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Serie 13

Topics: Laplace equation on a region with symmetries.

1. Find the solution of the following Laplace equation on the disk of radius
2:
Au =0, (z,y) € Dy
u(x,y) = 3. (x,y) € ODq

Do as follows:
a) Write the boundary condition in polar coordinates.

b) Solve the problem in polar coordinates, using the methods/formulas
from the Lecture Notes.

[ Hint: Tt might be useful at some point to use the trigonometric
formula

cos®(9) = zcos(ﬂ) + %COS(S@)]

c) Express the solution in the standard cartesian coordinates:

u(z,y) =7

2. a) Find the solution u(r, ) of the following Dirichlet problem on the disk
of radius R in polar coordinates:

Au =0, 0<r<RO0<Y<2rm
u(R,9) =sin?(9). 0<9 <27

[ Hint: Remember the trigonometric formula

sin?(1) = % - %cos(%?)]

b) Find the maximum of u(r, ). In which point(s) is it reached?

c) Express the solution in the standard cartesian coordinates.

1 Please turn!



3. Prove, without computing explicitely the integrals, that for each 0 < r < 1
and for each 0 <9 < 2m:

a)

2

S / L dp =1
2 ) 1 —2rcos(¥ — ¢) 4 r? v
0
b)
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1 [ (1—7?)(cos’(p)sin(p) — sin®(p) cos(y)) L
1 / dp = — sin(499).
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0

4. Consider the following Neumann problem (Laplace equation with fixed
normal derivative on the boundary):

v2u =0, in Dp
Opu(R, ) = 921 — 09)(9? — 12), 0 < ¥ < 2 ( parametrising dDp)

with Dpg the disk center in the origin and radius R.

Is there a solution?

5. Consider the Dirichlet problem for the Laplace equation,

R={(z,y) eR*|0<z <1, 0<y<2},

Au =0, (z,y) € R,
u(0,y) =u(l,y) =0, 0<y<2,
u(z,0) =0, 0<z<1,
u(z,2) = f(z) 0<z<1,

where f is a given continuous function. Show that there exists a unique
solution.

[ Hint: Assume to have two solutions u; and uy and consider the Dirichlet
problem for the Laplace equation for v = u; — ug.]

Hand in on Moodle by: Wednesday 18 December 2024.




