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Time Delays:
Hothematicolly we can exprese o time deloy as:
yb) = u-T)
The fime deloy is o Lineas operaor hat transforms am input w(t) into o deloyed autput Y(£). T is the awmourt of deloy.
The TF of o kime. delay is thus given by: €°7
This net o rational function! LJe hove v poles of zeces! Rost locus doesnt work fo asses closed loop behavier.
Let's take a doser look ot frequency response of o time delay. Remembes that for fhe frequency sespamse toe plug in

s=jw ond lok o the resulting phase and wagnitude . Assume T'=1
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Thus we con Summasite the effect of o time deloy as o phase chilt of -wT

Gain ond phase maraing:

To get the gain mosgin we [eok ob the fird "

time we cross -180° ,i.e.: £ G(J'u) -wT =-180"

.Siniladg we can look of the effect on the

phase mosgm and See thot - =¢ -uT :




Fadé _appryimation

I the Padé opprimation we cepresent the time delay as o robio of tws polynomiols, A ficd ordes approximotion

toould look hke this:
o™ Tzk S+ P
e $+q

To gel the values of the. coefficients we con compore this term bs the

S+P _
kgl

And considesing themms upto order 2 we geb

_Des:ribins Fenctiong

As briefly menbioned losl toeek toe want to stact to wndesstand nonlinear sydems. Today we will briefly introduce. Some concepls

thot can help us. We will manliy consides systems Like this:

L 3

NL L(s)

where. L(9) is &bl o Lineac funchion ,and NL is o non-lineac qain, NL com feprn.sml: Some. importart novdinearilg like :

Stotic , memoryless:
N y N y N y N y
Salucotion Suwitdh ,oc Rd.ns Deadzone Quortizer

Dynamic, with memory:
"N y

We can olso tepresent them mathematically. The. satusation , e .q.:

1 if w21;
y= {u, i 1< w<{;
-1 w2 -
Schwitt Trigger



Stability:
Jor this we will consider the. general cose from abeve where where L(s) is <lill o Lineac funchion ,and N

is a non-lineor gain. We can now define. Some boundocies thot contain all pos.siUe. values of N| .

“y ‘ kzu-

J‘faﬂneml:icallg :
k,w

e kaw< NLaw) < kau

NL(o)=0

A system with such o non-liness gain is soid £ be absolutley stoble. , for any choice of N within the.
boundacies,if for w=0,y-0. So u=0 is o globally stoble eguilibrium,i.e. evecy mikial condition
with zeco input converges o zero. Le can also check the CL shobility of the system with the NL

in the Nyquist glet.

Necessacy condition

The woy we defined the NL ,# can include all [ineas gains k,< k < k, . Tor the Nyquist critereon this means Lhot
we have bo consides wet only the poivt -yk but all points in . Grophically you have to consider

lm

Sufficiend condition:

We go even fudhes and extend the Nyguisk condition to count encitclements of a citcle with diametes

Im




£xample: Cruise control
This is on example of a sofusstion N , since the throflle. cant be actuated more than o cedain value.

We can Simplify the sgsfem t:

NL L(s)
>u i Re
Soluwtion
= 5+1
L) S (5+0.0161)

In this case we. com not conclude. whol the slol:ililg is ,since the sufficiend condition is net fullfilled. But whot

happens here 7 Can we fusthes undecstand how the N influences the system 7

Des::ribig Functions:

As with the frequency responce for Lineas systems , e will considec whal happens when we. apply
ult) = Asin(wt).

The ouput will now be of the form
= 4 (A sin(wt)) .

Thol means some. pesiodic function. with the Same. frequency as the. input. The oupul is now alse dependend on the

input ompltude A .



Example: Sotusation 4
A
1 if w21;
={uw i -I<wu<{; —>4 >4
-1 i w2 -1,
ult) = Asin(wt).

A<A A>1

Since y(#) = $(A sin(wt) is o periodic function te. con write the corresponding Tousies Sesies expansion
= 2.3 [, cosiwt)+ b silieot)],

with the c,oe,#iccmfs a;

and b, given b&

T
a =L f costiwtldwt) ond b =1 sin(iest) dlwt)

-

Jor 0dd fundions a,=0 Vie N.We can use this and approximofe the oulput tuith the fird hamonic
i.e. only consider i =1. For an odd N this would mean

= by sin(wh).
This approximation works since physical systems usually atfenuate high frequencies, acting as o Low poss filter. The value

of by is afundion of A, the inpit amplitude. Le now define the describing funchion fo be
N(4) =(— 2 f sinlicot) dlwh)

the ralio %.L)e. can use this function to approtimate NL o5 an amplitude- dependend gain. We con generalize fo

oy inpub (k) = Ae.‘j“’c or which the oudput can be  approxivoted using the complex Fousier series

4 '

jdiAw)

in this general cose the fird complex hacmonic coefficient con be expressed as ¢,(4,u) e . The rusulking

describing function con then also be complex. We write it as

N(4.0) = %L’ )

Exar_»\g|e.'- .So.{um{ioh
The soucetion js odd and thus a,=0 Vie N . If we assume we'e in sofurotion,i.e. 4>1 we define ¥
as  Asin(3)=1 , the port where the soucobion Kicks in.

‘l// = o.rcsin(i)

A



Now we have to caleulofe b,

A

= %’-A [arcsin(i) +—

Hence

A
N(A)=

sinfy) dyp

1
A

A

1, for A<t

How is this useful ?

Consider again the slarting point:

We can notw Soy for some  ult) = Asin(wt) we Con approximate Y()= b, sinfwt). Since N(4) =

we can olso say

(T

M = % [arcsin(i) + 1

w

B

A

sin(‘t/t)d‘lP + % L .sin(‘lP)d’l,b

N(A)

NL

Les)

y&)= AN(A) snluob)

in other words, an opproximation for the OL TF of the sydem with the NL is given by

L is now dependend on A the imput amplifude . Lo con now see what happens for diffesert 4.

Limit Cycles:

Consides the cose of the input bo yous NI €0 be of the form Ae’jw% Lel's see how {his sigral p\'opqso‘:es.

A

jwt
e

L'(A,s)=N(A) Ls) .

o NL

AN(A)

jot
e
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te con obsesve thal if

A=- AN(A)LGw),

then the feedback loop is Self -sustaining. The inpud /4e.'j“J

t produces an output of -Ae.‘ju* which ie

nesafl\llui fed-bock .This couses Ehe 53s£em bo oscilote indefinetley, causing o So called Limit eycle. A condition

for the exsistonce of [imit cycles con be derived from above:

1

= ()

N(A)

Checking Jor Limit cycles:

There is anice woy to verify grophically wethes there are Limit cycles present :

L)

*  Skelch polas plot of L(jw)

1 Re
> 8k | ot -
ech polos plet of N /
y—
+ Check for itersections. TN \ L(je)
Stability of limit cycles:
Limit cycles con be stable or unglable:
stable unstable
“atlracts" "repels”

How does this look on the Nyguist plet 7 (Assume oL stability) .

If o point 'ﬁ is n an unetable. pact of the Nyguist plot (W), the amplitude. of oscilofions will increase . If o

point 'ﬁ isin a_stoble pact of the Nyguist plet (S), the omplitude of oscilotions will deccease.




Exar Problem:

Problem: Consider the closed-loop system T shown in Figure 23, where L is a linear time-invariant system
and where NL is a saturation non-linearity.

4
V@

T—:Cf—»NL L

Figure 23: Standard feedback architecture. System L and saturation non-linearity denoted by N L.

The describing function N(A) of the saturation non-linearity is given by,

Ny =2 larcsin(%) VA (%)2

It is known that L(s) has a pole at the origin, i.e. at s = 0, and that L(s) has one unstable pole. Figure 24 shows
the Nyquist plot of L(s) (solid line) together with ﬁi) (dashed line). Further, assume that all assumptions
required for a describing function analysis are met.
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Figure 24: [Solid line] Nyquist plot of L(s). [Dashed Line] Plot of ﬁ, where the arrow

indicates the direction of ﬁ as A increases.

Q40 (0.5 Points) Mark the correct answer.
First, without doing any stability analysis, what is the maximum number M of potential limit cycles that
the closed-loop system T could support?

Al M =0 [C] M =
Bv=2 D] =1




Problem: Address the question below.

Q42 (1 Points) Mark all correct statements.

The circle criterion is a necessary and sufficient condition for absolute stability.

. Describing functions can be seen as approximate transfer functions that represent the transfer function
from sinusoidal inputs of amplitude A and frequency w to the first harmonic of the output of the
corresponding non-linearity.

Limit cycles are typically observed in linear systems.
. The describing function of a static non-linearity is an amplitude dependent gain N(A).




