Ana\\'SiS Q'ow\sssl unde 42

a\-hAU\U@ studnt . el .ch 05.42.2¢4

lefzle (Jocte 100, ke x—>00
Wacveledgleichung cuf emern cnencllichen Stecb

e keine RB iq x );U(O,é).—.u(t,é)_] L—e=

U = czuxx U, t) ="
T

U(x0) =f(=) 4

xelR, tso L -

Hule,(kmsr Skeipt S.284

A ulet) = / (A(p)cos(pz) + B(p)sin(pz))e""" dp

(2) A(p) = % / f(v)cos(pv)dv ” A(E) =0 , 'PO-US 4?(45() Uﬂj@q&

(3) Bip) = % / f(v)sin(pv)dv u B('F):O , ?0\"5 ‘F(K) 3«@1@

— 00

= wesn ron (2)R(Q) o () einselk, erbilt run: (Hmumj Sheripk $32)

u(z, t) = 26\1% /_ Z F(v) exp [_ (;};)1 dv

P()
BﬁF R |x<), \xI<4 1
U = € U ,?CX)=E o) , else ,
Ux0)=p0<)  xer, ¢30 y
2(x) =

A((b) =



\l

| /\, Q)mke(\ ialesn‘w
L
> ( PSN)Q:) +COS<P) -/()

Ulxt) = S (A (p)eos(px)+B(p)sin(px)) e czf%o(”)

o

oo

2 ( sin(p) + & - —c%?
_ Tcs psin(p ons((?) 4) ~COS(()x)-e,CP£o{VD
LG aud unedllickes Dteb — Vie Fourier TFWSFOrMLbr)
Gleiche Aussonss\aapz

Up = CUx |dee:  w(x,¢) £> a(w,{;)
U(x0) =8(<) Remember: (ocke 6 Ecu\r.‘UTcms?am{.'on
Xeﬂl ) -l;'>O Sousies Tms?omwh'on
@ T’Z‘Jw*fU TVM':POrm. Nackh >¢ Z F(rw) = $= é—‘_L O 'wtol(,t/“; ,A:&
. F o (sw) = \r’;%g 3@)- e e e
Ue =CUxx // Fonries-Trowsform 5 »
v 1) T FRw)e) - fe) > &Fel
§= (U{,) _ = o F(v0m) =0
YRl LW=0 nid def : - §(0) seporsk berechn (sere bep)
3: (ux ) _ Eigpschefler (27)
X & Linesridab F(x}+Bq) = oF(#) ~RS(3)
\F(?—(K)) _ B Conwlaton  S(4xa) =20 §FP)-F()
CI)‘E’( l:bzlifmébh ‘z%) = IWER®)
sclceitoe Problem o i () = S ) it
u}«bmikmgp- J;fw) SIS () ~ My §(ep) =ikl
i Reguthoesi
b shifls F(ht-a)) = c F(1w)
T(w-b) = §(™w)

=o haohen ('(\orr»w.(ﬂ." OalL )



(2 Lsse mt sep. o} vor

(o) = C(w) - £5°

(D Nutze Teosformivle QB

t(w,0)=
(1) Rackdmsforation
ub<, t) = [F(Hx)) ef“*]

LJ‘.cvach Sonrier & &‘(c—,:&‘u %msgoth'anen:

Lol e
Crenesel: \locse,%tsl; | £ Wickkag. |nlegeale , pidh auf 25
| " 7 e, J—'(Tf‘”z) (w) = % _4 _9: Djj:e:"z dx = (T bzgj—xz.,xk =T
y = PO g) g bl etema- o5 TR
E | Fwo- L / et | F (iwe ™) = S o s, R E
flw+a)=e". f(w) = )& Oach Rob%) pase @ L6 an

— 2iel . PDE mHels Fewnerftasfermaten in torele DOL urifortien



&F: WN2022 A6

6."PDE with Fourier transform (15 Points)

Find the solution u = u(z,t) of the following equation using the Fourier trans-

form:
Uy +us +u=0, reR,t>0 —_> L/\)CJC(/( é
u(z,0) = f(x), z€R.
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the initial condition and transform them into an ODE.

b) Solve the ODE. L\Ml—\ (€4 ‘\'O x:
¢) Take the inverse Fourier transform of the solution of the ODE to find the
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5. Heat Equation with inhomogeneous boundary conditions (15 Points)

Find the general solution of the Heat equation (with inhomogeneous boun-
dary conditions) for the following problem:

W = gy, 0<z<L,t>0,
u(0,t) =0, t>0, =

1
u(L,t) =L, t>0, 4 (O) )
u(z,0) = f(z) +a 0<z<L, ‘— (L) = O

where L > 0 is a constant, and f(z) is any (twice differentiable) function such
that f(0) =0, f(L) =0.
You must proceed as follows.

a) Find the unique function w = w(z) with w” = 0, w(0) = 0, and w(L) = L.

b) Define v(x,t) := u(z,t) —w(x). Formulate the corresponding problem for v,

equivalent to (1).
¢) The Fourier series of the 2L periodic odd extension of f is given by
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(i) Find, using the formula from the script, the solution v(z,t) of the pro-
blem you have just formulated.

(ii) Write down explicitly the solution u(x, t) of the original problem (1).

a) Wix) W=

(@) , o LJ(K)= A’?<—+E

c) LLG :2F v = g 0<a<L,t>0
Sei u; = ¢y, mit Randbediungungen u(0.t) = u(L,t) =0 /“(O' f’) = t=
und u(z,0) = f(z) auf 2 € [0, L]. Via Fourier-Reihe erhal- ,”(,” f) =0 t>0
ten wir die Losung: T ’ =
v(z,0) = f(z), 0<ax<L.
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