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Laplace Transforms: ( F'= L(f))
10) F(s) ft) | F(s) f(#) F(s)
1) 1 i 5) | t* a>0 F§2ﬂ> 9) cosh(at) =
2) t s% 6) e ﬁ 10) sinh(at) =%
3) t2 2 7) | cos(wt) | =iz 11) | u(t —a)g(t —a) | L(g)e **
4) |t n€Lxy | 7 | | 8) | sin(wt) | 5% 12) 5(t — a) =03

(I' = Gamma function, u = Heaviside function, 6 = Dirac’s delta function)

Fourier transforms:

AT 7@ 7@ @ Jw
Caz? | 1 ;“;2 9 e_ax7 x> 07 1 3 17 |ZE| < 17 2 sin(w)
De™ | vmet ) {0, r <0, | Verlatio) "o, el [ Ve
Indefinite Integrals: (n € Zz1>
cos (Fa )+ (F ) wsin (Fa
1) /xcos (mx> T = (L ) L)z (L ) (+constant)
(%)
nr ((T)Q r? — 2) sin <”L—”:E) +2 (%) T CoS (%:c
2) r?cos (—ax ) do = (+constant)
L na |3
(%)
sin (%Fx) — (%% ) x cos (T
3) /xsin <n[7jx> T = (L ) (L 5 <L ) (-+constant)
(%)
o (2 — (%)2 9(:2) cos (%x) +2 (%) r sin (%x
4) /xz sin (L:E) dx = 3 (4constant)
(%)
1
5) / 52 dr = arctan(z) (+4constant)
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Question 1

1.MC1 [3 Points] Let f be a solution of the following ordinary differential equation (ODE),

{f”( ) + W2 f (1)

=0, t>0
f0)=1, f(0)=

where w > 0 is a positive constant. Find the Laplace transform L£(f) = F of the function f.

(A) F(s) = ﬁ + P
(B) F(s) = gime + i
(C) F(s) = .
(D) F(s) = 3%

1.MC2 [3 Points] Find the inverse Laplace transform of the following function

s+ 2
)= 205 105
(A) f(t)=e(1+T1).
(B) f(t) =e™(1+T1).
(C) f(t) =e"(1—T1).
(D) f(t) =e (1 —Tt).

1.MC3 [3 Points] Let f be a continuous function such that lim,_,, f(z) = 0. Solve the following
differential equation using the Fourier transform

f(@) + f'(z) +4f"(x) = V2me™™

(A) flz) = 2% me—ée—m duw.

(B) f(x) = [%% prtme e du.

(C) fla) = 7= 2% L e e
(D) f(x) = = [ it e du,
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1.MC4 [3 Points] The complex Fourier series of the function cosh(azx) on the interval [—m, ) is
given by
2 (—1)"asinh(ar)

Z w(n? 4 a?)

n=—oo

inT
e .

Find the value of the numerical series
+o0 (_1)n
Z n? + a?

n=1

) e«
n?+4a? 2a sinh(am) *
n=1
&y n 1

(B) = n2+aZ 2asinh(am) ~ 2a2°

© % it = mm —

2142 "
= nPta asinh(am) a
+o0
(=™ __ 2T
(D) nzz:l n2+4+a? = asinh(am) "

1.MC5 [3 Points| Determine if the following function is even, odd, or neither and if it is periodic
or not. If the function is periodic, determine the fundamental period.

15 cos(3x) + 3 cos(4x).

(A)
(B) The function is odd and periodic of fundamental period 2.
(©)

(D) The function is odd and periodic of fundamental period 7.

The function is even and periodic of fundamental period 27.

The function is even and periodic of fundamental period .

1.MC6 [3 Points] Consider the following PDE (partial differential equation) for the function
u = u(z, )
Qg + 2UL + Oy — YUy = —TUyy + Ug.

Is the PDE hyperbolic, parabolic, elliptic or of mixed type ?
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1.MC7 [3 Points] Wave equation with D’Alembert solution.

Let u(x,t) be the solution of the following problem

Ut = Uz,

2, |z| <14
u(z,0) = f(x) = -
(+,0) = f(z) ﬁh|ﬂ>14
1, 3<x <4

0, z¢]I3,4]

u(r,0) = g(x) = {

Find the values of u at the point (z,t) =

A
B
C

(
(
(
(D

)
)
)
)

z € R

(10,7), i.e. find u(10,7)

1.MCS8 [3 Points] Let u = u(z,y) be a harmonic function in Dj the disk of radius 2 centred at 0.

The maximum value of u is at (z,y) =

Which of the following statements is true?

(A) w is not constant in Ds.
(B)
®)
(D)

u is constant in D,.

(vV2,—v/2), i.e. maxp, u(x,y) = u(v/2, —v/2).

C) There exists another point (2’,y") in Dy such that u(z,y) = u(z’,y').
D) We cannot conclude that (A), (B) and (C) are true for every w.

1.MC9 [3 Points] Consider the Neumann problem for the following PDE,

Viu = f, in Ds,
g;’; =g, on 0Dy,

with Dy the disk of radius 2 centred at 0 and f and g are two given functions such that

and

Abﬂ@dxzz

Which of the following is true:

(A)
(B)
(C)
(D)

D) We cannot conclude that (A), (B), or (C) are true.

There are infinitely many solutions.
There is no solution.

There are two solutions.

/8D2 g(x) de = 2.
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Question 2

2.Q1 [15 Points| Separation of variables for the Heat equation

Consider the following time-dependent version of the Heat equation on the interval [0, 1]. We also
impose boundary conditions and we look for a solution u = wu(z,t) such that:

u(x,t) = a(t)um(x,m z € [0,1],t € [0, 4+00),
u(0,t) = t € [0, +00),

u(l,t) = t €0, +00),

u(z,0) = 251n(37rx) +sin(77z), = €[0,1],

where a(t) is a given continuous function. Find the solution u(x,t) using separation of variable.
Proceed as in the lecture and adapt the steps if necessary.

Question 3

3.Q1 [10 Points] Dirichlet problem on a region with symmetries

Find the solution wu(r,#) of the following Dirichlet problem on the disk of radius R in polar
coordinates:

V2u =0, 0<r<R,0<6<2m,
u(R,0) = sin?(0) + 8cos*(6), 0<6 < 2m.

You should give the answer without unsolved integral and you can use the formulas developed in
the lecture.

[ Hint: Don’t try to find the solution in the Poisson integral form.|

[ Hint: Remember the trigonometric formulas

1 1 1
sin?(0) = 575 cos(20) and cos*(0) = 2005(9) + 1 cos(360).]
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