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Laplace Transforms:

Problems and suggested solution

( F=L(f)) (u = Heaviside function, § = Dirac’s delta function)

10) F(s) ft) | F(s) f(#) F(s)
1) 1 : 5) | t* a>0 F§2ﬁ> 9) cosh(at) =2
2) " 5 6) et L 10) sinh(at) a2
3) t? 2 7) | cos(wt) | =iz 11) | u(t —a)g(t —a) | L(g)e
4) | ", n€Zso | 7 8) | sin(wt) | =i 12) o(t —a) e a8
Fourier transforms:
T F@) o) @ | @
caz? | 1 %L:? 9 e*a% x> 07 1 3 17 |[L‘| < 17 2 sin(w)
D e | ume ) {0, r <0, | VErlatio) "o, jal>1 [ VF o
Indefinite Integrals: (n € Z21)
cos (“Fx )+ (F ) rsin (Fx
1) /xcos (TI) dx = <L ) L)2 (L ) (+constant)
%
(%)
nr ((T)Q r? — 2) sin (”L—”x) + 2 (”T”) T COS ("T’Tx
2) /332 cos (Lx> de = 3 (+constant)
()
sin (5fx) — (%% ) xcos (“Fx
3) /xsin <mx> r = (L ) L 5 <L ) (+constant)
(%)
n (2 — (%)2 1’2) Cos <”L—”:c) +2 (%) x sin (%x
4) /:1:2 sin (Laz) dex = 3 (+constant)
(%)
1
5) /1—1—952 dr = arctan(z) (+constant)

You can use these formulas without justification.
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Question 1

1.MC1 [3 Points] Let f be a solution of the following ordinary differential equation (ODE),

f(0) = f(0) = 0,
10y =1,
f/l/(o) — 0’
where u is the Heaviside function. Find the Laplace transform £(f) = F of the function f.
(A> F(S) = 314 + 6;
(B) F(s) =5+
(C) F(s) =5+
(D) F(S) = 512 + 68_48
Solution:

The solution is F(s) = & + <.
We denote by F(s) the Laplace transform of f(t), and use the formula

d4
£ (%) (9= SF6) = 70) = 2710) = 5£70) = 70)
which is simplified in our case because f(0) = f'(0) = f”(0) = 0. We then get from the

Laplace transform of both terms of the differential equation

- 1 e
4

F - — F — .
s'F(s)—s . & (s) 33+ p

1.MC2 [3 Points] Find the inverse Laplace transform of

F(s) = sji—;l6 - 321—9'
(A) f(t) =e* — Lsin(3t)
(B) f(t) = e* + 5 cos(3t).
(C) f(t) = e + $sin(3¢)
(D) f(t) = e + % sin(9t).
Solution:
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The solution is f(t) = e* + § sin(3¢).
For the first term we have,

s+4 B 1
s2—-16 s—4

And for the second term we have

1 1 3

— £‘1<

1
s—4

s+4
52 —16

)-e (-

1 1 3 1

— -1 _ -1 _ T
219 3213 £ <s2 +9> 3£ (32 +32> 3sm(3t)'
Hence, the solution is given by
+4 1 1
t:ﬁl(s ):‘“ = sin(3t).
/) 216 " @ yg) = ¢ Tgsinl)

1.MC3 [3 Points] Solve the following integral equation using the Fourier transform

[e%¢) d ,
/_OO dj;(ff? —y)g(y) dy = e
where
Lyl <1,
9(y) = {07 > 1
_2 ,
(A) f(x) = ﬁ ffooo e?sinl(w) e doy.
B r) =5 % G%Sinweiwx dw.
81 [ee]
2 '
(C) f(x) = 81‘1/? ffooo e 16 sinl(w)ewx dw.
D x:i,_ooeﬁiw W i,
81 o0 sin(w)
Solution:
The solution is f<x) - 81‘1/? ffooo 6% sinl(w) e dw.

convolution and derivative.)

We take the Fourier transform on both sides of the equation. (We use the property of the

i\ 27 f(w

—w

|

—=€ 16,

)g(w) = \/g
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We use the Fourier transform of g given in the table.

iw/2m f(w)\/zsma()w) _ \}ge

—
-2 1

e 16

-~ 1
flw) = 2i\/8 sin(w)

Finally, we take the inverse Fourier transform

2 1 ,
16 e’LwQJ dw

1 o ]
f(@) = o /_oo 2i\/§€ sin(w)

1 /OO _1—“82 1 iwr d
= e e W.
i/ J-oo sin(w)
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1.MC4 [1 Point] Determine if the following function is even, odd, or neither and if it is periodic
or not.
cos(27mx) + 32*

(A) The function is odd and not periodic.
(B) The function is even and periodic.

(C) The function is even and not periodic.
(

D) The function is odd and periodic.

Solution:

The function is even and not periodic.

Not periodic because of the 3z* and even because

cos(—2mx) + 3(—2)* = cos(2mx) + 3z*.

1.MC5 [3 Points] Let f be a 27 periodic continuous function such that f(0) = % and its Fourier
series on the interval [—m, 7] is given by

1 45
flz) = 92 + nz::l P cos(nzx).
Find the value of the numerical series ~ 3
;::1 2nd
D 7T2
(A) 0% o = 55
o0 71'4
(B) X0 = = 55
o0 TI'4
(C) Xoli mom = 55
oo 71'2
(D) n=1 7r23n4 TO'
Solution:
The solution is > 77 4 ﬁ = g—;.
We know that f(0) = 25 therefore
1 1 45 1 15 3
2= IO =gt aeosinl) =55+ 52 oo
Hence,
15 3 1 1 > 1 w2
T g T 2Ty

Page 5 of 6



s s Analysis III
mzurICh Prof Dr. A. ITozzi

9 August 2023

1.MC6 [3 Points] Consider the following PDE (partial differential equation) for the function
U= U(t, €, y)
Uplgyy + dUpy = 4ty — 3z + Y.

Is this PDE linear ? Homogeneous? And what is the order of the PDE ?

A
B

(A)
(B)
(C) It is a non linear and non homogeneous fourth order PDE.
(D)

It is a non linear and homogeneous third order PDE.

It is a linear and homogeneous fourth order PDE.

It is a non linear and non homogeneous third order PDE.

Solution:

It is a non linear and non homogeneous third order PDE.

It’s nonlinear because there is the multiplication, ;. It is non homogeneous because of
the term —32? + y . And finally, the highest derivative is 3 in the term, w,,,.
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1.MC7 [3 Points] Wave equation with D’Alembert solution.

Consider the following wave equation with ¢ = 27,

Uy = 42Uy, rER,t>0,
u(z,0) = sin(z), zr € R,
u(x,0) = zcos(xz), x€R.

Find the solution at time ¢ = 1, i.e. u(zx, 1).

Solution:

The solution is u(x, 1) = 2sin(x).

D’Alembert’s formula for the solution of the wave equation is:

C —ct

With our given initial conditions, ¢ = 27 and t = 1, we get

u(z, 1) = 5

4 Je—2r

T+27
1

_ , 1 .
=3 (sin(x) + sin(z)) + E(cos(s) + ssin(s))

r—2T

™

(cos(z — 2m) + (x — 27) sin(x — 2m))

4m
(cos(z) + (z — 2m) sin(x))

= sin(z) + sin(x)
= 2sin(x).

sin(z

1
C4r

sin(x) + i(cos(:c) + (z + 27) sin(z))
1
4r

u(zx,1) = 2sin(z).

(@, ) = ; (Flo+ct) + fla —et) + — /:erg(s) ds.

1 1 T2
— (sin(z + 27) + sin(z — 27)) + 7/ scos(s)ds

)+ 41 (cos(z + 27) + (x + 27) sin(x + 27))

(We used that sin(z £ 27) = sin(x) and cos(x & 27) = cos(z).) Hence, the solution is

1.MC8 [3 Points] Let u = u(z,y) be a harmonic function in Dy the disk of radius 4 centred at 0.

(We denote by 0D, the boundary of the disk.)
The maximum value of u is at (z,y) = (0,0), i.e. maxp, u(z,y) = u(0,0).

Which of the following statements is true?
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A) w is not constant in Djy.

B) u(0,0) < u(z,y) V(z,y) € 0Dy.
C) u(0,0) > u(z,y) V(z,y) € Dy.
)

D) We have u(1,0) = u(0,1) = u(—1,0) = u(0, —1).

u(0,

(
(
(
(

Solution:

The solution is: We have u(1,0) = u(0,1) = u(—1,0) = u(0, —1).

u is harmonic in Dy and v takes its maximum values on the interior of the disk D,. Therefore
by the maximum principle Theorem (see page 78 in the Lecture Notes), u is constant in Dj.
If w is constant then u(1,0) = u(0,1) = u(—1,0) = u(0, —1) because all these points are in
the disk Djy.

1.MC9 [3 Points] Consider the Neumann problem for the following PDE,

{Vzu: f, in Ds,

0
on =9, on dDy,

with Dy the disk of radius 2 centred at 0 and f and g are two given functions such that

/ f(z) dz = 2, and / g(x) de = 2.
Ds dDs
Which of the following is true:

A

(A) There are infinitely many solutions.
(B) There is no solution.
(C)
(D)

C
D) We cannot conclude that (A), (B), or (C) are true.

There are two solutions.

Solution:

We cannot conclude that (A), (B), or (C) are true.

Indeed, let’s assume that u = u(x) is a solution of the PDE. (With x € D;.) Then we integrate
the PDE on D, and use the divergence Theorem.

/D2 Viu(z) do = /1:)2 f(z) de <= /D2 div(Vu(z)) de = /D2 flx) da
— aDQVu(x).nda::/[bf(x) dr <~—— 8D2§de:/[)2f(x) da

= aDQQ(x)daj:/mf(x)da: = 2=2.

Therefore, we can not conclude anything.

Page 8 of 6



Analysis III

mzuriCh Prof Dr. A. Tozzi

9 August 2023

Question 2

2.Q1 [15 Points] Separation of variables for the Heat equation

Consider the following time-dependent version of the Heat equation on the interval [0, 7]. We also
impose boundary conditions and we look for a solution v = u(z,t) such that:

g = (t + t3)uge, x € [0,7],t € [0, +00),

u(0,t) =0, t €0, +00),
u(m,t) =0, t €0, +00),
u(z,0) = f(z), x€]l0,7,

where f is given by

0 if T =T.

Find the solution u(z,t) using separation of variable. Proceed as in the lecture and adapt the
steps if necessary.

Solution:

We use separation of variable u(z,t) = F(x)G(t). The differential equation becomes:
F()G(t) = (t + ) F"(2)G(1),
which is convenient to rewrite as

F'z)  G()

F(x) (t+t)G(1)

because it becomes clear that we are comparing a function of x with a function of ¢, and the
only way that this equality might be true is that both these functions are equal and constant:

F(x) G(t)

Flo) oo FER

The boundary conditions are
u(0,t) = F(0)G(t) =0 and wu(mt)=F(m)G(t)=0 Vte[0,+0)

which in order to be true, excluding the trivial solution G(t) = 0, become:

In other words the initial PDE with boundary conditions becomes the system of coupled
equations

F"(z) = kF(z), L 3
{F(O) = F(r) =0, and G(t) = k(t +1°)G(t).
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We first solve the system for F'(x), distinguishing the cases of k positive, zero, or negative.
For k£ > 0 the general solution of the ODE is

F(SC) = C’le\/E"” + 0267\/%1,

which is, however, not compatible with the boundary conditions, in the sense that the only
solution of this form satisfying the boundary conditions is the trivial solution: C; = Cy = 0.
In fact

0= F(O) = Cl + CQ <~ Cg = —Cl — F(ZL’) = Cl (6\/&0 — e_‘/E”>
but then imposing the other condition:

™ —VEr either C7 =0
OZF(W):CI(G\/E _e\/E) < oreQ*/Ewlzl

which implies C7 = 0 (and consequently Cy = —C} = 0) because AV = 0 and therefore its
exponential is not 1.

For k = 0 the general solution is F'(z) = Cyz+ C5 which is also not compatible with boundary
conditions unless C; = Cy = 0. In fact

and then

OZF(W):CﬂT <~ 01:0
It remains the case k < 0, in which its convenient to write it in the form k& = —p? for positive
real number p, and general solutions of F” = —p*F are:

F(x) = Acos(pz) + Bsin(pz).
We impose the boundary conditions:
0=F0)=A = F(x)= Bsin(pz)

and .
(i g )

0 = F(m) = Bsin(pm) pr=nm, nE L

Conclusion: we have a non-trivial solution for each n > 1, k = k,, = —n?:

F,(x) = B, sin (nz) .
The corresponding equation for G(t) is
G = —(t+*n’G

which has general solution
tt

Go(t) = Cre ™5+,
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The conclusion is that for every n > 1 we have a solution

t2 ¢

U (2, 1) = Fo(2)Go(t) = Ane ™ (77 sin (na) with A, = B,C,.

Then by the Superposition Principle, the function

o0 o0 2 4
u(z,t) =D up(z,t) =) Aye™" (4% sin (n)
n=1 n=1

is also a solution. By imposing the initial condition u(z,0) = f(z) , we have

u(z,0) = i A, sin (nz) = f(x).

n=1
Therefore,
2 7 . 2
A, = —/ f(z)sin(nz) dr = —/ xsin(nx) dx
7 Jo 7 Jo
_ 2sin(nz) —nxcos(nx)| 2 —nm(=1)"
o n? o n?
0
_ 2(_1)n+1
B n
Hence the final solution is given by,
© 92(_1 n+1 2 4
u(z,t) = L(3_”2(%+%) sin (nx) .
n=1 n

Question 3

3.Q1 [10 Points] Wave equation

Find the solution u = u(z,t) of the 1-dimensional wave equation on the interval [0, L] with the

constant ¢ > 0 and the following boundary and initial conditions:

Uy = CPUgy, 0<z<L,t>0,
uw(0,t) =0=wu(L,t), t>0,
u(z,0) = 4sin (%x) , 0<z<L,

u(z,0) = sin (%’rx) , 0<z<L.

You can use the general formula directly to obtain the solution. For this exercise, no points will

be given for detailing all the steps of the separation of variable .

Solution:

Page 11 of 6



s s Analysis III
ETHzurich

Prof Dr. A. ITozzi
9 August 2023

The formula for the solution via Fourier series is:

+o0
u(z,t) => (Bn cos <c7z7rt) + B! sin (Tt)) sin(%x).

n=1

To find the coefficients B,, we impose the initial condition on u(z,0):

0 5 B,=4 ifn=>5
u(x,0) = > B,sin <n[7jx> = 4sin <[7jx> = { n
n=1

B, =0 otherwise.

To find the coefficients B we impose the initial condition on wu(z,0):

X enm nm 27 Bf =L ifn=2

u(2,0) = » B, ——sin (m) = sin (x) — no Zem ’

(,0) ;::1 L L L B! =0 otherwise.
Therefore the final solution is given by

(2.1) L <267Tt> . (27r ) L4 <5c7rt) . (57rm)
= —gin| —1¢|sin [ —=x cos| —t)sin| —=zx]).
s Yo L L L L
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