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0 Preface

This script is based on the materials from my recitals from Fall 2024. Additionally,
lecture slides were used, and this script is heavily based on the lecture content. The
script was made in the scope of the PVK in January 2025 and is intended to serve as a
study aid and review for the material. It contains both theory and example problems.

The exam questions are mainly taken from past exams from Prof. Frazzoli, especially
HS16, FS17, HS17, FS18. Since the newer exams have solutions with exaplnations,
I decided to focus more on the older exams, leaving the newer ones for self study. A
complete collection of old exams, with solutions, can be found on https://exams.amiv.

ethz.ch/category/controlsystemsi

Despite revisions of the script, I cannot guarantee either completeness or correct-
ness. It is possible that small errors are present. If you notice such an error, I would be
grateful if you could inform me by email so that the script can be corrected.

You can find the latest version of this script and other materials on my website: n.ethz.
ch/~nbartzsch/.

Thank you and good luck with Control Systems I.

Nicolas Bartzsch

Version: February 17, 2025
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1 Introduction

In this course we learn the basics of feedback control systems. Broadly the course can
be divided into three main parts:

• Modeling: represent real world systems with mathematical equations

• Analysis: understand how a given system behaves; how the input affects
the output, and how feedback influences the system

• Synthesis: change the system, so that it behaves in a desired way

In control systems, we examine physical systems, often referred to as the Plant, that we
aim to control. Examples of such systems include cars, planes, drones, and robots. These
systems can be represented using block diagrams, where the system itself is depicted as
a block, and the influences on the system or observable outputs are represented with
arrows.

Plant

Output
“Observation”

Input
“Control”

Our goal will be to generate the right input to the plant such that the output behaves
in the desired way. This is done using a controller. A good example is cruise control
on a car. We tell the cruise control that we want to go at a certain speed (reference),
and the cruise control generates the corresponding input (e.g. throttle position). A big
part of control systems is introducing feedback into the system we want to control. This
feedback is necessary since doing control without feedback would be similar to driving
a car blindfolded. For cruise control, feedback would correspond to a sensor giving the
current speed of the car. In block diagrams it is usually represented like this:

Plant
Input Output

Controller
Reference

This quickly illustrates what we want to achieve in this course. Let’s get started then!
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2 Modeling



























































































introduction

WewanttoLearnhowtomathematicallyrepresentdynamicsystems Specificallywewanttowrite

ownequationsthatexpressthe outputas afunctionoftheinputandsome internalparameters

u System Y

Important All models arewrongbutsome are useful

nputscanbe

Endogenous canbemanipulatedbythedesigner eg controlinputs

Exogenous generatedbythe environmentandcan'tbe controlled e g disturbances

theyencompasseverythingthat affectsthesystemovertime

Theoutputscanbeclassifiedas

Measuredoutputs whatwecanmeasuresensors eg Speedofcar

Performanceoutputs notdirectlymeasurablebutwewanttocontrol eg argfuelconsumpt

theyencompasseverythingthatweobserveaboutthesystemovertime

Internal parameters are systemspecificanddonotchangeovertime

111systemsthatwewanttodescribe canbe representedbydifferentialequationsThatmeans

hatthewaythesystemischanging isrelatedtothecurrentstate

howthesystemchanges f currentstate

ample

Newtonssecondlaw
m.amUt

ut Kpt mptgravity

Pt
pt Lpt hat 2ⁿ odrderODE
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StateSpaceRepresentation

wetakecloserlook atthe2ⁿ odrderODEwe can regochizethatit can be rewritten as a systemof

orderODES seeLinearAlgebra

Withthesubstitution

X t pt
X t pt

we obtain whichcanalsobe re writteninmatrixform

X t X t X t 0 1 X t 0

at InX t Mut X t In 0 Rat in
ᵗ

Thisissomethingwe alreadyknowandcansolveTheonlythinglefttodo is definingwhatwewanttomeasu

n oursystem ie whattheoutputisHere we can measure forexamplethevelocityofthemass The
utput yt isthenequaltopt andthereforeX t Nowwe canwriteeverythingtogether as

X t 0 1 X t 0
ᵗ

X t In0 X t m at

yt 0 y
at nogravity

Pt
zt

hissystemofequationsnowrepresentstheoriginalmassspringsystem

hevector containsallstatevariablesofthesystemThestatesdescribehowasystemchangesinternally

vertime It can bethoughtof as amemory containing a summaryofhowthesystembehavedinthepast
Giventheinternalstatesandthecurrent input we can uniquleypredictanyfuturebehaviorWecannow

eneralizethisto astandardformthatwewillgenerallyusetodescribe dynamicsystems

xtfxt.at

ytzxt.at

hisis calledthestatespaceformsincewe areobservinghowthestatevector changes
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3lockDiagrams

lockdiagramsare an effectivewaytovisuallyshowhowdifferentsystems are connected It isthestandard

waytoillustratetheinterconnection ofdifferentsystemsandcontrolarchitecturesLetsbeginwiththesimplecase

ivenby
u Y

ere mapsaninput u to anoutputy Wecanwritethat

y u

We canalsohavetwosystems oneaftertheotherlike so

u a y
1 2

Thelpusfindtheinputoutputrelation we candefine anintermediatesignal a andanalyzeboth

locks seperatley

1 Y za

2 a
combiningbothresultsin y u

We canalsohavetwosystems inparallel

u y
1

9 14 zu

1 2

2

we combineboth we obtain

a
8 29 34u y

1 2 a U

2 14 34
3

2 1 3

4





























































































Wecanalsointroducenegativefeedback

u e Y wefollowthesamerecipe
1

Y e Y 1 4 28
a e u a e u zy2

a z

so Y u 2g rearranging we obtain

Y 14 1 28

Y 1 28 14

1 1 2 8 14

1 12 in or Y 1 ala

Withthehelpofblockdiagrams we canalsovisualizesomebasic controlarchitectures

Feedforward
i u Y

requirespreciseknowledgeofplant

Feedback
i e U Y

canhandledisturbancesanduncertaintiesbutcanintroduceinstability

Todegreesoffreedom

i e u Y

goodtransient behaviorandgoodtrackingoffastchanging references
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2.1 Example Problems

2.1.1 Example from Lecture

Problem: Consider the swing/pendulum system shown in the figure 1. The system
consists of a massless rod of length l and a point mass m at the end of the rod. The
angle between the rod and the vertical axis is denoted by θ. The point mass is subject
to gravity and an external force u(t). Further, there is a friction force acting on the
system. The friction force is proportional to the angular velocity θ̇ and its magnitude is
given by the friction coefficient c.

θ
l

m

g

c

u(t)

Figure 1: Pendulum System

Question: Given equation 1 for the angular momentum balance, find the state space
representation of the system that has the angle θ as output.

M = J · θ̈ (1)

Hint: The moment of inertia is given by J = ml2.

Solution:

We consider

J · θ̈ = MB,

where MB is the sum of all torques acting on the hinge point, J the moment of inertia,
and θ̈ the angular acceleration. Considering the free body diagram in figure 2 we can
obtain all torques that are generated by the different forces.

θ

u(t)

u(t) cos(θ(t))

no torque

θ

mg
mg sin(θ(t))

no torque

Figure 2: Torques resulting from forces acting on the swing

The case on the left describes the torque generated by a horizontal pushing force, and
the one on the right the effect that gravity has on the swing. The torque induced by
the friction is proportional to the angular velocity and scaled by the friction coefficient
c. The total torque acting on the hinge point is thus given by

6



MB = gravitytorque︸ ︷︷ ︸
−lmg·sin(θ(t))

+ frictiontorque︸ ︷︷ ︸
−c·θ̇(t)

+ pushforce︸ ︷︷ ︸
l·cos(θ(t))·u(t)

.

Additionally, the moment of inertia for this setup given as J = ml2. Putting everything
together we get the following differential equation:

ml2 · θ̈(t) = −lmg · sin(θ(t))− c · θ̇(t) + l · cos(θ(t)) · u(t). (2)

As introduced above, we can transform this second order ODE into a system of first
order ODEs. For this we do the substitution

x1(t) = θ(t)

x2(t) = θ̇(t),

and choose the output to be the swing angle y(t) = θ(t) = x1(t). Putting everything
together, we can write the second order ODE 2 as a system of first order ODEs to get
the state space form

ẋ1(t) = x2(t)

ẋ2(t) = −
g

l
· sin(x1(t))−

c

ml2
· x2(t) +

1

ml
· cos(x1(t)) · u(t)

y(t) = x1(t).

(3)

7



2.1.2 FS 2017, Questions 7 and 8

Problem: You have passed the Control Systems 1 exam, and now you are very bored.
To do something more exciting, you decide to build a jet-kart. However, before the fun
starts you need to model it and design a controller for it. Assume that the cart moves
in one direction only (1D motion). To control your vehicle you use thrust from the
jet engine (this is your control input) and you are interested in controlling the kart’s
position. Assume that there are only three kinds of forces acting on the kart:

• Thrust Force FTH(t) = kTHT (t) where T (t) is the thrust from the jet engine (can
be both positive or negative) and KTH is a constant.

• High velocity drag force FDH = −kDHv
2(t) where kDH is a constant and v(t) is the

linear velocity of the vehicle.

• Viscous drag force FD = −kDv(t) where kD is a constant and v(t) is the velocity.

Question Choose the correct answer. (1 Point)
Let m be the mass of the vehicle and x(t) its position. Which differential equation
models your system?

A mẍ(t)− kDHẋ
2 − kDẋ = kTHT (t)

B mẍ(t) + kDHẋ
2 + kDẋ = kTHT (t)

C mẍ(t)− kDHẋ
2 − kDẋ = −kTHT (t)

D mẍ(t) + kDHẋ
2 + kDẋ = 0

Solution: B

Using Newtons second law F = ma we get:

kTHT (t)− kDHẋ
2 − kDẋ = mẍ

mẍ+ kDHẋ
2 + kDẋ = kTHT (t)

Question Choose the correct answer. (1 Point)
If you represent your differential equation of the jet kart in state space representation
ẋ = f(x,u), y = g(x,u), what is the dimension of the state vector, i.e. if x ∈ Rn, what
is n?

A 3

B Cannot be determined from the infor-
mation given

C 1

D 2

Solution: D

Second order ODE → 2 dimensions of x.

8



2.1.3 HS 2016, Questions 6 and 7

Problem: Consider an electric motor which you would like to operate at a constant
rotational speed ω0. Applying a voltage U(t) results in a change in the circuit current
I(t), which is governed by the differential equation

L · d
dt
I(t) = −R · I(t)− κ · ω(t) + U(t),

whereby L is the circuit inductance, R its resistance and κ a constant relating the motor
speed ω(t) to an electro motor-force (EMF). The dynamics of the motor speed are given
by

Θ · d
dt
ω(t) = −d · ω(t) + T (t),

where Θ represents its mechanical inertia, d a friction constant and T (t) = κ · I(t) the
current-dependent motor torque.

PC
yur e

−

Figure 3: Control Architecture

Question Choose the correct answer. (1 Point)
Relate the variables in the block diagram above to the correct signals.

A u(t) = U(t), x(t) =

[
ω(t)
I(t)

]
, y(t) = ω(t), r(t) = ω0

B u(t) = U(t), x(t) =

[
U(t)
T (t)

]
, y(t) = T (t), r(t) = ω0

C u(t) = U(t), x(t) =

[
ω(t)
I(t)

]
, y(t) = I(t), r(t) = ω0

D u(t) = I(t), x(t) =

[
ω(t)
U(t)

]
, y(t) = I(t), r(t) = ω0

E u(t) = I(t), x(t) =

[
ω(t)
T (t)

]
, y(t) = ω(t), r(t) = ω0

Solution: A

Since we are subtracting r from y they both have to have the same units. Since the
reference is given by r(t) = ω0, the output has to be y(t) = ω(t). Only A & E

From the text we know that we apply a voltage to the plant, thus u(t) = U(t).

9



Question Choose the correct answer. (1 Point)
A colleague tells you that the circuit inductance is very small and can actually be ne-
glected. The arising motor model can now be represented as. . .

A . . . a second-order system

B . . . a first-order system

C . . . an integrator

D . . . a static system

Solution: B

We can set L = 0 and rewrite the two equations describing the system as:

�����: 0
L d

dtI(t) = −R · I(t)− κ · ω(t) + U(t)

Θ d
dtω(t) = −d · ω(t) + T (t)

→
ω(t) = 1

κ [−R+ I(t) + U(t)]

ω̇(t) = 1
Θ [−dω(t) + T (t)]

2.1.4 HS 2017, Question 5

Question Choose the correct answer. (1 Point)

Figure 4: System Diagram

You are given the above system diagram. What is the associated transfer function from
r → y.

A Σr→y = (Σ1 +Σ2Σ4 +Σ3)

B Σr→y = Σ1+Σ2Σ4+Σ3
1+Σ2Σ4

C Σr→y = Σ1+Σ2Σ4+Σ3
1+Σ1+Σ2Σ4+Σ3

D Σr→y = Σ1+Σ2Σ4+Σ3
1+Σ3

Solution: B

y = Σ1e+Σ2Σ4e+Σ3e

y = [Σ1 +Σ2Σ4 +Σ3] e
y
r = Σ1+Σ2Σ4+Σ3

1+Σ3

← e = r − Σ3e

e = r
1+Σ3

10



3 System Classification and Linearization



























































































SystemClassification

NowweknowhowtodescribephysicalsystemswithequationsWiththatwecanalsoclassifythemin

differentwaysThisclassificationisimportantforus since we willonlyconsideronespecifictype

ofsysteminthisclass Socalled lineartimeinvariant or LTIsystems

Butgenerally weclassifySystem inthesecategories

LinearvsNonlinear

CausalvsNoncausal

StaticmemorylessvsDynamic

TimeinvariantvsTimevarying

Linearity

Forasystemto belineartwoconditionshavetobefulfilled

Additivity u u u uz

Homogeneity Ku k u KEIR

Differentiationandintegration arelinearoperations

Wecansummarizebothto

au Bu α u β u ay BY α βER

ne u

du Bu BY

ThisimpliestheideaofsuperpositionThatmeansthatwhenasystemislinear we can

Breakdown complicated inputsignalsintosimplercomponents
u u u

Computetheoutputforeachsimpleinputseperatley
Y u u

Sumallofthesimpleoutputstogether toobtaintheresponsetothecomplicated input
Y Y

11





























































































Linear Nonlinear

1 Yt tut 1
2 Yt sinnt

1 Yat Fuat 1
auaßu auat 1 Bunt 1

Y t unt 1
α na β u linear

2 Dat sinhat Ua

Y t sinunt u
aBub sinαhat Bunt

αsinhat βsinunt nonlinear

Causality ifandonlyif

Asystemissaidtobecausal iff thefutureinputdoesnotaffectthepresentoutputAllpractically
realizablesystems are causal Otherwise youcouldpredictthefuture

CausalNoncausal

yt ut a a 0 Futureinputs

ytutt.TO

yt cos 3 1 ut 1

StaticvsDynamic

Aninputoutputsystem is staticormemoryless if forall t yt isonlyafunctionof ut

Inotherwordsthepresentoutputdependsonlyonthepresentinputandnotonpastorfutureinputs

SystemsdescribedbyODES are alwaysdynamic Staticsystems areusuallydescribedbyalgebraic

equationsYoucanthinkofsystemsfromMech as staticandthosefromMech as dynamic

Static Dynamic

yt 2 tut

yt tut de Sumsupeverythingthathappened

It it it Ling t the
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3.1 Example Problems

3.1.1 HS 2017, Question 1

Question Choose the correct answer. (1 Point)
Your thesis supervisor hands you a quadrocopter and asks you to design a control algo-
rithm for it. Is the quadrocopter system causal or not?

A Causal B Not causal

Solution: A

All real systems are causal.

3.1.2 HS 2016, Question 3

Question Mark all correct statements. (2 Points)
All signals are scalars. The system d

dty(t) = (u(t+ 1))2 is:

A Causal

B Memoryless / Static

C Time-Invariant

D Linear

Solution: C

A: not causal since dependent on future inputs.
B: not static since dependent on inputs different from t
C: Time-Invariant
D: Not linear:

ẏa = u2a(t+ 1)

ẏb = u2b(t+ 1)

ẏa,b = (ua(t+ 1) + ub(t+ 1))2 ̸= ẏa + ẏb

16



3.1.3 HS 2016, Question 4

Question Mark all correct statements. (2 Points)
All signals are scalars. The system y(t) = t2 · u(t− 1) is:

A Linear

B Time-Invariant

C Causal

D Memoryless / Static

Solution: A, C

A: linear, check condition
B: not time-invariant because of the t2

C: causal, since not dependent on future inputs
D: not static since dependent on past inputs

3.1.4 FS 2017, Question 1

Question Mark all correct statements. (2 Points)
Which of these systems is not causal?

A y(t) = u2(t) + 10

B y(t− σ) = 2eu(t), σ > 0

C y(t) = u(t+ σ), σ > 0

D y(t− σ) = 1, σ > 0

Solution: B, C

B: input at time t− σ depends on the input at time t. Relative to time t− σ the time t
in the future

C: depends on future input

17



3.1.5 HS 2017, Question 3

Question Mark all correct statements. (2 Points)
All signals are scalars. The system y(t) = n3t3u(t), with n ∈ R>0 is:

A Causal

B Linear

C Memoryless / Static

D Time-Invariant

Solution: A, B, C

A: causal since not dependent on future inputs
B: linear, check condition
C: static since only dependent on current time t
D: not time-invariant because of the term t3

3.1.6 HS 2017, Question 4

Question Mark all correct statements. (2 Points)
All signals are scalars. Input u(t), output y(t), state x(t).

The system x(t) = u(t)
t , y(t) = 3x(t)− x2(t), with t > 0 is:

A Memoryless / Static

B Causal

C Linear

D Time-Invariant

Solution: A, B

y(t) = 3
tu(t)−

1
t2
u2(t)

A: static since only dependent on current input
B: causal since not dependent on future inputs
C: not linear, since u2

D: not time-invariant because of the t−1 and t−2

18



3.1.7 HS 2016, Question 9

Problem: Given the system

d

dt
x(t) = (x(t))2 + 5 · u(t)− 10

y(t) =
4 · x(t)− 12

u(t)
,

you have to linearize it around the equilibrium xe = 0, ue = 2.

Question Choose the correct answer. (1 Point)
Which are the state-space matrices A, b, c and d?

A A = 0, b = 5, c = 4, d = −3.

B A = 5, b = 5, c = 2, d = −3.

C A = −10, b = 5, c = 2, d = 3.

D A = 0, b = 5, c = 2, d = 3.

Solution: D

Using the Jacobian linearization procedure we calculate:

A = ∂
∂x

[
x2 + 5u− 10

]
= 2x

xe−→ A = 0

c = ∂
∂x

[
4
ux−

12
u

]
= 4u

ue−→ c = 2

19



3.1.8 FS 2018, Question 5

Problem: Given the system

ẋ1(t) = x21(t)− sin(3x2(t)) + u3(t)

ẋ2(t) = x2 − u(t) + x1(t)e
−x2(t),

you have to linearize it around the equilibrium point xe =

[
0
0

]
,ue = 0.

Question Choose the correct answer. (1 Point)
What are the state-space matrices A and B?

A A =

[
−3 0
−1 −1

]
, B =

[
0
−1

]

B A =

[
0 −3
1 1

]
, B =

[
0
−1

]
C A =

[
3 0
1 1

]
, B =

[
−1
0

]

D A =

[
0 3
1 −1

]
, B =

[
0
1

]

Solution: B

Using the Jacobian linearization procedure we calculate:

A11 =
∂

∂x1

[
x21 − sin(3x2) + u3

]
= 2x1

xe−→ A11 = 0

A12 =
∂

∂x2

[
x21 − sin(3x2) + u3

]
= −3 cos(3x2)

xe−→ A12 = −3

20



4 Time Response and Stability



























































































meresponse

WeknownowhowtorepresentphysicalsystemswithODESandhowto uniformallyrepresent

themintheLTIstatespaceform

t xt But

yt Cxt Jut

ThesolutionforthestatespaceLTIsystemisgivenby

t e tx e
t

3utdtytcetxocfe.tt3urdt Jut
Toobtainthissolutionwemadeuseofthelinearityoftheequations decomposing it insimplerbits

Initial conditionresponse 0 Xo

Unt O.to

Forcedresponse X O 0

uftut.to Y

Wecanlater identifythe differentcomponents intheoutput

2
If wetake a closerlook we seethatsometermscontainthematrixexponential e t

Buthowdowecomputee t

Throwback LinearAlgebraII

Thematrixexponentialcanbedefinedthrough aTaylorSeries alsovalidforscalars

e t t t t t

Therefore wewouldhavetocalculate infinetleymanytermsButforsomematrices wecandrastically

simplifythecalculations
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Diagonal exp ftp.t Po4texp

tJordanForm
expfftexpfttefP4t

Where I aretheeigenvaluesoftherespectivematrix

Tofacilitatecalculationswecanthereforedo a coordinatetransformation x ̅ suchthat e t

iseasier tocomputeNotethatthetimeresponseremainsunchangedThroughthecoordinatetransformation

wesimplyuse a differentrealizationofthesystemie adifferentstatevector

Initialcondition homogeneous responses

Letusnowtake acloserlookat systemswhere isdiagonalMorespecificwe willlookattheinitial

conditionresponse i e ut O

Foradiagonalrealmatrix
lie

yt Cetoo

wherewe canwriteout alltermsandsimplifyfor beingdiagonal

It a ca 8 8
Y

y t e e x O cze x O
t

Sofordiagonalrealmatricestheinitialconditionresponseisthelinearcombinationoftwoexponentials

Foradiagonalcomplexmatrix

00w O
o jw

yt Cetoo
wherewe canwriteout alltermsandsimplifyfor beingdiagonal

yt c e e x O caeote o

e c et x O cze x O

Wute α sinnt α coswt

e sinnt
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Forcedresponse

Wehaveseenhowsystemsreacttoinitialconditions i ehowthehomogeneoussolution e tx behaves It
givesus afeelingabout thenatural dynamics ofthesystemButwhatabouttheforcedresponse givenbythe
convolutionintegral

Cle t 3urdt Jut
Thisis hardertointerpretTogainsomeintuitionwewilllookathowelementaryinputsaffectthesystem

Stepresponseof1ˢ otrdersystem
Let'slookat asimpleexamplewhereweapply astepinput givenbytheHeavisidefunction

ut h t 8 asinputtothefirstordersystem Xt Ext tut
yt Ixt

t ᵗ JE Eat It

wecancomputetheoutputyt asfollows

yt Ceta C e
t 3uptap Jut

eitxofeitPEdpeitx.ie

IeiPapeitxo
eitteiP

y

eitxokeite.it 1

et k 1 et
t
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Stability

Inthetwocasesabovewecanseethattheoutput issomehow linkedtoexponentialterms

yt c e x O cze x O

ytxeotsinu.to
Thegrowthofthesetermsisdictatedbytherealpartoftheeigenvaluesof We canseethat iftheeigenvalues I

haveapositiverealparttheoutputwillgrowexponentiallyovertime iebecomeunstable y Therearefew

waystoclassifystability

LyapunovStability asystemisLyapunovstableif foranyboundedinitialconditionandzeroinput

thestateremainsbounded ie

X E anda 0 t S t 0

AsymptoticStability asystemis asymptoticallystableifforanyboundedinitialcondition

andzeroinput thestateconvergestozero i e

X E anda 0 Lim t 0

BoundedInputBoundedOutputStability asystemisBIBOstableifforanyboundedinputthe

outputremainsbounded ie

ut t 0 andto 0 yt S t 0

Everysystemthatisnotstable iscalledunstable

WecancheckstabilitybyLookingattheeigenvaluesof

Lyapunovstableif Re 1 0 i

Asymptoticallystableif Re 1 0 i
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4.1 Example Problems

4.1.1 FS 2018, Question 6

Problem: Consider a system with the following dynamics,

ẋ(t) =

[
0 1
0 0

]
x(t) +

[
0
1

]
u(t)

Question Choose the correct answer. (1 Point)

If u(t) = e−t, t ≥ 0, and x(0) =

[
0
0

]
, find x(t) for t ≥ 0.

A x(t) =

[
−1 + t+ e−t

1− e−t

]

B x(t) =

[
1 + t+ e−t

−1 + e−t

]
C x(t) =

[
−1 + e−t

1 + t− e−t

]

D x(t) =

[
−1− e−t

−1 + t+ e−t

]

Solution: A

From the equation above we can read out:
ẋ1 = x2
ẋ2 = u(t) = e−t → x2 = c1 − e−t

We can plug in the initial condition to find the integration constant and an expression
for x2:
x2(0) = 0 = c1 − 1→ c1 = 1
x2 = 1− e−t

And finally plug this into the equations for x1 and solve for it
ẋ1 = x2 = 1− e−t → x1 = c2 + t+ e−t

x1(0) = c2 + 1→ c2 = −1
x1 = −1 + te−t

25



4.1.2 FS 2016, Questions 11 and 13

Problem: The figure below shows the response of an internal state x of a system as an
impulse is applied to the systems input.

Question Choose the correct answer. (1 Point)

A No conclusion about the stability is
possible

B The system is unstable

C The system is asymptotically stable

D The system is Lyapunov stable

Solution: B

The state grows indefinitely

Question Choose the correct answer. (1 Point)

A The system is BIBO stable

B No conclusion about the BIBO stability is possible

C The system is BIBO unstable

Solution: B

No information about the output is given.
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4.1.3 FS 2018, Question 7

Problem: Consider the two systems with output signal y(t) and input signal u(t),
described below:

1. y(t) = sin(t)u(t)

2. y(t) =
∫ t
0 sin(τ)u(τ)dτ

Question Choose the correct answer. (1 Point)
Which system is BIBO stable?

A None of the systems

B System 2

C Both of the systems

D System 1

Solution: D

Take the input u(t) = sin(t) as an example. Even though the input is bounded the
integral of sin2 grows unbounded.

4.1.4 FS 2017, Question 12

Question Choose the correct answer. (1 Point)
Consider a linear time-invariant SISO system. Pick a correct logical relation between
different stability criteria.

A Asymptotically stable ⇐⇒ BIBO stable

B Asymptotically stable =⇒ BIBO stable

C Asymptotically stable ⇐⇒ BIBO stable ⇐= Lyapunov stable

D Asymptotically stable =⇒ BIBO stable ⇐⇒ Lyapunov stable

Solution: C

If all states converge to zero (asymp. stable), then the output also goes to zero/remains
bounded. This is not valid the other way, since one state might “blow up”, making it
impossible to be asymp. or Lyapunov stable, but if it is not visible in the output, it can
still be BIBO stable.

27



4.1.5 FS 2016, Question 13

Problem: Given a system with the state space representation

ẋ(t) =

[
−1 10 · α2

0 α− 1

]
x(t) +

[
1
α

]
u(t)

y(t) = α · x(t) + u(t),

where α ∈ R.

Question Choose the correct answer. (1 Point)
For which values of α is the system asymptotically stable?

A α < 1

B α < 0

C α ≤ 1

D α ≥ 1

Solution: A

Asymptotically stable if Re(λi) < 0, ∀i. We can calculate the eingenvalues:[
−1− λ 10 · α2

0 α− 1− λ

]
= (−1− λ)(α− 1− λ) = 0

α− 1− λ = 0

λ = α− 1 < 0

α < 1

28



5 Transfer Functions



























































































eneralresponse

Sincewe are workingwithlinearsystems wecanmakeuseofsuperpositionSo we rewriteanyinputu

as a u un Wecanthenapplyu unseperatleytothesystemandsumalloutputs y y In

Inthiscaseit wouldbeconvenient ifwecouldfindsomeinputv thatwhenlinearlycombinedwithitselfcould

representallormostothersignals i e.ua v anv Luckily wecanuse a mathematicaltoolfrom

Analysis tohelpuswiththat

TheinverseLaplacetransformtellsus howtowriteafunction ft as alinearcombinationoftermsestweighted

by s theLaplacetransformofft Where s is a complexvariableoftheform s o ja So

nowweknowthatifwecomputetheoutputtosomegeneralestwecanlatereasilycomputetheoutputto

anyinputsinceitwillbealinearcombinationofestterms Let'sseehowtheresponse toestwillgenerally
looklike

yt Cetx C e
t 3urdt Jut

with ut est

ytce txocfe.tt3estde Jest
rearrange

yt Cetx Cetfe Ja Jest

if si isinvertible

ytce txoce.to Tte 3f3est
rearrange

yt Cetx Cet si t e
t 3 Jest

andfinally

ä
Iss

29





























































































Wecannowgenerallysaythatthesteadystateresponsetotheinputestisgivenby

Iss Giesest withGoes C si t 3 C

ThecomplexfunctionGoes isknownasthetransferfunctionanddescribeshowastablesystemGrotransformsaninputestinto

theoutputGenesest Youcanthingofitlikethe intheblockdiagrams

Buthowexactlydowedecomposesomearbitraryinput Let's seehowthislooks ifourinputis asinusoid e g

ut coswt Zeit zejut
Wenoticethatwecandecompose ut asfollows

ut Kest withKaz andSi jo
Theoutputisthengivenby

t.GE.joZeit GE.joZeit
or

Yt GE.siKiesit

Ingeneralwe cansaythat

ut K e Yt Goes Kes

WecannowmakeuseoftheinverseLaplacetransformthatgeneralizesthissumsuchthatwecanrepresentallinputs

Es GE.SKs

ByusingtheLaplacetransformtheoutputcanbecomputedbymultiplyingtheinputwiththetransferfunction

elationsphipbetweenstatespacerepresentationandTF

If t isdiagonal

Gies
s s spin a in

3

P1 Pn I d
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If t isinthecontrollablecanonicalform

3a

a a an

bob bin1 I d

Therootsofthedenominator ofGoes arecalledpolesofthesystemTheyarealsotheeigenvalues

of t Soifwewantdoanalyzethestabilityofa system wehavetolookatit'spoles

WaystowriteTFS

Mostlywe canwriteTEsasrationalfunctions

Gans at
Wecandopartialfractionexpansionandget

Chens
s s 5

Wecanalsofactorizethenumeratoranddenominator indifferentwaysto obtain

Rootlocusform
ios

Bodeform
ios s

inall cases In arecalledpolesand ImzerosPolesaretherootsofthedenominatorand

thezerostherootsofthenumerator ThereareotherwaystowritetheTF dependingontheapplication

somearemoreusefulthenothersWhatinsidescanwegainformtheTFs

steadystateresponseto aunitstep

Given aTFofa stablesystemwecanobtainthesteadstateresponsebyLooking athowthesystemreactsto aunit

step i e uthteotl.to
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Example Gores 355594

weknowthat Iss Chensest

plagingin Iss Goro e Goro 6

Youcanalsousethefinalvaluetheorem SEEtht

LimY t fingSis stingsGoesUs SGoes stingless 6

ThisisalsocalledtheBodegainKB.de

at yt
1 Kode

1

t Fransientsteadystate

des

WeknowthatwecanwriteTEsasrationalfunctions intheform

ios S a

therootsofthenominatorzerosanddenominator poles areveryimportantandtellus alotaboutthebehaviorof

asystemTounderstandpoles letslookat theimpulseresponse

Impulseresponse

Letusconsidertheresponsetoaunitimpuls i e ut St

Istalt 1 E 0 and If ist di to t 0

wecansolvethegeneralequationfory t byplaying in 0 Xo0 and at St

yt Ceti Cte t 3urat Jut IfTS Tdi to
Yimpt C e

t 3stdtce.tl e

t3stdtYimptCet3
now we canapplyourknowledgefromtheLaplacetransformSince S GoesUs we

canapplytheLaplacetransformtoJimand atoobtainGras Letsconsider afirstordersystem

32





























































































yimptceatb.EE Es gebargra
SEI
Usut St

now Gies is ja and yt reat

Wecanextendthistohigherordersystems andourTFwilltaketheform

Goes s s sin
whichtranslatesto

yt r e rae meint

soeachpoleinourTFgenerates anexponentialinthetimedomainForrealpolestheseare exponentialsand

forcomplexconjugatepolepairssinusoids

eros

Tounderstandtheeffectsofzerosconsiderthefollowingsystem

at it It Eat
Thisis a differentiatorLet'sseewhathappenstosomegeneral ut estSinceyt datut inthiscase yt sest

WecanconcludethattheTFofa differentiator isgivenby
Goes s

Sidenote Integrators aregivenbyGoes s

SobymultiplyingGoeswiths essentiallyaddingazerototheoriginalTFintroducessomederivativeactionThisusually

has an anticipatoryeffect
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Stepresponse

Thestepresponseisthesystemsoutputgivena stepinputie ut kt Theresultinggraphsgivegoodinsights

Considertheplotbelow showingthestepresponseoftwosystemsBothhavethesamepoles

buttheorangesystemhas an additionalzeroat s 1
Im

RePhäsie

ZerosinthelefthalfplanearecalledminimumphasezerosTheyaddsomederivativeactiontotheresponseWhat

happenswhenthezerois intherighthalfplane ie positiverealpart

Im

ÄSEE

Re

we observethatthestability isconservedbutthe nonminimumphasezero causes theoutputtoinitially

moveinthewrongdirection ie wehavesomesortof negative derivativeaction

PoleZeroCancellation

Whathappensifweadda zeronear apole Ifthezerocoincideswiththepoletheycancelout

Goes
s 1 si s 1

SincetheTFdescribesinputoutputbehavior wecancanceloutpolessuchthatwecan'tobservetheassociatedbehavior

orwecannotinfluenceitthroughtheinput Ifthepolethatisbeingcancelled isstablethis isofnoconcern but

ifthepoleis unstablethisbecomesa bigproblem
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5.1 Example Problems

5.1.1 HS 2016, Questions 18 and 19

Problem: Given a linear time-invariant system in state-space description.

ẋ(t) =

−1 0 0
2 0 −8
1 0 −4

x(t) +

20
0

u(t)

y(t) =
[
1 0 1

]
x(t)

Question Choose the correct answer. (1 Point)
The transfer function g(s) is. . .

A g(s) = 2s+10
s(s+4)(s+1)

B g(s) = 2s+10
s2+5s+4

C g(s) = s+5
s2+5s+4

D g(s) = 2(s+5)
s2+5s+4

Solution: B

G(s) = C(sI −A)−1B +D (remember that: A−1 =
adj(A)

det(A)
)

=
[
1 0 1

] s+ 1 0 0
−2 s 8
−1 0 s+ 4

−1 20
0


=

[
1 0 1

] 1

s(s2 + 5s+ 4)

s2 + 4 . . . . . .
. . . . . . . . .
s . . . . . .

20
0


=

2

s(s2 + 5s+ 4)

[
1 0 1

] s2 + 4s
. . .
s

 =
2(s2 + 4s+ s)

s(s2 + 5s+ 4)
=

2s+ 10

s2 + 5s+ 4

Question Choose the correct answer. (1 Point)
The system is. . .

A Asymptotically stable

B Lyaupnov stable

C Unstable

Solution: B

∣∣∣∣∣∣
−1− λ 0 0

2 −λ −8
1 0 −4− λ

∣∣∣∣∣∣ = (−1− λ)(−λ)(−4− λ)→ λ1 = 0, λ2 = −1, λ3 = −4
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5.1.2 FS 2018, Question 8

Problem: You are given a linear time-invariant system in state-space form.

ẋ(t) =

0 1 2
0 0 3
0 0 −1

x(t) +

00
1

u(t)

y(t) =
[
0 0 1

]
x(t)

Question Choose the correct answer. (1 Point)
The transfer function g(s) is:

A g(s) = 3+2s
s2(s+1)

B g(s) = 1
s+1

C g(s) = 3−2s
s(s+1)

D g(s) = 3
s(s+1)

Solution: B

G(s) = C(sI −A)−1B +D (remember that: A−1 =
adj(A)

det(A)
)

=
[
0 0 1

] s −1 −2
0 s −3
0 0 s+ 1

−1 00
1


=

1

s2(s+ 1)

[
0 0 1

] . . . . . . . . .
. . . . . . . . .
. . . . . . s2

 [
0 0 1

]
=

s2

s2(s+ 1)
=

1

s+ 1

36



5.1.3 FS 2018, Question 11

Problem: You are given the following set of input to output transfer functions:

1. G(s) = s+0.5
s2+0.5s+1

2. G(s) = 1−s
s2+0.5s+1

3. G(s) = s
s2+0.5s+1

4. G(s) = 1
s2+0.5s+1

Question Choose the correct answer. (1 Point)
Choose the correct assignment of transfer function to unit step responses.

A 1→ D, 2→ A, 3→ B, 4→ C

B 1→ D, 2→ C, 3→ B, 4→ A

C 1→ A, 2→ C, 3→ D, 4→ B

D 1→ A, 2→ B, 3→ C, 4→ D

Solution: B

Figure C goes initially goes into the wrong direction. → Zero in the RHP. Only TF 2

Use the final value theorem: limt→∞ y(t) = lims→0 sY (s) = lims→0 sG(s)U(s)

TF 1: lims→0 s
s+0.5

s2+0.5s+1
1
s = 0.5 = limt→∞ y(t)→ Figure D.
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5.1.4 HS 2017, Question 19

Problem: A system given by its transfer function g(s) = s−1
s2+s−2

.

Question Choose the correct answer. (1 Point)
Which of the following state space representations is equivalent to the system given by
its transfer function?

A A =

[
0 1
2 −1

]
, B =

[
1
−2

]
, C =

[
1 0

]
, D = 1

B A =

[
0 1
2 −1

]
, B =

[
1
−2

]
, C =

[
0 1

]
, D = 0

C A =

[
0 1
2 −1

]
, B =

[
1
−2

]
, C =

[
1 0

]
, D = 0

D A =

[
0 1
2 −1

]
, B =

[
1
−2

]
, C =

[
0 1

]
, D = 1

Solution: C

We see that D must be zero, leaving only B&C.

Calculate the TF for B with G(s) = C(sI −A)−1B +D:

=
[
0 1

] [ s −1
−2 s+ 1

]−1 [
1
−2

]
=

1

s2 + s− 2

[
0 1

] [s+ 1 1
2 s

] [
1
−2

]

=
1

s2 + s+−2
[
0 1

] [ s− 1
2− 2s

]
=

s− 2s

s2 + s− 2
−→ notB
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5.1.5 HS 2016, Question 21

Problem: Given the transfer function g(s) of a system.

g(s) =
s+ 3

s2 + 0.7s+ 1

In addition, the figure below shows the four time responses A, B, C, and D.

Question Choose the correct answer. (1 Point)
Which of the four diagrams shows the correct step response of the system?

A Diagram 3

B Diagram 4

C Diagram 1

D Diagram 2

Solution: D

Use the final value theorem:

lim
t→∞

y(t) = lim
s→0

sY (s) = lim
s→0

sG(s)U(s)

lim
s→0

s
s+ 3

s2 + 0.7s+ 1

1

s
= 3 only 1&2

conversely, to the FVT we can also use:

lim
t→0

y(t) = lim
s→∞

sG(s)U(s)

lim
s→∞

s
s+ 3

s2 + 0.7s+ 1

1

s
=

1
s +

1
s2

1 + 0.7
s + 1

s2

= 0 only 2
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6 Root Locus



























































































Remembercourseobjectives

Modeling representrealworldsystemswithmathematicalequations

Analysis understandhow a givensystembehaveshowtheinputaffects theoutputhowfeedback
influencesthesystem

Synthesis Changethesystem sothatitbehavesinadesirableway

Whatwedidsofar

c

1

g
romtreuen

um Modeling

Physicalsystem X t X t

mix t lmgsinxitcxztlcosx.it at

yt X t

Differentialequations
Linearization

e F 0 he 0

0 1

i mi
3 0

mi

C 10 0
SDomain Gg Y

LTIStatespaceform

Gies 920 2
im

Re
TransferFunctions
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Wecannowseethatforsomevalue bothpolesareintheLHPandthesystemisstableTheplotwejustcreatedis

calledrootlocusanditshowshowthelocationoftheclosedlooppolesbasedontheopenlooppolesItallowsustoquicklysee

ifsomecontrolerisfeasibleornot Ideallywedon'twanttocalculatethepositionofthepolesforallvaluesof tobeableto

sketcharootlocusLuckilytherearesomeruleswecanfollow

Examples

Let'stakethe examplefromabove andfollowtherules

im im

Re Contactpointofasymp 221 0.5
2 1 1 Re

Angleofasymp 2.180 270
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6.1 Example Problems

6.1.1 FS 2018, Question 16

Question Mark all correct statements. (2 Points)
Which of the following statements are true?

A For k = 0 the open-loop poles are equal to the closed-loop zeros.

B The closed-loop poles are symmetric with respect to the real axis

C For the root locus of a causal system, the number of closed-loop poles is equal to
the number of open-loop poles.

D The angle rule of the positive root locus states that
∑

zi
∠(s−zi)−

∑
pi
∠(s−pi) =

0◦(±q360◦), q ∈ Z.

Solution: B, C

A: false, for k = 0, the CL poles = OL poles
B : true, always complex conjugate pairs
C: true, the number of poles always stays the same
D: false, angle rule for k >= 0:∑

zi

(s− zi)−
∑
pi

(s− pi) = 180◦(±q360◦)
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6.1.2 HS 2017, Question 25

Problem: The transfer function of a blood pressure regulator is given by:

P (s) =
1

10
·

s+ 21
20

(s+ 1
20) · (s+

1
20)

Consider the following four root-locus curves:

Question Choose the correct answer. (1 Point)
Out of the four root-locus sketches displayed, which one is corresponding to the previous
transfer function and values k ∈ {0, 20}?

A c

B b

C a

D d

Solution: A

One zero at −21
20 and two poles at −1

20 .

Remember that: The portion of the real axis to the left of an odd number of poles and
zeros are part of the root locus. The only one following this rule is c.
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6.1.3 FS 2018, Question 15

Problem:

You are given the open-loop transfer function L(s).

L(s) =
s+ 2

s(s+ 1)(s+ 4)

Question Mark all correct statements. (2 Points)
Which of the following points p (marked in the figure) are on the positive root-locus for
the above L(s)?

A p ≈ −1.5 + 0.0j

B p ≈ −3 + 0.0j

C p ≈ −1 + 0.0j

D p ≈ −5 + 0.0j

E p ≈ −1.5− 300j

Solution: B, C, E

Draw the poles and zeros and sketch the root locus:

Centroid of asymptotes: s = −3
2 = −1.5

Angle of asymptotes:

α0 =
1

2
· 180◦ = 90◦ α1 =

3

2
· 180◦ = 270◦
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6.1.4 FS 2018, Question 17

Problem: Your coffe-enthusiast friend experimentally determined the second-order
closed-loop poles a coffee machine should have. Both poles should have real-part Re(π1,2)
= −2.5 and there should be no oscillations.

Your open-loop coffee machine transfer function is P (s) = 1
(s+2)(s+3) .

Question Choose the correct answer. (1 Point)
Can this be achieved? If yes, what is the P-controller gain k needed to reach the desired
poles?

A k = 1
2

B k = 1
4

C k = 1

D It is not possible to reach the desired
closed-loop poles.

Solution: B

The CL transfer function is given by: T (s) = kP
1+kP . In out case this is

T (s) =

k
(s+2)(s+3)

1 + k
(s+2)(s+3)

=
k

(s+ 2)(s+ 3) + k

=
k

s2 + 5s+ 6 + k

we can evaluate the root of the denominator as:

−5±
���������:has to be zero√

25− 4(6 + k)

2
−→ 25− 4(6 + k) = 0⇔ 1− 4k = 0⇔ k =

1

4
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7 Time Domain Specifications



























































































farweassessedwetherwe canstabilizeoursystemwithfeedback basedontheopenloopTF s

exttostabilitytherearemanydifferentrequirements thatareofinterestwhendesigninga controler

consider a cardrivingwithcruisecontrol

so
Assumewecanmodellthecar withastablefirstordersystem

2 this is In
poleats

Wearestandingat a redtrafficlightandassoonas itturnsgreenwewanttoaccelerateto

hemaxallowedvelocityof50kmh Sothereferencechangesfrom0to50 intheinstantthatthelightturns

eenThiscorrespondstoascaledstepresponsetooursystem

Ceti Cte t 3up Jut

50 e Pfdp

50 1 et

e canseethatthebehavior isdependenton t Wecandefine a settlingtime i e thetimeittakes

rthesystemtogetwithind ofthesteadystate

d TIn100d

hismeasureof a canhelpusadjustthebehaviorofthesystemsuchthatitdoesn'tacceleratetoofast

rtooslowSincea isdirectlyproportionalto t and I influencesthelocationofthepoleofGies

histimedomainspecificationtranslatestoa constraintonthelocationofthepolesofthesystem

hismeansthatwe canchoose ourcontrolerinsuchawaythatthetimedomainspecificationis

etbycontrolingwhereourpolesgo
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suallythefirstorderaproximationfromaboveisnotenoughtodescribe a systemSolet'sapproximatewith a

econdordersystemWecandefineourTFtobe

2in wGis 5235 wi y

or an underdampedsystem 1 withzeroinitialcondition weget

Y t 1 cost e coswt

againwecandefineimportantcharacteristics

thestepresponse

Timetopeak p

Peakovershoot e

Risetime 2in

50

Wecanmapoutthepolesinthecomplexplane on

ndobservethateachcomponentofthe Re

meresponseaffectsthepolesdifferently

hatmeansthatwe can againtakerequirementsinthetimedomainandtransformthemintoconstraints onthelocationof

hepolesofthesystemWhendesigningourclosedloopsystemwecantaketheserestrictionsintoaccount

Im

Risetime

EIJI Re

over
settlingtime
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waytorelatetheserestrictionstotherootlocusisoverlayingboth

im im

Re Re

RootLocus Timedomainconstraints

Im

Re

wecannowchooseksitthepolesfallintherestrictedarea

ominantPoleApproximation

Whatifoursystemhasmorethantwopoles

Oftenwecanapproximatethehigherordersystem Rememberthateverypolecorrespondstoan exponential Therealpart

ofthepoleindicateshowfasttheexponentialgrowsordecaysForpolesintheLHPwe cansaythatpolesfurtheraway
fromtheimaginaryaxisarefaster sincetheydecayatahigherrate

e tot

tot et

Weobservethatthebecombinedbehaviorcanbewellapproximatedbytheslowerpoleiethepoleclosertotheimaginaryaxis
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teadystateerror

Thesteadystateerrorreferstotheerrorewhent Iftheerroriszerowefullyachievedthecontrolobjective

i e
s u s

Toobtain asteadystateerrorof0weneedapoleattheoriginalsoknownasintegratorDependingontheinputwepotentially

needmorethanoneintegratorWhenconsideringthesteadystateerrorweusuallylookatrampinputsThesearegivenby

r t
g
9 or inthesdomain 2s Jg orderoframp

0 1 2

Dependingontheorderoftherampandthetypeofthesystemwegetdifferentsteadystateerrors

numberofpolesattheorigin

IDControl

Realwhatourcontroler isdesignedtodo

i e
s u es

Ittakestheerror iethedifferencebetweenthecurrentoutputandthereferencewewanttoachieveandtransforms it

intoaninputtotheplantThequestionishowdowe convertanerrorintoacommand Onewaytodoit iswith

PIDcontrol
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7.1 Example Problems

7.1.1 HS 2016, Question 31

Problem: Consider the system described by the following block diagram

where

P (s) =
1

10s+ 1
, C(s) = k.

Question Choose the correct answer. (1 Point)
Determine the smallest positive gain k such that the feedback system is stable and, when
r(t) is a unit step, limt→∞|e(t)| ≤ 0.1.

The smallest positive gain k is:

A 10

B 2

C 1

D 5

E 9

Solution: E

The function P (s) is of type 0, since it has no integrators. The step is q = 0. From the
table we now know that

ess =
1

1 + kBode

The OL TF is L = C · P in our case:

k · 1

10s+ 1

we can transform this into the Bode form to get the Bode gain:

k · 1
s
0.1 + 1

k = kBode

the ess is now:

ess =
1

1 + k
≤ 0.1→ k = 9 (4)
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8 Frequency Response and Bode Plots



























































































ecallthatforLTIsystemsthe IF canmodellthesteadystateoutputtosomegeneralinputestTheTFisgivenby

Iss Chensest withGies si t 3 SE

echosethegeneralinputestsincevirtuallyeveryinputcanbegenerated as alinearcombinationoftermsest

SinceoursystemisLTI wecanthuscalculatetheresponsetocomplexinputsbybreakingitdownandsummingup

heindividualoutputs Iftheinputis a cosinewesawthat

ut coswt fett zejut
Wenoticethatwecandecompose ut asfollows

ut Kest withKaz andSi jo

heoutputisthengivenby

t.GEjwfeiwt.GE.joZeit

e canrewriterein as e with
Einfing ftpeitifigfiG.iw

ndthen yt eiZeit eioze.int
yt coswt o

heoutputisanothersinusoidwithadifferentamplitudeandphasebutsamefrequencyThismeansthat in

rotertoanalyzehowasinusoidaffectsoursystemweonlyhavetoknowhowthemagnitudeandphasechangeThese

hangersaregivenby GE.jo and a GE.jo Sobyplayingin s jw we cancompletleydefinethe

teadystateresponseto a sinusoidalinput thisisalsocalledfrequencyresponse

Whenrepresentingthefrequencyresponsewe are essentiallyplotting a complexfunctionGierjw

with a realargumentwelkThereare twowaystorepresentthis

asparametriccurvewisimplicit twoseparateplotsas afunctionofw

Im
Magnitude

dB 20

Re

Pässe Ö
so 102 10

rg.io
101 102
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dePlot

Wewanttoplot GE.jo and a GE.jo as afunctionofwWewillusetwoplotswithasharedfrequencyaxis
Thefrequencyaxisisshownon alog scale in5 Themagnitudeisplottedin decibels ie

GE.jo dB 2010g GE.jo

andthephaseusuallyindegreesThisresultsin aplotofthisform

Ygnitude
20

Phase

103 102 10
rgo

101 102

Onereasonforchoosingthisscalingisthatwhenwehavemultipleinputsthemagnitudegetsmultipliedandthephasesadded

Sincethemagnitudeplotis inlogscalewecanthenaddtwolinesintheplotinsteadofmultiplying

TosketchtheBodePlotwefollowthesebasicrules

Let'strydrawingsomeplotsTodrawtheseplotsbyhandwecando a straightlineapproximationwiththetableabove
AlsorecalltheBodeFormof

go.sk
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Let'slookatsimpleexamples

k 5

Gies K K 0andKeo

Magnitude 20logK 14dB

Goes
s inBodeForm

todrawthisplotwetaketheabsolute

p
at 0dBuntilthelocationofthe
poleThenthehighfreqasymptotefrom
thepoleuntil w

Thephaseusuallystartschanging1des
beforthepolelocationandcontinuesuntil
Ideeafterthepole

we canputbothtogetheranddrawtheBodeplotfor

Gies 5 s inBodeForm

sincewechosealog
scaleforthemagnitude
wecannowaddeverything
up
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wecanalsoaddazero

Giers 5 518
bringtoBodeForm

Goes 40 1

Proceedasabovebutlookat
thetableforthebehaviorofthe
nonminimumphasezero

ThiscanbedoneforanarbitrarynumbersofpolesandzerosTwoimportantcasesarepolesandzerosat

theoriginTherespectiveplotslooklikethis

Gores s jur Chens

Amorecompletetablewithsketchingrulesisgivenby
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Example

go.gs i 1

UntilnowweonlyconsideredrealpolesButwhatiftheIFhas acomplexconjugatepairofpoles wecangenerally

writea correspondingTF as
Gs 2p

5235hm

forthesesystemsthedampingratio influencestheformoftheBodeplot

B

Despitethistheycanbetreatedlikenormalpoles
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olarPlot

Wecanalsorepresentthefrequencyresponse as aparametriccurvewherewisimplicitWecanthenplotonecurveinthecomple

planeLetsstartwith asimpleexample Chens
s

im

Re

initcircle

Wewillgothroughsomewandnotedownmagnitudeandphase w O 0dB1 o

w 1 3dB 45

w 10 20dB0.1 90

Basedonthiswecanmake aroughsketch
Anotherexample Gies

50.15s1

Im

Re

Outsideofunitcirclebetween 10 135
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GE.si5015s1

Im

Re

Pointat 180 approx5dB 2 Pointat 0dB 210
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8.1 Example Problems

8.1.1 FS 2018, Question 18

Problem: You are given the following Bode plot

Question Choose the correct answer. (1 Point)
Which of the following transfer functions corresponds to the above Bode plot?

A G(s) = 1
s2+0.5s+1

B G(s) = s+0.5
s2+0.5s+1

C G(s) = 1−s
s2+0.5s+1

D G(s) = s
s2+0.5s+1

Solution: B

Because of the spike we expect some complex conjugate pole of the form:

ω2
n

s2 + 2ζsωn + ω2
n

which translates to −180◦ in phase. But the plot only goes from 0◦ to −90◦ which means
that there must be a minimum phase zero, reducing the phase.
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8.1.2 FS 2018, Question 19

Problem: You are given the following magnitude plot of a plant. Furthermore, you
know the plant does not have any unstable poles.

Question Choose the correct answer. (1 Point)
Which of the following phase plots corresponds to the above plant?

A Phase plot B

B Phase plot C

C Phase plot D

D Phase plot A

Solution: C

Zero at ≈ 7 rad
s since magnitude slope becomes positive. Pole at ≈ 150 rad

s since magni-
tude slope becomes zero again.
Since the pole must be stable → −90◦ and all phase plots start and end with the same
phase, the zero has to have a phase of +90◦. The phase should be max in the middle of
both pole and zero.
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8.1.3 FS 2018, Question 30

Problem: A plant P (s) with non-minimum phase poles or zeros has been reformulated
in order to design a controller in the following way:

P (s) = Pmp(s)D(s)

Where D(jω) = 1, ∀ω. All transfer functions P (s), Pmp(s) and D(s) are displayed in
the Bode plot below:

Question Choose the correct answer. (1 Point)
What is the transfer function of P (s)?

A P (s) = 10 s−2
s+10

B P (s) = s+5
(s−10)2

C P (s) = s−12
s+60

D P (s) = s−2
s+10

E P (s) = s+2
(s−10)2

F P (s) = s−5
(s+10)2

Solution: D

P (s) has to have one NMP zero around 2 rad
s since slope + and phase -. Later a stable

pole around 10 rad
s since slope - and phase +. Only A & D remain.

kBode = −14dB ≈
1

5

P (s) =
2

10

− s
2 + 1

s
10 + 1

=
2− s

s+ 10
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8.1.4 HS 2018, Question 18

Problem: You are given the following Bode plot.

Question Choose the correct answer. (1 Point)
What are the poles π and zeros ζ of the system?

A π = {−0.1,−100}, ζ = {1,−10}

B π = {−1,−10}, ζ = {−0.1,−10}

C π = {1,−100}, ζ = {1,−10}

D π = {−0.1,−10}, ζ = {−1,−100}

Solution: A

Ar first the magnitude and phase decrease indicating a stable pole at −0.1 rad
s . Then the

magnitude stops decreasing, but the phase continues decreasing indicating a NMP zero
at 1 rad

s .

8.1.5 HS 2017, Question 28

Question Choose the correct answer. (1 Point)
If a Bode plot of a rational transfer function is plotted for ω ∈ {−∞,∞} then both the
magnitude plot and phase plot are symmetrical with respect to the y-axis.

A True B False

Solution: B

Consider G(s) = s and the corresponding phase plot.

∠G(jω+) = ∠jω+ = 90◦

∠G(jω−) = ∠jω− = −90◦

The phase plot is not symmetric.
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9 Nyquist Plot



























































































T drawthisplotjusttakethepolarplotandmirroritalongtherealaxis

im im

ReRe

Wewillunderstandwhy injustasecondHerearesomemoreexamples

im im

Re Re

im im

i i
Withtheseplotswewillbeabletoassesstabilityandrobustnessofourclosedloopsystem

isstlet'stake astepbackandseehowthisplotcomesabout
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rincipleofvariationoftheargumentCauchy'sArgumentPrinciple

GivenaTFGE.es wecanplugindifferentvaluesofsandgetanothercomplexnumber Wecanplotthisnewcomplex number

in aplaneandcallitthe planeWecannowsaythatourTFGoes mapsa pointfromthesplanetothe

plane Wecanextendthismappingandmapentirelinesfromsto Wecanalsolookathowclosedcurves so

calledcontoursmapfromsto

splane im plane Im

Re Re

Icontour

aclosedcurveinthesplanewillalsoresultin aclosedcurveinthe planeThisclosedcurveinthe planenowalsoinclud

informationsabouttheTFweusedtomapfromsto Considerasimpleexample

splane im plane Im

45 Re 45 Re

Weobservethatthephaserofthepointinthe planeisthesameastheonefromthezerototheoriginalpointin

thesplaneLet'saddin apoleandseewhathappens

splane im plane Im

45 90 Re 45 Re

Gras
1 j

ThegeneralruleisAddphasesofzerossubtractphasesofpoles Let'slookatsomedifferentcontours
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Whatwe can see isthatforeverytimewe encircle apolezeroin thesplanewe alsoencircletheorigin

inthe plane Foreachclockwiseencirclementofzerosweget one Wencirclementoftheoriginandfor
eachCWencirclementof apole wegetoneCCWencirclementoftheoriginThinkofazero asadding
360andapoleas subtracting360 Ifwehaveasmanypolesaszerosweendupwithno encirclements andif
wehaveonemorepolethanzeros we endupwithoneCCWencirclementoftheorigin

Thismeansthatyoucantelltherelativedifferenceofpolesandzerosinsideacontourbyhowmanytimestheplotcircles

theoriginandinwhichdirection

Let'sgetbacktotheNyquistplotRecallthatforanopenloopsystem

U g Y
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wecancheckwetherthesystemisstablebylookingatthepolesof s Ifthereare anypolesintheRHPthesystemis
unstable Inclosedloopsystems

s Y

wenowhavetolookatthepolesof
s 1 s

ie allpointswhere 1 s 0 ToassestheclosedloopstabilitywehavetocheckifanyofthetheZEROS of 1 s

are intheRHPTodothiswecanusethe principleofvariationoftheargument introducedaboveWecanchooseour

contourtoencircletheentireRHP

splane Im plane Im

1 s
Re Re

Nyquistplotof1 s

j Nyquistcontour

wehowknow

Encirclementsof 0using1 s Zerosof1 s inRHP Polesof1 s inRHP

Wecanmakeuseofthesecharacteristics

Insteadofcountingtheencirclementof1 s arroundzerowecanshiftthecoordinatesystemby 1andcountthe
encirclementsof s arround 1

If s thenthepolesof s aregivenbyDs Wecanalsorewrite1 s

1 s 1 SpsS thepolesarealso givenbyDs

Thus sand1 s havethesamepoles

Wecancombinebothandget

Encirclementsof 1using s Zerosof1 s inRHP Polesof s inRHP
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WhichfinallyyieldstheNyquiststabilitytheorem

Z N P

Zerosof1 s inRHP CWEncirclements Polesof s inRHP
of 1using s

unstableclosedlooppoles unstableopenlooppoles

Wecannowasseswethera closedloopsystemisstablebyonlylookingattheOLpolesandtheNyquistplot

Specialcase

Howdowetreatpolesandzerosof s ontheimaginaryaxis

splane Im plane Im

g

Re

1
Re

WemakelittleindentsontheimaginaryaxisIfyoumovearoundthepolesCCWthenyouhavetoclosetheNyquistplotCW

atinfinity

Note

IfyourCLhassomegaink

s

s i s

youhavetocountthe CWEncirclementsof

StabilityMargins

NexttostabilityoftheCLsystemtheNyquistplotcanalsotellushowfarawaywearefrombeingunstable

AssumeourOltobestable ie P 0 ForourCLsystemtobestablewenowneedN 0 ThenZ N P 0

Wecannowdefinea phaseandgainmarginthattellushowclose wearetoencircling 1
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Whatdoeseachmarginmean

GainMargingmThepointat180 Ittellsushowmuchwecanscaleuntilreaching 1

PhaseMargin Pointatmagnitude1 Ittellsushowmuchwecanchangethephaseuntilreaching 1
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9.1 Example Problems

9.1.1 HS 2016, Question 45

Problem: Consider the following Bode plot of a plant:

Question Choose the correct answer. (1 Point)
Use the bode plot shown above to determine the approximate crossover frequency ωc,
phase margin φ and gain margin γ.

A ωc ≈ 2.5 rad/s, φ ≈ 30◦, γ ≈ 1

B ωc ≈ 4.4 rad/s, φ ≈ 15◦, γ ≈ 3

C ωc ≈ 2.5 rad/s, φ ≈ 30◦, γ ≈ 3

D ωc ≈ 4.4 rad/s, φ ≈ 30◦, γ ≈ 3

Solution: C

ωc

gm

φm
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9.1.2 HS 2016, Question 26

Problem: The Nyquist plot for a loop transfer function L(s) with two unstable poles
is shown below on the left. On the right is a feedback configuration for the closed loop
system.

Question Mark all correct statements. (2 Points)

Which of the following statements are true about the closed loop system T (s) = kL(s)
1+kL(s)?

A The closed loop system T (s) is stable when k = 1.

B The closed loop system T (s) is unstable when k > 2.

C The closed loop system T (s) is unstable when k = 1.

D The closed loop system T (s) is stable when k > 2.

Solution: C, D

2 unstable OL poles means that P = 2. So the system is stable when we have 2 CCW
encirclements of − 1

k (N = −2).

In this case this is only true for k > 2. For all other values of k, the system is unstable.
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9.1.3 HS 2016, Question 30

Problem: Consider the following Nyquist plot of an open loop gain L(s):

Question Choose the correct answer. (1 Point)
Select the transfer function which matches the Nyquist plot.

A L(s) = 10
(s−1)3

B L(s) = 10
(s+1)3

C L(s) = −10
(s+1)3

D L(s) = 10
(1−s)3

Solution: A

Write all the TFs in Bode form:

A :
−10

( s
−1 + 1)3

, B :
10

( s
−1 + 1)3

, C :
−10

( s1 + 1)3
, D :

10

( s
−1 + 1)3

Plug in s = jω → 0 and compare the resulting value with the Nyquist plot.

A : −10, B : 10, C : −10, D : 10 only A & C.

Let’s now consider the phase to see in which direction the Nyquist plot goes.

A :
−10

( s
−1 + 1)3

starts at 180◦, the 3 unstable poles add 90◦ each → CCW

C :
−10

( s1 + 1)3
starts at 180◦, the 3 stable poles subtract 90◦ each → CW
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9.1.4 HS 2017, Question 29

Problem: We consider the following transfer function:

L(s) =
1

10
·

s+ 21
20

(s+ 1
20) · (s+

1
20)

Furthermore, we consider a Bode plot:

Question Mark all correct statements. (2 Points)
Which statements are correct:

A The phase margin of L(s) is ∞.

B The closed-loop system for L(s) will
be able to track a reference signal
r : t → sin(t) without steady-state
error.

C The gain margin of L(s) is ∞.

D At crossover frequency, the system
shows a gradient of −40 dB/dec.

E The displayed Bode plot is the cor-
rect Bode plot for the transfer func-
tion L(s).

Solution: C, D, E

A: φm ≈ 60◦

B: There is no integrator, so there will be a steady-state error
C: Phase never crosses −180◦, so γ =∞
D: Two poles at 1/20 result in a gradient of −40 dB/dec
E: Check phase and magnitude plot
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9.1.5 FS 2018, Question 24

Problem: You are given the following Bode plot.

Question Choose the correct answer. (1 Point)
What is the associated Nyquist plot to this Bode plot?

A Option 3

B Option 4

C Option 1

D Option 2

Solution: A

For ω = 0 the magnitude is ≈ 30 (log scale, not dB!) and the phase is 180◦. Only plot
3 has this property.
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10 Frequency Domain Specifications and Loop Shaping

 
SimilartothetimedomainspecsthatresultedinfeasibleareasintheSplanewecandefinefrequencydomainspecs

hatdictateshapehowourBodeplotshouldlooklikeRecallthesensitivityCLTFSweintroduced awhileback

s d

r e TI Y i e
s u ss Y

n

OpenloopTF Complementarysensitivity sensitivity

maps ry.my maps i e d Y

S s s S S Ss 1s

wehavedisturbancesdandor noisenenteringourCLsystemwecanuse andStomapthenoisen and

sturbances d totheoutputgUsuallydisturbanceshavelowfrequenciesandnoisehashighfrequenciesThecommands

einputtooursystemusuallyalsohavearelativleylowfrequencyKnowingthiswecanconstrainthemagnitudesof

jwand jw inthefollowingway

Sjw 1 atlowfrequenciesfordisturbancerejectionandgoodcommandtracking

jw 1 athighfrequenciesfornoiserejection
Remember S 1 w Wecan'tmakethesensitivityfunctionsarbitrarilysmalloverallfrequencies

salwayswewouldliketohavetheseconstraintsas afunctionofthe OLTFS.tnthiscase

Sjw 11 1 shastobelarge.atlowfrequencies

jw 1 1 s hastobesmallathighfrequencies

ecanquantifyhowlargeorsmallwewant s tobewithsomefunction jw Sowecanwrite

Sjw njw 1 1 jw jw jw jw

jw ajw 1 P jw.a.jo 1 jw ajw
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hisresultsinthefollowingobstaclecoursefortheBodeplotof jw

0

NexttohighandlowfrequencybehaviorwecanalsoconstrainthebandwidthofCLsystemThebandwidthtellsusthe

aximumfrequencyforwhichtheoutputcantrackcommandswithinafactor 0.7 Inotherwordsthebandwidthtellsusfor
nichmaxfreqwegetsatisfactoryoperation jw 2 WecanusuallyapproximatetheCLbandwidthwiththe

1crossoverfrequencywg Buthowdoweapplytheseconstraintstoour jw

opShaping

Nowwegettodesignourcontroler Usuallyweapproachthisproblemwithsomebasicbuildingblockstosteer s through

theBodeobstaclecourse Thatwayweconstructa dynamiccompensator s thatfulfillsourrequirements

Proportionalcompensation

Inthiscase Cs k wherek is asimplegain

Shiftsthemagnitudewhilephaseisunaffected

ForstableOLsystems smallk k 0 yieldstableCls

Improvescommandtrackinghighermagnitudeatloww andCLbandwidthmovescrossoverfreq.toright

Stabilitycanbecompromized

S 40

sog 9m w
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Leadcompensator

Aleadcompensatoris apolezeropairWecanwriteit in ageneralformas

Geads O a b

In aleadcompensatorthezeroalwayscomesbeforethepoleGraphically itcanlooklikethis

Examplefora 0.1 b 10 i eGeads 19 100

Themaineffectsare

Increasemagnitudeathighfreq.by whilelow fregare unafected

Increaseslopeofmagnitudebetweenaandbby20 dec

Increasephasearound abbyupto90Themaxphaseincreaseisof

LaxZarctan 90

Mainuse increasephasemargin Geads K optionaltoadjustwe

i Pick ab atdesiredwe

ii Pick dependingondesiredphaseincrease

iii AdjustKtoputweatdesiredfree

sideeffectsincreasemagnitudeathighfree
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Lagcompensator

AlagcompensatorisalsoapolezeropairWecanwriteit in ageneralformas

class Ob a

In alag compensatorthepolealwayscomesbeforethezero Graphically itcanlooklikethis

Examplefora 10 b 0.1 i eGags 988 11005

Themaineffectsare

Decreasemagnitudeathighfreq.by whilelow fregareunafected

Decreaseslopeofmagnitudebetweenaandbby20 dec

Decreasephasearound abbyupto90Themaxphaseincreaseisof

LaxZarctan 90

Mainuse improvecommandtrackingdisturbancerejection Clags K

i Pick asthedesiredincreaseinmagnitudeoflowGreg

ii MultiplyKby highfreqnotaffected

iii Pickatobesufficientlysmallnottoaffectwe

sideeffects reductionofphasemargin
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Limitations

ThetoolsfromaboveworkwellforstableminimumphasesystemsButwhatifwehavepolesandzerosintheRHP

Loopshapingfornonminimumphasesystems

Rememberfromtherootlocusthatclosedlooppolesapproachopenloopzeros Ifoneofthezerosisnon
minimumphasetheclosedloopsystemmightbecomeunstable

Im

Re

Thismeansforlargeenoughgainstheclosedloopwillbecomeunstable An.m.peZeroalsolimitsthemaximum

crossoverfreqTheconsequence isthattheCLsystembecomesslow

Loopshapingforopenloopunstablesystems

Wecanlookattherootlocusagaintoseewhathappenswhenwehavea ClpoleintheRHP

Im

Re

Weneeda highgaintostabilizethesystemInreallifeahighgainmeansfastandstrongactuators

Inthiscasethecrossoverfreqbecomeslarge

ThisshouldgiveyouasenseofhowformanysystemsthereareclearperformancelimitationsCertain

requirements canthusneverbesatisfiedEghavegoodnoiseanddisturbancerejectionwhilstalsohavinggood

commandtracking
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10.1 Example Problems

10.1.1 HS 2018, Question 33

Problem: Consider the Bode plot “obstacle course” below.

Question Mark all correct statements. (2 Points)
Mark all correct statements:

A Lead elements decrease the magni-
tude at high frequencies and lag ele-
ments increase the magnitude at high
frequencies.

B Lead elements are most useful to in-
crease the phase in a certain fre-
quency range.

C A combination of lead/lag elements
can re- move the steady-state error
to unit steps for any plant P (s).

D It is good practice to start the loop
shap- ing design procedure from low
frequencies.

Solution: B, D

A: the other way around
B: main use of lead elements
C: lead / lag don’t have integrators
D: always start design from low frequencies
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10.1.2 HS 2022, Question 37

Problem: Consider a lead compensator

Clead(s) =
s
a + 1
s
b + 1

, 0 < a < b,

used in a standatrd feedback architecture to control a given plant P .

Question Mark the correct answer for each statement. (0.5 Points)

Statement True False

A lead compensator is typically used to reduce the phase
margin.

A lead compensator can increase the sensitivity to high-
frequency noise.

The slope of the magnitude at frequencies between a and b
is approximately +20 dB/decade.

Solution: F, T, T

See list above.

10.1.3 HS 2022, Question 39

Problem: Consider a lag compensator

Clead(s) =
a

b
·

s
a + 1
s
b + 1

, 0 < b < a,

used in a standatrd feedback architecture to control a given plant P .

Question Mark the correct answer for each statement. (0.5 Points)

Statement True False

A lag compensator is frquently used to improve command
tracking/distrubance rejection.

A lag compensator cannot cause the system to become
unstable

The slope of the magnitude at frequencies between a and b
is approximately −20 dB/decade.

Solution: T, F, T

See list above.
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11 Time Delays
























































































Afterchoosingourcontroler s wehavetoimplementitUsuallyweusecomputersforthistaskUnfortunatley

computershaveafinitecomputetimewhichmeansthatthecontrolinputtoacertainerrorhassomedelaySomephysical

systemsthemselvesalsohavedelaysAnextremeexamplewouldbecommunicationwitheg a marsrover

nthisexamplethedelaycanbeseveralminutesHowcanwetakethisintoaccount

athematicallywecanexpressatimedelayas
f

thetimedelayisa linearoperatorthattransformsaninput ut intoadelayedoutputy t.is theammountofdelay

heTFofatimedelayisthusgivenby es

hisnota rationalfunction Wehavenopolesorzeros Rootlocusdoesn'tworktoassesclosedloopbehavior

Let'stakeacloserlookatfrequencyresponseofatimedelayRememberthatforthefrequencyresponseweplugin

jwandlookattheresultingphaseandmagnitudeAssume 1

GE.jo e 1

GE.jo e w

Freqwraps
around360

haswecansummarizetheeffectofatimedelayas aphaseshiftof w

ainandphasemargins

Togetthegainmarginwelookatthefirst

timewecross 180 i e GE.jo w 180

Similarlywecanlookattheeffectonthe

phasemarginandseethat 4m 4m wo
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Packapproximation

InthePadEapproximationwerepresentthetimedelay as aratiooftwopolynomialsAfirstorderapproximation

wouldlooklikethis
es

Togetthevaluesofthecoefficientswecancomparethistermtothetaylorseries

3 1 s 2 s s

Andconsideringthermsuptoorder2weget

es
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11.1 Example Problems

11.1.1 FS 2018, Question 34

Question Choose the correct answer. (1 Point)
The transfer function of a time delay is. . .

A linear and rational.

B nonlinear and rational

C nonlinear and not rational

D linear and not rational

Solution: D

e−sT is not a fraction, and thus not rational, but the operation is linear.

11.1.2 HS 2017, Question 44

Problem: Let P (s) = e−sT

(s+0.1)2
.

You are given the frequency ω∗ = 1 rad/s at which ∠P (jω∗) = −180◦.

Question Choose the correct answer. (1 Point)
What is the time delay T of the system?

A T ≈ 0.2 s

B T ≈ 2.9 s

C T ≈ 1.7 s

D T ≈ 0.1 s

Solution: A

∠P (j) = ∠

[
e−jT 1

(j + 0.1)2

]
= −π

⇐⇒ ∠ e−jT − ∠(j + 0.1)2 = −π
⇐⇒ − T = −π + ∠(−0.99 + 0.2j)

⇐⇒ − T = −π + arctan

(
0.2

−0.99

)
+ π (remember conversion rules!)

⇐⇒ T = − arctan

(
0.2

−0.99

)
≈ 0.2s
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11.1.3 HS 2017, Question 45

Problem: You are given the Bode plot of a plant however the time delay has not been
included in the model. You have a time delay of Td = π

40 s.

Figure 5: Bode plot of a plant with a time delay.

Question Choose the correct answer. (1 Point)
What is the new phase margin of your system?

A φnew ≈ 45◦

B φnew ≈ 30◦

C φnew ≈ 60◦

D φnew ≈ 90◦

Solution: A

φm,0

ωc

φm = φm,0 − ωc · Td =
π

2
− 10

π

40
=

π

4
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12 Nonlinearities and Describing Functions

 
nthissectionwewanttostarttounderstandnonlinearsystemsTodaywewillbrieflyintroducesomeconceptsthatcanhelpus

Wewillmanligconsidersystemslikethis

Y s

here s isstilla linearfunctionand is anonlineargain canrepresentsomeimportantnonlinearitylike

Staticmemoryless
Y

u u u u

Saturation SwitchorRelay Deadzone Quantizer

Dynamicwithmemory

WecanalsorepresentthemmathematicallyThesaturation eg
u

SchmittTrigger

tability

Forthiswewillconsiderthegeneralcasefromabovewherewhere s isstilla linearfunctionand

is anonlineargainWecannowdefinesomeboundariesthatcontainallpossiblevaluesof

fEU
Mathematically

u u zu

0 0

WecanchecktheCLstabilityofthesystemwiththe intheNyquistplot

88



Necessarycondition

Thewaywedefinedthe itcanincludealllineargains FortheNyquistcriterionthismeansthatwehaveto

considernotonlythepoint butallpointsin s Graphicallyyouhavetoconsider

Im

Re

Sufficientcondition

WegoevenfurtherandextendtheNyquistconditiontocountencirclements ofacirclewithdiameter s s
Im

escribingFunctions

Aswiththefrequencyresponseforlinearsystemswewillconsiderwhathappenswhenweapply

ut sinwt

Theoutputwillnowbeoftheform
y t f sinwt

ThatmeanssomeperiodicfunctionwiththesamefrequencyastheinputTheoutputisnowalsodependendontheinputamplitude

Sinceyt f sinwt is aperiodicfunctionwecanwritethecorrespondingFourierseriesexpansion

Yt ancosnot ansinnut

withthecoefficentsanandongivenby

an Ytcosnotdort and on Ytsinnotdort

foroddfunctionsan0 ne Wecan usethisandapproximatetheoutputwiththefirstharmonic i eonlyconsidern 1

Foranodd thiswouldmean
y t s sinwt
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ThisapproximationworkssincephysicalsystemsusuallyattenuatehighfrequenciesactingasalowpassfilterThevalueof isafunction

of theinputamplitudeWenowdefinethedescribingfunctiontobe

f Ytsinntdort

theratio Wecanusethisfunctiontoapproximate asanamplitudedependendgainTheresultingdescribingfunctioncan

alsobecomplex ifthe introduces aphaseshift

Howisthisuseful

Consideragainthestartingpoint

Y s

Wecannowsayforsome ut sinwt we canapproximateyt sinwt Since wecan

alsosay
y t sinwt

mitCycles

Considerthecaseoftheinputtoyour tobeoftheform e Let'sseehowthissignalpropagates

ei eint
g jweint

wecanobservethatif
jw

thenthefeedbackloopisselfsustainingTheinput e producesanoutputof e whichis negativleyfedback

Thiscausesthesystemtooscilateindefinetleycausinga socalledlimitcycleAconditionfortheexsistanceoflimitcycles

canbederivedfromabove

1 jw
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Checkingforlimitcycles

Thereis anicewaytoverifygraphicallywethertherearelimitcyclespresent

im
Sketchpolarplotof jw

ReSketchpolarplotof 1 Es
Checkforintersections jw

Stabilityoflimitcycles

Limitcyclescanbestableorunstable i

HowdoesthislookontheNyquistplot AssumeOLstability

Ifapoint isinanunstablepartoftheNyquistplot U theamplitudeofoscilationswillincrease Ifa point isin

a stablepartoftheNyquistplot S theamplitudeofoscilationswilldecrease

u s u

Re

cimFE.ie
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12.1 Example Problems

12.1.1 HS 2023, Questions 40 and 41

Problem: Consider the closed-loop system T shown in the Figure 6, where L is a linear
time-invariant system and NL is a saturation non-linearity.

Figure 6: Standard feedback architecture. System L and saturation non-
linearity denoted by NL.

The descirbing function N(A) of the saturation non-linearity is given by,

N(A) =
2

π

arcsin( 1

A

)
+

1

A

√
1−

(
1

A

)2
 .

It is known that L(s) has a pole at the origin, i.e. at s = 0, and that L(s) has one
unstable pole. Figure 7 shows the Nyquist plot of L(s) (solid line) together with −1

N(A)

(dashed line). Further, assume that all assumptions required for a describing function
analysis are met.

Figure 7: [Solid line] Nyquist plot of L(s). [Dashed line] Plot of −1
N(A) ,

where the arrow indicated the direction of −1
N(A) as A increases.
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Question Mark the correct answer. (0.5 Points)
First, without doing any stability analysis, what is the maximum number M of potential
limit cycles that the closed-loop system T could support?

A M = 0

B M = 2

C M →∞

D M = 1

Solution: B

There are two crossings of the Nyquist plot and − 1
N(A)

Question Mark the correct answer. (1 Point)
What is the number Ms of stable limit cycles that exsist in the closed-loop system T?

A Ms = 0

B Ms = 2

C Ms →∞

D Ms = 1

Solution: D

We have one unstable pole, for stability we therefore need 1 CCW encirclement. The
pole at the origin closes the Nyquist plot at infinity CW. Looking at the polt:

U
S

U

unstable
LC

stable
LC
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