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1. Laplace Transform (8 Points)

Find the solution f : [0, +00) — R of the following integral equation:

Solution:

We apply the Laplace transform to both sides. We denote the Laplace transform of f
by F = £(f). The integral on the right-hand side is a convolution:

Je_(t_T)f(T) dt = (et f)(t).
0

The Laplace transform of a convolution is the product of the Laplace transforms of
the two functions, therefore:

1
L(etxf)=Le")-L(f) = -F(s).
(&7 4 1) = £le™) - £(1) = 5 -F()
Now we can transform the integral equation (1)) into the algebraic equation
6 1
F(s)=—+——"F
(s) st + s+1 (s)
1 6
= 1——— | F(s) =~
< s+ 1) (s) st
s 6
— F(s) = —
s+1 (s) st
6 6
Finally we transform back to obtain:
6, 6 t4
f) =L 1 F(s)) =L (5 +5 )=+
0= = (G4 5) =0+
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2. Short Questions (10 Points)
Answer the following questions. You can use any formula from the script.

a) (2 Points) The integral

+oo
h(x):% J sin(w) cos(wx)

dw

w
0

is the Fourier integral of the function

1, k<1
f(x) =
0. Ix| > 1

Find the explicit values of h(x) for each x € R.
Solution:

The Fourier integral of a function has the same value of the function itself where
the function is continuous.

In a point of discontinuity xo the value of the Fourier integral is the average of
the left and the right limit of f:

h(xg) = 1 (f(xg) +flxg)) -

2
In this case the points of discontinuity are xg = £1, both with average 1/2,
therefore:
1, [xl<1
1
h(X) = E/ |X| -
0. |x|>1

b) (2 Points) Consider the following PDE:
Xlyx + 2Ylyy + XUyy =€ U+ Uy,

In which region of the plane (x,y) € R? is it elliptic?
Solution:

Writing the PDE in the form
Al + 2By + Cuyy = F(x, y, u, Uy, uy),
the elliptic condition is AC — B2 > 0. In this case this means
X% — yz >0,

or equivalently
x| > lyl.
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¢) (3 Points) Consider the solution of the following wave equation:

utt:CZuxx, XGR,t>O
u(x,0) = e, xe€R
u¢(x,0) =0. xeR

Find the evolution in time of the point x = 0:

u(0,t) =7

Solution:
We can use D’Alembert’s formula:

u(0,1) :%(f(ct)+f(—ct))+ J glsids = ; (et + e ) =|cosh(2ct). |

—ct

d) (3 Points) Consider the following Laplace equation on the unit disk:

viu =0, in Dy
u = x+ 5y>. on 0D,

Find the value of the solution in the center:

Solution 1:

According to the mean value principle, the value in the center is the average of
the function on the boundary. We write this function in polar coordinates

f(9) = cos(9) + 5sin?(9),

and we integrate itﬂ to get:

1 27t 27t
— J (o J (cos(9) +5sin(9)) dd =
~on

0 0
1 5 T
=5 [sm + 19—§sm(19) cos(ﬁ)} o =7

'We use the indefinite integral fsin2 (®)dd = %(19 —sin(8) cos(d)) + ¢, which was given at the beginning

of the exam.
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Solution 2:

We can also directly solve the equation and from the solution we will read the
value 1(0,0). This is not recommended in general because usually solving the
equation is more difficult than computing an integral.

Nevertheless, here the function on the boundary is a polynomial, and the so-
lution will also be a polynomial. One can proceed by using some “similarity
method” and guessing that it is a polynomial of the form

u(x,y) = a+bx+cx? 4+ dy?,

and then v?u = 0 gives ¢ +d = 0, and the boundary conditions the other
constants:

5 5 5
u(x,y) = 5 +x— §X2+ Eyz.

From which u(0,0) = 5/2 as expected.
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3. Wave Equation (15 Points)

Find the solution of following wave equation with homogeneous Neumann conditi-
ons (= the derivative u, on the boundary is zero):

utt — CZuXX/ X 6 [O/ 7-(]/ t > O
0,t) = ,t) =0, t>0
u=u(x,t) s.t. (0, t) = ux(m 1) (2)
u(x,0) =1+ cos(4x), x € [0,
u(x,0) = 3. x € [0,7]

Use the method of separation of variables, showing all the steps.

Solution:

The separation of variables Ansatz is u(x,t) = F(x)G(t) and the wave equation beco-
mes the system of coupled equations:

F” = F,
.. ) for some k € R.
G = kc~G,

In order to have nontrivial solutions, the homogeneous Neumann conditions imply:

ux(0,t) =F(0)G(t) =0, t=0 . F'(0) =0,
Uy (mt) =F(m)G(t) =0, t=0 F/(m) = 0.

We have obtained a well-defined initial value problem for F = F(x):

F” = KF,
F/(0) = F/(7r) = 0.

The form of the general solution of the differential equation F”" = kF depends on the
positivity of k.

k=0 ‘ general solution F(x) ‘ derivative F’(x)

k>0 AeVEx 4 BeVEx \/E(Ae\/EX—Be—\/EX>

k=0 Ax+B B

k <0 | Acos (v—kx)+Bsin (v—kx) | —Av/—ksin (v/—kx) + Byv/—kcos (v —kx)

The derivatives at the boundary are

k20| F(@O | F/(m)

k>0 | VK(A—B) N~ (Ae\/E“ — Be*ﬁ”>

k=0 B B

k<0 Bv—k —A+v/—ksin (\/jkﬂ)+B\/jkCOS (\/jkﬂ)
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By imposing them equal to zero we finally get the following solutions:

k=0 ‘ nontrivial solutions? ‘ general solution F(x)

k>0 no /
k=0 yes Fo(x) =B
k<0 yes, for k = —n? Fn(x) = By, cos(nx)

Now for these values of k (k = 0 and k = —n?) we solve the problem for G = G(t).

k \ solution G(t)
K=0 Go(t) = Ct+ D
k = —n? | Gn(t) = Cp cos(cnt) + Dy, sin(ent)

By the superposition principle, any function of the form

+oo
u(x,t) = Fo(x)Go(t) + ) Fn(x)Gn(t)
n=1

will be a solution. By renaming the constants differently this is:

+00
u(x,t) = Apgt+Bg + Z (A cos(cnt) + By sin(ent)) cos(nx).
n=1
The time derivative is
+o0
ug(x,t) = Ag+ Z cn(—An sin(cnt) + By, cos(cnt)) cos(nx).

n=1

Now we have to find these constants by imposing the initial conditions

u(x,0) =1+ cos(4x),
ui(x,0) = 3.

In this case they translate into

400
Bo+ Y Ancos(nx) =1+ cos(4x),

n=1

+o00
Ao+ >_ cnBy, cos(nx) =3,

n=1

which means that the only nonzero coefficients are

Bop =1,
Ay =1,
Ag = 3.

Therefore the final solution is:

’u(x,t) =3t + 1+ cos(4ct) cos(4x). ‘
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4. Laplace Equation and Maximum Principle (6 Points)

Consider the solution of the following Laplace problem on a disk Dy centered in the
origin, of radius R > 0:

v2u =0, in Dg

u:%(xz—yz). on 0Dy

u=u(x,y) st { 3)

Find the unique R > 0 such that the maximum of u on the disk is 7

max u(x,y) =1
(XIU)EDR y

Solution:

We find the maximum of u. This will be a function of R, which we are going to
impose equal to 7.
By the maximum principle we have to find the maximum of the function on the
boundary

oR

2 2
max u(x, = max ux, = max —= (X" — .
(x,y)eDg ( y) (x,y)edDg ( U) {x2+y2=R2} 2R2 ( Y )

In other words we have to find the maximum of x? —y? in the region {x? +y? = R}.
To do this we can parametrise the boundary with polar coordinates and find the
maximum of RZ(cos2(d) — sin?(9)) = RZcos(29) in the interval ¥ € [0,27], which is

clearly R?.
An equally valid argument would be to observe that on the boundary

x> —y?=2x*—-R* = max(x*—y?) =R
Anyway, the maximum of u will be:
eR R R

(@ —?) :;Z.Rz:e.

max u(x,y)= max —=
(x,y)€Dr (xy) [x2+y2=R2} 2R?

This is equal to 7t if and only if

eR
ST=T e eR=2n < |R=In2n).
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5. Heat Equation via Fourier Transform (8 Points)

Remember that the solution of the heat equation

Up = Uy, xeR,t>0
u(x,0) = f(x), x e R
has Fourier transform R )
U(w,t) = flw)e ¢,

For some particular cases of f, this U can be recognised as the Fourier trans-
form of some function, and the original solution u = u(x, t) can be found.

Find the solution u = u(x, t) of the following;:

(4)

Ut = Uy, t>0,xeR
1
u(x,0) = e 2%, xeR

[Hint: The Fourier transform of this gaussian function f(x) = e—2*" is recalled at the
beginning of the exam.]

Solution:

The Fourier transform we need is recalled at the beginning of the exam

— 1 w?
e,aXZ = EQ_E. (5)
Here a = 1/2 and therefore
e 2¥ = e*sz.

So the solution has Fourier transform

~ _w? 22
U(w,t) =e 2 ¥,
We want to recognise it as a Fourier transform of some function. We notice it is still
a gaussian
-~ —(14c2t)w?
u(w,t) —e (2+c t)w

7

and, because of , we would like to have for some a > 0,

! +c’t= 1
2 - 4d’
which gives us
1
C2+44e?t (©)
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We would like to say that U(w, t) is the Fourier transform of the gaussian with this
a, but we would miss the factor 1/v/2a appearing in (5).
But then we just need to multiply and divide by it to geiﬂ

uxt) = F 1 (G(w, ) = F! (e (3+e*t)w ) V2aF! ( °4“z>

x2

@ @ x2 e_ 2+4c2t
2ae = e 2+4c%t — | —u .
Vi+ 202t 1+2c2t

An alternative way of proceeding, starting from

G(w, t) = e~ (2Feit)w?

would be to use directly Fourier inversion’s formula:

1 +00 1 +o0
1,2 2
(X t) (w ‘t) iwx dw = — ef(§+c t)w et Px qu =
V27 27
(7X)2 x2
! (]+czt) e 2+4c2t

g(e ) (L e

2In what follows F denotes the Fourier transform.



