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Recap
TimeDelays

Mathematicallywecanexpressatimedelayas

yt at

Thetimedelayisa linearoperatorthattransformsaninput ut intoadelayedoutputy t.is theammountofdelay

TheTEofatimedelayisthusgivenby es

Thisnota rationalfunction Wehavenopolesorzeros Rootlocusdoesn'tworktoassesclosedloopbehavior

Let'stakeacloserlookatfrequencyresponseofatimedelayRememberthatforthefrequencyresponseweplugin

s jwandlookattheresultingphaseandmagnitudeAssume 1

GE.jo e 1

GE.jo e w

Freqwraps
around360

Thuswecansummarizetheeffectofatimedelayas aphaseshiftof w

Gainandphasemargins

Togetthegainmarginwelookatthefirst

timewecross 180 i e Geejw w 180

Similarlywecanlookattheeffectonthe

phasemarginandseethat 4m 4m wo



Packapproximation

InthePaderapproximationwerepresentthetimedelay as aratiooftwopolynomialsAfirstorderapproximation

wouldlooklikethis
es

Togetthevaluesofthecoefficientswecancomparethistermtothetaylorseries

3 1 s 2 s s

Andconsideringthermsuptoorder2weget

es

DescribingFunctions

AsbrieflymentionedlastweekwewanttostarttounderstandnonlinearsystemsTodaywewillbrieflyintroducesomeconcepts

thatcanhelpusTodaywewillmanligconsidersystemslikethis

Y s

where s isstilla linearfunctionand is anonlineargain canrepresentsomeimportantnonlinearitieslike

Staticmemorylegs
y Y

u u u u

Saturation SwitchorRelay Deadzone Quantizer

Dynamicwithmemory

WecanalsorepresentthemmathematicallyThesaturation eg
u

SchmittTrigger



Stability

Forthiswewillconsiderthegeneralcasefromabovewherewhere s isstilla linearfunctionand

is anonlineargainWecannowdefinesomeboundariesthatcontainallpossiblevaluesof

y

Mathematically

u
u u u su

su
0

Thesystemissaidtobeabsolutleystableforanychoiceof withintheboundaries iffor u 0 y 0

So n 0 isa globallystableequilibriumi e everyinitialconditionwithzeroinputconvergestozeroWecan

alsochecktheCLstabilityofthesystemwiththe intheNyquistplot

Necessarycondition

Thewaywedefinedthe itincludesalllineargains FortheNyquistcriterionthismeansthatwe

havetoconsidernotonlythepoint butallpointsin s s Graphicallyyouhavetoconsider

Im

Re

Sufficientcondition

WegoevenfurtherandextendtheNyquistconditiontocountencirclements ofacirclewithdiameter s s
Im

Re

w



Example Cruisecontrol

Thisisanexampleofa saturation sincethethrottlecan'tbeactuatedmorethanacertainvalue

Wecansimplifythesystemto

Y s

Im

u Re

Saturation
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Inthiscasewecannotconcludewhatthestabilityis sincethesufficientconditionisnotfulfilledButwhat

happenshereCanwefurtherunderstandhowthe influencesthesystem

DescribingFunctions

Aswiththefrequencyresponseforlinearsystemswewillconsiderwhathappenswhenweapply

ut sinwt

Theoutputwillnowbeoftheform
y t f sinwt

ThatmeanssomeperiodicfunctionwiththesamefrequencyastheinputTheoutputisnowalsodependendonthe

inputamplitude



y y
Example Saturation

ut sinwt
1 1

Sinceyt f sinwt is aperiodicfunctionwecanwritethecorrespondingFourierseriesexpansion

Yt a cosint ssinint

withthecoefficents a andsgivenby

a Ytcosintdort and s ytsinintdort i isanindexnot I

foroddfunctions a 0 ie Wecan usethisandapproximatetheoutputwiththefirstharmonic

i eonlyconsider 1 Foranodd thiswouldmean

y t s sinwt

ThisapproximationworkssincephysicalsystemsusuallyattenuatehighfrequenciesactingasalowpassfilterThevalue

of s isafunctionof theinputamplitudeWenowdefinethedescribingfunctiontobe

f ytsinintdort

theratio Wecanusethisfunctiontoapproximate asanamplitudedependendgainWecangeneralizeto

anyinput u t e forwhichtheoutputcanbeapproximatedusingthecomplexFourierseries

Y t c w eiut o w

inthisgeneralcasethefirstcomplexharmoniccoefficientcanbeexpressedas c w e Theresulting

describingfunctioncanthenalsobecomplexWewriteit as

w 4 i w eid
w

Example Saturation

Thesaturationisoddandthusa 0 ie Ifweassumewe'reinsaturationi e I wedefine 2

as sin2 1 thepointwherethesaturationkicksin

2 aresin



y
Nowwehavetocalculate s

ytsi.nudu t
2

sinusinzer 1sinzcz
1

F aresin 1 1 12
Hence

aresin 1 for 1

1 for 1
1

Howisthisuseful

Consideragainthestartingpoint

Y s

Wecannowsayforsome ut sinnt we canapproximateyt sinnt Since

wecanalsosay
yt

sinwtinotherwords.amapproximationforthe
OLTFofthesystemwiththeisgivenby.is

s

isnowdependendon theinputamplitude Wecannowseewhathappensfordifferent

LimitCycles

Considerthecaseoftheinputtoyourtobeoftheformn iwt.Let'sseehowthissignalpropagates

et eint
s

jweiht



wecanobservethatif
jw

thenthefeedbackloopisselfsustainingTheinput e producesanoutputof e whichis

negativleyfedbackThiscausesthesystemtooscilateindefinetleycausinga socalledlimitcycleAcondition

fortheexsistanceoflimitcyclescanbederivedfromabove

1 jw

Checkingforlimitcycles

Thereis anicewaytoverifygraphicallywethertherearelimitcyclespresent

im
Sketchpolarplotof jw

ReSketchpolarplotof 1 Efi
Checkforintersections jw

w

Stabilityoflimitcycles

Limitcyclescanbestableorunstable i

HowdoesthislookontheNyquistplot AssumeOLstability

Ifapoint isinanunstablepartoftheNyquistplot U theamplitudeofoscilationswillincrease Ifa

point isin a stablepartoftheNyquistplot S theamplitudeofoscilationswilldecrease

u s u
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