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Laplace Transforms: ( F' = £(f) ) (v = Heaviside function, § = Dirac’s delta function)
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Fourier transforms:
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Indefinite Integrals: (n €2, 1)
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You can use these formulas without justification.
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Question 1

1.MC1 [3 Points] Let f be a solution of the following ordinary differential equation (ODE),

M)+ flt)=0, t>0
floy=1, f(0)=2w,

where w > (0 is a positive constant. Find the Laplace transform £(f) = F of the function f.
(A) F(s) = orfor + 2y,
(B) F(s) = i + 724y
(C) Fis) = 2.
(D) Fis) = 7%,
1.MC2 [3 Points] Find the inverse Laplace transform of the following function

s+2

Pla)= 52— 10s+ 25"

(A) F(t) =e ™1+ 7).
(B) f(1) =1 +T71).

(C) f(t) = €1~ 7).
(D) f(t)=e"(1-Tt).

1.MC3 [3 Points] Let f be a continuous function such that lim, .. f(x) = 0, Solve the following
differential equation using the Fourier transform

f(l) + f‘(-l') + 4!"(:) = 27‘.(:-3:“
(A) f@) = 2% ke Fem d,
(B) I(J‘) - :‘;o mc—féei&.’: dw.
(©) fe) = e I pere B da

(D) flz) = o= %5 ke Fem™r du.
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1.MC4 [3 Points] The complex Fourier series of the function cosh{ax) ou the interval [—=, 7) is
given by
2 (—1)"asinh(ern) ..
Y o ———"te
T w i a?)
Find the value of the numerical series
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n
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(D) ”gl THal — Dalnhies)”

1.MC5 [3 Points] Determine if the following function is even, odd, or neither and if it is periodic
or not, If the function is periodic, determine the fundamental period.

15cos(3z) + 3 cos(4x).

(A) The function is even and periodic of fundamental period 27,
(B) The function is odd and periodic of fundamental period 2%,
() The function is even and periodic of fundamental period 7.
(D) The function is add and periodic of fundamental period =.
1.MC6 [3 Points] Consider the following PDE (partial differential equation) for the function

u = u(z, y):
ity + Tthe + Bty — Yty = — Tty + Uy,

Is the PDE hyperbolic, parabolic, elliptic or of mixed type ?

(A) hyperbolic.
(B) elliptic.

(C) parabolic,
(D) mixed type.



7'qur1c e

31 January 2023

1.MCT [3 Points| Wave equation with D’Alembert solution.
Let u(x,1) be the solution of the following problem

Ugp = Ugx: reER, t>0
2, |z|<14
- 0) = flx) = = rER,
u{z,0) = flx) {0‘ Iz > 14 xE
1, 3<r<4
"y = - 7 S = o R~
te(4,0) = 9{z) {u ¢34 *F

Find the values of « at the point {x,t) = (10,7), i.e. find »(10,7)

(A) u(10,7) = §.
(B) u(10.7) =
(C) u{10,7) = 3.
(D) u(10,7) = 2.
1.MC8 [3 Points] Let u = u(z,y) be a harmonic function in Dy the disk of radius 2 centred at 0.

The maximum value of u is at (z,y) = (V2, —v/2), i.e. maxp, u(z, y) = u(v2. —v2).
Which of the following statements is true?

(A} u is not constant in Dy,

(B) u is constant in Dj.

(C) There exists another point (x',y') in D such that u(r, y) = u(z’,y’).
(D) We cannot coneclude that (A), (B) and (C) are true for every w.

1.MC9 (3 Points| Consider the Dirichlet problem for the Laplace equation,

R={(z.y) eR* |0<x <1, 0<y<2},

Au =1, (x, ) € R,
w0, y)=u(l,y) =0, 0<y<2,
ufx,0) =0, 0<z<1,
u(z,2) = f(x) 0<r<l,

where f is a continuous function.

(A) There are infinitely many solutions,
(B} We cannot say anything,

(C) There is a unique solution.

(D) There is no olution.
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Question 2

2.Q1 [15 Points] Heat Equation with inhomogeneous boundary conditions

Find the general solution of the Heat equation (with inhomogeneous boundary conditions)
for the following problem:

e = by, 0<z<mt>0,
a  Juon=s t>0,
u{m.t) = 8. t =0,

u(z,0) = f{r) +w(zr), 0<a<T,
where w is the function that you have to find in point a) and f is given by

L je2 i zelon),
fm_{o ¥ r=m

You must proceed as follows.

a) Find the unigue function w = w(x) with w” = 0, w(0) = 5, and w(x) = 8.
b) Define v(x,t) := u{x, t) — w{x). Formulate the corresponding problem for v, equivalent to (1).

¢) Find, using the formula from the script, the solution v{x,?) of the problem you have just
formulated.

d) Write down explicitly the solution u{x.t) of the original problem (1).

Question 3

3.Q1 [10 Points| Dirichlet problem on a region with symmetries

Find the solution w(r,8) of the following Dirichlet problem on the disk of radins R in polar
coordinates:

Au =10, 0<r<RO<#<2m,
{u(R. 0) = sin*(#) + Scos®(), 0=0< 27,

You shounld give the answer without unsolved integral and yvou can use the formulas developed in

the lecture,

[ Hint: Don’t try to find the solution in the Poisson integral form.|

[ Hint: Remember the trigonometric formulas

sin?(8) = %- %cos(?ﬂ) and  cos(8) = %005(9) + ioos(.'if)).]



