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Laplace Transforms:

Problems and suggested solutions

( F=L(f)) (u = Heaviside function, § = Dirac’s delta function)

10) F(s) ft) | F(s) f(#) F(s)
1) 1 : 5) | t* a>0 F§2ﬁ> 9) cosh(at) =2
2) " 5 6) et L 10) sinh(at) a2
3) t? 2 7) | cos(wt) | =iz 11) | u(t —a)g(t —a) | L(g)e
4) | ", n€Zso | 7 8) | sin(wt) | =i 12) o(t —a) e a8
Fourier transforms:
T F@) o) @ | @
caz? | 1 %L:? 9 e*a% x> 07 1 3 17 |[L‘| < 17 2 sin(w)
D e | ume ) {0, r <0, | VErlatio) "o, jal>1 [ VF o
Indefinite Integrals: (n € Z21)
cos (“Fx )+ (F ) rsin (Fx
1) /xcos (TI) dx = <L ) L)2 (L ) (+constant)
%
(%)
nr ((T)Q r? — 2) sin (”L—”x) + 2 (”T”) T COS ("T’Tx
2) /332 cos (Lx> de = 3 (+constant)
()
sin (5fx) — (%% ) xcos (“Fx
3) /xsin <mx> r = (L ) L 5 <L ) (+constant)
(%)
n (2 — (%)2 1’2) Cos <”L—”:c) +2 (%) x sin (%x
4) /:1:2 sin (Laz) dex = 3 (+constant)
(%)
1
5) /1—1—952 dr = arctan(z) (+constant)

You can use these formulas without justification.
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Question 1

1.MC1 [3 Points] Consider the following initial value problem:

f0)=0 f(0)=0, [f"(0)=m.

Find the Laplace transform L£(f) = F' of the function f.

{f’”(t) =cos(2t) +e7 3, >0,

1 s

1
s2(s242) + s3(s+3) 3
1 1 ™

)

) s(s242) + 52(s+3) + s2°
) 1
)

1 s
s2(s2+44) + $3(s+3) + 3

1 1 s
s2(s2+4) + $3(s+3)  s3°

Solution:

1 1 s
s2(s%244) + s3(s+3) + 3

(C) The solution is F(s) =

We apply the Laplace transform to the ODE in the initial value problem. We denote by
F = L(f) the Laplace transform of the function f, and we denote the variable in the new
domain by s as usual.

The first term to transform is the third derivative ", for which we use the formula:
L(f") = s°F(s) — s*f(0) — sf'(0) — f"(0) = s’ F(s) — .

The term in the right hand side becomes by linearity and using the table of the Laplace
transform above,

S 1

L(cos(2t) + e ") = L(cos(2t)) + L(e%) = o + oy

In conclusion the ODE becomes the following algebraic equation:

1
3P(s) = = —> .
SEE) =7 = 5T 53
Therefore,
1 1 T
F(s) = + +—=

s2(s244)  s¥(s+3)

1.MC2 [3 Points] Find the inverse Laplace transform of

2 1
F(s)z(s?)—i-l)e +32—b2’

where a and b are two positive constants.

(A) f(t) =u(t —a)(t —a)+ 6(t — a) + § sinh(bt).
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(B) f(t) =u(t—a)(t —a)®+d(t — a) +  sinh(bt).
(C) f(t) =u(t—a)(t —a)®+6(t + a) + 3 sinh(bt).
(D) f(t) =u(t—a)(t — a)* + 6(t — a) + sinh(bt).
Solution:

(B) The solution is f(t) = u(t — a)(t — a)? + 6(t — a) + ¢ sinh(bt).

For the first term we have,
2 —as 2 —as —as —1 2 —as —1 2 —as —1 —as
(83—1—1)6 256 +e = [ ((83—1—1>e )zﬁ (336 )—l—ﬁ (e )
=u(t—a)(t—a)>+(t—a).

And for the second term we have

1 1 b /1 1., ( b 1.
52 — b2 :gé’z—b2 — £ (32—b2> :Eﬁ <52—62> :Esmh(bt).

Hence, the solution is given by

F(t) = u(t — a)(t — )’ + 6(t — a) + [1)sinh(bt).

1.MC3 [3 Points] Let f be a continuous function such that lim,_,, f(z) = 0. Solve the following
differential equation using the Fourier transform

f" (@) +2f (@) + f(x) = g(2).

1, |z| <1,
€T) =
9() {0, 2] > 1.

where g is a given by

Solution:

(D) The solution is f(x) = \/#2? e % sin(w)e™” dw.

We take the Fourier transform on both sides of the equation.

D7) - 28w+ ) = 2T
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We can rewrite this equality as follow

Finally, we take the inverse Fourier transform

flw) = ! \/Esin(w) V2 5 sin(w).

w22+ 1\ 7w Jrww?—1)

V2

fx

1 o0
)=V L

2 )
CpE sin(w)e™?® dw.
w j—
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1.MC4 [1 Point] Determine if the following function is even, odd, or neither and if it is periodic

or not. . »
cos(2mx + 5) + ere

(A) The function is periodic but not even or odd.
(B) The function is even but not periodic.
(C)

(

D) The function is periodic and even.

The function is odd but not periodic.

Solution:

(A) The function is periodic but not even or odd.
We can rewrite the function as follow
eix + efi:z:

cos(2mx +5) + 5

= cos(2mx + 5) + cos(x).
The sum of two cosine functions is periodic. And the function is not even or odd because

cos(2m(—x) 4+ 5) # cos(2mx + 5),

and
cos(2m(—x) + 5) # — cos(2mx + 5).

1.MC5 [3 Points] Let f be a 27 periodic continuous and differentiable function such that f'(0) =
% The Fourier series of f on the interval [—m, 7] is given by

945 °
flx)=>" = sin(mnx)
n=1
Find the value of the numerical series ~ 1
[ee} 71'6
(A) Zn:l # = 945
0 7'I'6
(B) n=1 # = éﬁ
oo n7r6
(C) n=1 # = 945 °
o0 7'I'6
D) Solis6 =g — |
Solution:
(A) The solution is Y02 | 15 = 9”765.
We have o
flz)=>" g sin(mnzx).
n=1
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Since f is differentiable and the Series is converging we can differentiate both sides.

o0 o

Z —— COS 7TTZZL' Z 7TTZZL'

We can evaluate both sides at x = 0,

6 0o
™ N i
TR _nz::lnﬁ'
Hence,
i I 76
= nd © 945

1.MC6 [3 Points] Consider the following PDE (partial differential equation) for the function
u = u(z,y):
Uz + 2 COS(T)Ugy + YUy — Uy + 1,y = sin(z).

Is the PDE hyperbolic, parabolic, elliptic or of mixed type ?

A) hyperbolic.

C

(A)
(B) parabohc
(C)
(D)

Solution:

(D) The PDE is of mixed typed because, A = 1, B = cos(z), and C' = y. Therefore, AC— B* =
y — cos?(x) which changes sign, so the PDE is of mixed type.
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1.MC7 [3 Points] Wave equation with D’Alembert solution.

Consider the following wave equation:

Uy = Clgy, T ER, >0,
u(z,0) = e**, x € R,
u(z,0) =0, x€R.

Find the value of the solution u at position x = 0, i.e. u(0,t)

(A) u(0,t) = cos(2ct).
(B) u(0,t) = sin(2ct).
(C) u(0,t) = sinh(2ct).
(D) w(0,t) = cosh(2ct).
Solution:

(D) The solution is u(0,t) = cosh(2ct).

We can use D’Alembert’s formula:

u(0,t) = ; (f(ct) + f(=ct)) + 21 /Ct g(s)ds = ; (em + 6_2Ct) = cosh(2ct).

CJ—ct

1.MC8 [3 Points] Let u(z,y) = e (@=D**+@=D* The maximum value of  in the disk of radius 4
centred at 0, denoted by Dy, is at the point (x,y) = (1, 1). That is

max u(x,y) = u(1,1).
Dy

Which of the following statements is true?

A

) u is not constant in Dy.
B) w is constant in Dj.
)

(
(
(C) The minimum of v is at the point (x,y) = (-1, —1)
(D) We cannot conclude that (A), (B) and (C) are true.

Solution:

(A) The solution is: u is not constant in Dj.

u is not an harmonic function. Indeed,

Opzu(,y) = Oppe” (=D HE-D) = computations = (42 — 8z + 2)6—((x—1)2+(y—1)2)7
and

Oyyu(z,y) = ayye—((x_1)2+(y—1)2) — computations = (4y? — 8y + 2)e~ (=D =1

Therefore,
8macu(xa y) + @yyu<x7 y) 7& O
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| The function u is a Gaussian and therefore it’s not constant in Dj,.

1.MC9 [3 Points] Consider the Dirichlet problem for the Heat equation on an infinite bar,

{ut(x,t) = Upp(z,t), zE€R, >0,
u(z,0) =0, xz €R.

(A
(B
(
(

) Every constant function is a solution.

)
C) The function u(z,t) = 0 is a solution.

)

There is no solution.

D) We cannot conclude that (A), (B) and (C) are true.

Solution:

(C) The function u(z,t) = 0 is a solution.

The function u(x,t) = 0 satisfies the PDE because u; = 0 and u,, = 0 and it satisfies the
initial condition. Therefore, u(z,t) = 0 is a solution.
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Question 2

2.Q1 [15 Points] Wave Equation with inhomogeneous boundary conditions

Find the solution of the following wave equation (with inhomogeneous boundary conditions)
on the interval [0, 7]:

Uy = gy, t>0,z €0,

u(0,t) = 1072, t>0

u(m, t) = 1072, t>0 (1)
u(x,0) = 2sin(5x) + sin(4z) + 107%, x € [0, 7]

u(z,0) = —4sin(2x). x € [0, 7]

You must proceed as follows.

a) Find the unique function w = w(x) with w”(z) = 0, w(0) = 107?, and w(w) = 1072
b) Define v(z,t) := u(x,t) —w(x). Formulate the corresponding problem for v, equivalent to (17).

¢) (i) Find, using the formula from the script, the solution v(z,t) of the problem you have just
formulated.

(ii) Write down explicitly the solution u(x,t) of the original problem (17).

Solution:

a) The only functions with second derivative zero are the linear functions
w(z)=ax+p, a,f€R.

Imposing the boundary conditions we find the right coefficients

{1072:11)(0):04-0—1—5 - {azO

& = 107>,
1072 =w(r) =a- -7+ 3 B = 1072 w(@) "

b) The PDE doesn’t change because w is independent of time and has second derivative in x

zero. The boundary conditions become homogeneous (that’s why we chose this w)

v(0,t) = u(0,t) — w(0) = 107* — 107* = 0

v(m,t) = u(r, t) — w(r) = 107 — 107 = 0.
The initial position of the wave changes in

v(x,0) = u(z,0) — w(z) = 2sin(5z) + sin(4z) + 107> — 107>
= 2sin(5x) + sin(4x),

Page 9 of 7



Analysis III

mzuriCh Prof Dr. A. Tozzi

10 August 2024

while the initial speed doesn’t change (because, again, w is independent of time). Finally

Uy = C*Ugy, t>0,z€l0,n]
v(0,t) =v(m, t) =0, t>0

v(z,0) = 2sin(5z) + sin(4z), z € [0, 7]
vy(x,0) = —4sin(2x). x € [0, 7]

¢) (i) This is a standard homogeneous wave equation with homogeneous boundary conditions.
The formula from the script is

—+00

v(z,t) =) (Bn cos(A,t) + B sin()\nt)) sin <n;x> , An = chﬂ
n=1
(L=m) X . :
="y (Bn cos(cnt) + B, sm(cnt)) sin(nx).
n=1

The coefficients B,, are the Fourier coefficients of the odd, 2m-periodic extension of the
initial position datum v(z,0) = 2sin(bz) + sin(4x), that is:

+o0o
> By sin(nz) = 2sin(5z) + sin(4x).
n=1
By identifying the term we have, By = 1, B5 = 2 and B,, = 0 otherwise.
The coefficients B} are the Fourier coefficients of the odd, 27-periodic extension of the
initial speed datum wv(x,0) = —4sin(2z), that is:
+oo
> enBjsin(nz) = —4sin(2z).

n=1

By identifying the term we have B} = 0 for n # 2 and c2Bj = —4, therefore B; = _72
Finally we get the following solution

2
v(x,t) = —=sin(2ct) sin(2z) + cos(4ct) sin(4x) 4 2 cos(5et) sin(bz).
c

(ii) The solution u(z,t) of the inhomogeneous problem is

2
u(z,t) = —= sin(2ct) sin(2x) + cos(4et) sin(4x) + 2 cos(5ct) sin(5z) + 1072
c
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Question 3

3.Q1 [10 Points| Dirichlet problem for Laplace equation on a rectangle

Find the general solution u = wu(x,y) of the following Laplace equation on a
nonzero boundary conditions on one edge of the rectangle:

V2u =0, 0<z<a,0<y<b
u(z,0) =u(0,y) =0, 0<x<a,0<y<b
u(z,b) = f(x), 0<z<a
u(a,y) =0, 0<y<b
where f is given by
fla) =2

rectangle, with

You can use the general formula directly to obtain the solution. For this exercise, no points will

be given for detailing all the steps of the separation of variable.

Solution:

The solution of the above Dirichlet problem is

+o0
Z A, sin (Tzrx) sinh (y)

n=1

where
2

A, = m /Oa f(s)sin (Ts) ds.

We can compute this integral explicitly using f,

A, = 7/ f(s)sin (s) ds
asinh (b

:72 /as sm(n )ds
a sinh (%b) a

a sinh (Mb> (%)3 0
_ 2 (2 — (nm)?) (=1)" -2

asinh (%b) %)3
_ 2a> (2— (nm)?) (—1)" =2

sinh (%b) (nm)®
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Hence, the solution is

o) = 5 (g B2 () (3)
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