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6."PDE with Fourier transform (15 Points)

Find the solution u = u(z,t) of the following equation using the Fourier trans-

form:
Uy + U +u=0, reR,t>0 -_ L/‘)Cﬁ(/{ é
u(z,0) = f(x), z€R.
(L) = iwEGw)
[Hint: You can proceed as follow: 2
E(%%z) = -L2§(fw) ) pro “eilT“°dAbl€‘4"ﬁ
a) Take the Fourier transform with respect to the x wvariable of the PDE and ' ©oje ol i
the initial condition and transform them into an ODE. Lol ‘\-o
b) Solve the ODE. 1t & x:
¢) Take the inverse Fourier transform of the solution of the ODE to find the 0012_ .
solution of the PDE.] \F(ob( ) = "")Ecy(j())
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5. Heat Equation with inhomogeneous boundary conditions (15 Points)

a) (,A(x) ) ('6“=O, ’\—OLJCK)‘= Axa®
Ww(o)=0 = A0 ©B=0
WL)=L =AL+O A=A

-
-

Find the general solution of the Heat equation (with inhomogeneous boun
dary conditions) for the following problem:

0<2z<Lt>0,

u(0,t) =0, t>0,
W(L,t) = L, >0, 4(°)=° ) L\)(K) =X
u(z,0) = f(z) + = 0<z<L, ‘—(L)

where L > 0 is a constant, and f(z) is any (twice differentiable) function such

that £(0) = 0, f(L) = 0.

b) V= uU-co
U= Vi
Uy =o§£ (Vo) + (<) = Ve + O
oQi
d\K’
V(o,t)=Ulot) -0lo) = ©-0-0O
L-L=-0

You must proceed as follows.
a) Find the unique function w = w(z) with w” = 0, w(0) = 0, and w(L) = L
b) Define v(x,t) := u(z,t) —w(x). Formulate the corresponding problem for v,
equivalent to (1).
¢) The Fourier series of the 2L periodic odd extension of f is given by
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(i) Find, using the formula from the script, the solution v(z,t) of the pro
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Uxx = (v(k,t)ﬁ'b\)(l()) Viec 1O

blem you have just formulated.

(ii) Write down explicitly the solution u(z, t) of the original problem (1)
C) LILG :2F v = g, 0<z<L t>0,
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