole e geb one. CCW encirclement of the origin .

Think of o. 2e50 as adding 360° and o pole as subtacting 360°.



If we have os mang poles as 2ers we end up with no encirdements , and if we have one more pole than

2ec0S , we  end up with one CCW encitdlement of the origin .

S-plane Contour s W-plane Plot S-plane Contour W-plane Plot

This means thot You can Lell the relative difference of poles and 2ecos inside o confouc by how many times

the plet circles the origin ond in which direction.

Let’s get bock o the Nyguist plet. Recall that for an open loop 535&h ,
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we con check wethee the system is sboble by losking ot the poles of 1§ thete are any poes in the RHP the
system is unslable .

In closed -loop Sﬁdem&

-J;ﬁ}—a L(s) y >

we now have o look ot the pdes of :

__L)
Dsl 14+ L(s)

ie. all poinks where. 1+ L(s)=0 . To asses the closed loop Slabilily we have o check if amy of the

the 2eros of 1+ [(5) ase in the RHP.

To do this we can use the principle of vasiotion of the acrgument imbroduced above. We can chocse our
contour to encitcle the enbice RHP:
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we. now know:

# Encisclements of O using 1+ L(s) = # Zecos of 1+ L(s) n RHP - # Poles of 1+ [ () in RHP

We. can moke use of these charactedstics:
> Insteod of courting the encitdements of 1+ L(s) acround zers,we con ehift the coosdinate systen by -1 and cout
the encitdements of arvound -1 .

> |f =% , then the poles of ase given by D(s). We can alse re-write 1+ [(s):

= 4. Ns) _ Do)+ Nes)
Telw= 14 D(s) D(s)

,the pdes are also given by D(s)

Thu, and 1+ [(s) have the same poles

We can combine both ond get:

# Encisclements of -1 using = 3 Zecos of 1+ [(5) in RHP - 3 Poles of in RHP

Which finally yields the Nyquist stobiliy thesrem:

Z=N+P
/ ~ l ~ \
# Zecos of 1+ () in RHP #CW Encicclements # Poles of in RHP
of -1 using
= 3 ungoble closed loop poes = 3 ungloble open loop poles

We. can mow osses wether o closed loop system i stable, by only looking of the OL pdles and the Nyguist-plot

Special case :
How do we treot poles and zecos of on the imoginacy axis 7
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e moke little indents on the imoginacy axis. If you move acound the poles CCW, then you hove o close the

Nyquist-plot CW at infimily.



Note:

If yous CL hog Some. gain k:

’ _ k y L(s) J >
___kLs)
T 1+kLs)

you have to count the #CW Encicclements of - 17 )

Stability Mocqins:

Next to stability of the CL sysiem, the Nyquist-plot caw olso tell us how far away we ase from being unstoble.

Assume ous OL & be stable  ie. P=0. Tor ous CL Syslem to be stable we wow need N=0.Then Z= N+P=0.

We. con now define o phase- and gain masgin that tell us how “close” we ase to enciceling -1.
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Whot does each margin mean ?
- (oin Hosgin 9. The point of 180°. 1t tells us hew much we can Scale until reaching -1.

= Phose. Mosgin ¢ : Point ot mognitude 1. It tells us hew much we can chonge the phase until ceaching -1.



Freguency Domain 5pecifica{'ions

Similos 4o the Lime-domain specs. thot resultedin feasible ateas inthe s-plane, we con define Srequency dowain specs,

that diclate/shape how ous Bode plot should look like. Recall the Semsifivity/CL TFs we introduced o while back.

L(s) d
r e w y r e w y
. C(s) 3 P(s) > _T C(s) 3 P(s)
= Open loop TF: - Complementacy Sensitivily > Sensitivily
maps r=>y,msy mops r—>e, d-oy
L(s) = C(s) P(s) Ts)= — L Sge—
1+L(s) 1+L(s)

If we hove. disturbances d and/er noise. 1 ertering ous CL system, we conuse T and S to wap the noise . ond
disturbances d fo the ou‘EpuJ: Y. Usually distusbances have (ow frequencies and noise. hos . The commands

we input to ous systery usually alse have a selativley (o frequency. Knswing this we can consbrain the magnitudes of

S(J'w) and T(J‘u) in the followins way

-|5¢ J'u)| <1 ot bw frequencies for disturbance rejec’cion and good command {:racking.

> |T¢ J‘u)l <1 high frequencies for noise \'ejecﬂon.

Rerembes: 5+T =1 v . We cont moke the sensitivily functions asbitcarily small over all frequencies.
As alwoys, e would Like {o hove these constraints os o fundion of the OLTF L(s). In this cose:
- |5(jw)| = I#(Ju)l <] <& [(s) hastobe La\‘se. ot bw frequencies

> T Ju)l |1_i_“z;_)| <] & L[(s) hasto be small ot high  frequencies

We can qunnﬁifg how lacge or Small we waxt L(s) b be ,with some function W (juo). So we can write :

O.PPfo
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This results in the following"obstacle cousse” for the Bode plot of | (ju).
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Next to high - and low-{requency behavisr we can also Constrain the bandwidth of L systerr. The bandwidth
Lels us the moximum frequency for which the oubput con track commands within o. factor = 0.7 . In othec words the
banduidth tells us for which max fre. we. get sabisfactory opesabion. ( |T()| > )

We con usualy appsoximote the CL bondwidth with the oL crossoves frequency wg

But how do we oapply these constrmints to ous L(jw) ?

[ooP 5'14,:5&\3

Now we get to desian our controles . We know hotw the desired L(s) should look like , and how b model the. syshem or
plont P(S). Ouc controler should then be. Something like. C(s)= L(s) P(s)™
Usually we approach this problem with some. basic building blocks ko steer L(s) through the Bode obslacle cousse.

That woy we consteuct o dynamic compensator C(S) that fullfls our requirements.

Proportisnal compensation:
I this case C(s) =k ,where K is o simple gain.
- Shifts the magnitude , while phose is unoffected.
— Foc dable Ol systems , smoll k (k—0) yield stable CLs.
= Jmproves command tcacking ( highes magniude of low ©) and CL bonduwidth (moves crassoves feeq. bo cignt)

i Stabi(ikg con be compromized !
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Lead compensofor

A lead compensatec is o pole zewo pair .We can write i in a genecal form os:

%” b S+a
Clmd(s)=é+1 = e 0<a<b
b

In o lead compensotor the zeto olwoys cowes before the pole. Graphically it can Losk Like this:
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Exomple for a=01,b=10,i.e. C,_ () =537 =100 §+55

The woin effects ace:
- |ncreose masn'n{ude_ ok high freg. by % , hile. low }w;. ase unafected.
= Increose slope of mognitude between a and b by 20 Hec

= Increase phase around YaB byupto 30°. The max phose inesease is of

?..° 2 arctnh[jg] - 80°




Hoin use: increase. phase masgin. G, (8)=/ 2T
i.  Pick VabB ot desiced cw,
it. Pick % depending on desired phose. increase.
i, Adjust < to put we ot desiced freg.

Side effects: increose mognitude of high freq.

Exam problems: HS22

Problem: Consider a lead compensator

_sfa+1
Cos/b+17

Clea.d(s) 0<a< ba (1)

used in a standard feedback architecture to control a given plant P.

Q37 (0.5 Points) Mark the correct answer for each statement.

Statement

| True | False

A lead compensator is typically used to reduce the phase
margin.

A lead compensator can increase the sensitivity to high-
frequency noise.

The slope of the magnitude at frequencies between a and b
is approximately +20 dB/decade.

Solu}.ion :

frequency of 10 rad/s.

Mark the correct answer.

— 10 —
O a_ﬁ,b_m\/?_,
O a=1v3,b=100v/3
O a=10\/§,b=\1/—0§

O a=100V3,b=1v3

Q38 (1.5 Points) A lead compensator as given in Equation (1) is to be used in order
to increase the phase of the open-loop system P(s) - Clead(s) by at most 30° at a

Which choice of the parameters a and b satisfies the aforementioned requirement?

Soluhon :




Loq compensolbor:

A lag compensatec is also o pole zeto pair .We com write it in o general form os:

Cr o) =%

In o lag compensalor the pole always comes before. the zero. Graphically it can Losk Like this:
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Exomple for a=10,b=01,i.e. C\, (8)=Z087 = 055501

The woin effects ace:
- Decrease magnitude of high freg. by 2, while low freq. ase unafected.
- Decreose &lope of moghitude between a and b by 20 Ve

— Decreose phase around VaB by upto 30°. The max phose inerease is of

o =2 mt.m[jg] - 80

ple
+
-

Main use: improve command trocking/ distusbance. rejection. Claa (s)=

Al
+
-

t. Pick % 05 the desifed incceose i mognitude of low freg.
it Mulbiply < by % (his\n freg. not affected)
iii. Pick o tobe sufficiently small not to affect w,

Side effects: reduction of phase macgin.



Exam problems: H522

Problem: Consider a lag compensator

_a s/a+1

Clag(s)_g‘s/b—}—]_’ 0<b<a7

used in a standard feedback architecture to control a given plant P.

Q39 (0.5 Points) Mark the correct answer for each statement.

Statement ‘ True ‘ False

A lag compensator is frequently used to improve command
tracking/disturbance rejection.

A lag compensator cannot cause the system to become un-
stable.

The slope of the magnitude at frequencies between a and b
is approximately -20 dB/decade.

Solubion: See List above.

Q40 (1.5 Points) A lag compensator is to be used in order to improve the steady-state
error to a step response to less than 2%. In order to achieve this, the low-frequency
magnitude of the open-loop transfer function needs to be increased by a factor of 5.
The current control design already features a satisfying phase margin and a satisfying
open-loop gain crossover frequency wg. currently at 100 rad/s.

Which choice of the parameters a and b below satisfy aforementioned steady-state
error requirement and have least impact on the crossover frequency and phase mar-
gin? Mark the correct answer.

O a=15b="175
O a=1,b=5
O a=1,b=02

O a=75b=15

Solution:



Limi&g’:iogg:
The tools from above work well for Stable , minimum phose systems. Bub what if we have poles and 2esas in the RHP 7

Loop shoping for non-minimur -phose sgia«s:

Remember from the. roct locus that closed loop poles approach open loop 2eros. |f one of the 2eros is non-

minimum -phase , the closed loop system might become wnstable.
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This meons for l(lfﬂﬂ. encugh gains the closed lop will become unstoble. A n.m.p. 2eco also limits the maximum

crossover freq. The concequence is that the CL system becomes slow.

Loop shaping for open-losp undable sustems:

We con look ot the root locus again bo See whob hoppens twhen we have o CLpde in the RHP.
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We need a ‘1\3\\ so.i\\ ts stobolize the sgs{em. In real Life o his\\ goin Meons fosk ond s(:rohg octuators,

In. this case the crossover freq. becomes lasge.

This should give you o sense of how, for many systems, there ase cleas pesformance limitations. Cestain
requiremerts can thus never be sotisfied. £ 4. have good neise. and distusbance. fejection whilst alss having gosd

commoand {md(iha.



Em@ De[ags

Aftec choosihs ous contrdles C(5) , we have o iMplemu\‘: it. Usuolly we use computess for this task. un{ortum{leg )
Computers have a. finite compute time , which means that the control input fo o cectain error has some deloy. Some physical

535{'&“5 themselves alse have delays. An extreme exawmple would be communication with ¢.q. & mass rover.

/ﬁé\ /&

In this example. the delay can be sevesol minubes. How eon we take this inta account 7

Hothematically we can express o time deloy as:
y() = u-T)

The fime delog is o. Lineas operator fhot transforms am input w(t) into o delayed output y(@#). T is the ammourt of delay.

We can alse compute the TF of o time. delay. Assume. u(b)= et

g0 = ST ST

u(t)
The TF of o time delayis thus given by: (’:ST

This not o. rationol function! Le hove s poles of zecas! ( Root locus doesn work )



