Analysis III

1 Laplace Transform

1.1 Eigenschaften

Ahnlichkeit:
s-shifting:
t-shifting:

Ableitung, t:

F(s) = L{f()} = :fof(t)e’”dt

L{t - f(L)}=F(s-a)

L{f(t) - e} = F(s — a)

L{f(t—a) u(t—a)} =e - F(s)
L{f(t) - u(t—a)} =e *® - F(s+a)
L{f'(t)} = sF(s) — £(0)

L{f (1)} = s2F(s) — s£(0) — f'(0)

L{FM ()} = s"F(s) — s"71F(0) — ... — F(" =D (0)

F(t)

F(s)

sin (wt) + wt cos (wt)

2ws?
(2 +w?)?

sin (wt) — wt cos (wt)

203
(s24+w?)?

s

cos (wt) + wt sin (wt)

s(s243w?)
(sZ+w?)2

s

cos (wt) — wt cos (wt)

s(s2—w?)
(s2+w?)2

sin (wt + ¢)

s sin (¢)+w cos ()
.<2+w

cos (wt + ¢)

s cos (p)—wsin ()
52+w?

Dominic Isenring, HS22

f(z) =ao + %1 an cos ("F-x) + by sin (%)
n=

+L
e ap = i [ f(z)dz, falls f(x) ungerade = ag =0
—L

1

+L
e ap =71 [ f(z)- cos(®Fz)dz, falls f(z) ungerade = ap =0
L

+L
e b, = % I f(=z)- sin (%% x), falls f(z) gerade = b, =0
—L

Ableitung, s: L{t-f()} = —F'(s) sinh (wt) ﬁ 2.2.1 Konvergenz bei Unstetigkeit (uncontinuousity) . )

£{t" - ()} = (=)™ - FM (s . 2ws . . . . . flzg)+flzg ™)
Integration, t: L%fooo fET)>};1T}(: %)F(s) ) tsinh (wt) (NZ‘_52)2 Die Fourier-Reihe von f(z) konvergiert in zqg zu: %
Integration, s: £{%(t)} = [§° F(r)dr cosh (wt) sziuﬂ {69
Faltung: (f*g)(t) = fot f(r)-g(t—7)dr, fxg=gx*f s ) ' !

Frlgrh)=(frg)xh, fr(g+h)=Fxg+fxh t cosh (wt) _w?ts? fe 1 !

fx0=0, fx1= [ f(t)dt (aZ—s%) %o Ix

LLF@O)} - L{g(1)} = LLf(#) * g(8)} e®? sin (bt) *I’Q—bg - —
Anfangswert: lim f(t) = lim s- F(s) (s—a)?+ ! |

t—0T S0 e cos (bt) —=g feo) ‘ -
Endwert: lim f(t) = lim s F(s) (s—a)2+b2 i |

e o0 e sinh (bt) %

(s—a)2—b
1.2 Wichtige Signaltransformationen et cosh (bt) *2—“;‘11) 2.3 Komplexe Fourier Reihe
u(t) | U(s) n T2 o in (1) = eitoe—it o &) = it 4 o—it
e, n=1,2,3,.. e - —
Impuls (dirac delta) § 1 (s—a)nt1 73 )
S5t ) —as Vi NG die Fourier Reihe ldsst sich folgendermassen umformen
—a e h -
2 < nm _nm . s
Schritt (heavyside) % Flet) i}(é) f(z) =ao + "21 “Tn(et nr g +e " e *y — ibT"(el e _ —i0E )
c\e

(heavyside): uc(t) = u(t — c) j(;T e= St f(t)dt

ft+1T)=f(@1)

x —i LT i _inT g
ramp, t s 1—e—sT fl@) = a0+ Z1 (w) ' L T+(%)e T
’ ) n=
n o ot n! ; inw ; _;nm,
h(t)-t™ e PEpTES 2 Fourier mit cg = ag, cn, = (W) T Cm = (W) i folgt
w
s2+w? 2.1 Eigenschaften Periodischer Funktionen 0 jnm
h(t) - cos (wt) - L. . . flz)= > cne L
s?+w f(z) periodisch, wenn f(z) = f(z + p) Vz. Periode p = L = % bestimmen. n=—oo
h(t) - sinh (wt) > Eigenschaften fiir f(z) = f(z + p), h(z) = h(z + p) Va
S —w
T L .
h(t) - cosh (wt) e f(x) periodisch = f’(z) auch o e, = L + —itEa

h(t) - (e®t — 1) S(%ia) e Fiir f(z) p1 und fir g(z) p2, fir f(z) + g(z) p mit p als kgV(p1, p2) -
Lat_ bt 1 * f(aw) ist Z-periodisch 2.4 Fourier Integral
h(t) - =p— eI

e a- f(xz)+ b- h(zx) ist p periodisch

Bisher wurden periodische Funktionen thematisiert, nun nicht periodi-

S
- - . z) und h(z) sind n - p-periodisch sche.
(s=a)(s=b) @) @) L Fourier Integral der nicht periodischen Funktion f(x)

aedt _pebt
a—b

\
\
\
|
\
|
h(t) - sin (wt) ‘
|
|
|
|

R(t) -

2.1.1 Gerade/Ungerade Funktionen

1.3 Laplace Transformationen 0o
f(z) = [[A(w) cos (wz) + B(w) sin (wz)]dw
0

f(t) | F(s) e Gerade (even): f(—z) = f(=)
. B ¢ Ungerade (odd): f(~2) = — f(z) .
eat ‘ ﬁ f(x) ist gerade und h(z) ist ungerade, dann gilt o Alw) = % J f(v)cos (wv)dv
t", n=1,2,3, ‘ ﬁ e f(x) - h(x) ist ungerade - -
tP p >0 ‘ Fs(ﬁjr—ll) e f(z) - f(z) ist gerade — f(x) gerade: A(w) = % ({ f(v) cos (wv)dv, ungerade: A(w) =0
tn_%. n=123, .. ‘ 1.2..”.<2"711)\/; e h(z) - h(x) ist gerade oo

' - gn "t 3 Periodische Fortsetzung o Bw)=1 [ f(v)sin(wv)dv
sin (wt) ‘ ﬁ e Gegeben: f(x) von 0 bis L o -
cos (wt) ‘ ﬁ e Gesucht: 2L-periodische Erweiterung — f(2) ungerade: B(w) = % ({ f(v)sin (wv)dv, gerade: B(w) =0
tsin (wt —2ws

) ‘ (822+W22)2 2.2 Fourier Reihen Das Fourier Integral existiert nur, wenn: +f00 | f(z)|dz < oo

t cos (wt) ‘ ﬁ Ziel: f(x) 2L-periodische Summe von sinus und cosinus termen, L = % e
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2.5 Fourier Transformation

N +o0 .
Fourier Transformation: F(f) = f(w) = \/%7 [ f(z)e”"“%dx
—oo

V2r

—oo

N +oo ]
Inverse Fourier Transformation: F~1(f) = f(z) = A= [ fw)e'“Pdw

2.5.

-

Eigenschaften
F(af (@) +bg(x)) = af(w) + bg(w)
L F(f (@) = —iF(af(z))

FHLL) = 4o f(w)

F(f(z) * g(x)) = V2r f(w)g(w)

o FOLGE) = & fw.w)

3 PDE’s
3.1 Wichtige Gleichungen

2 2
e 1D-Wellengleichung: 59? = 62%
z

2 52 52
e 2D-Wellengleichung: 2-4% = 2 (% g 72‘)
z y

2
e 1D-Wirmegleichung: 2% = 297y

ot 922

e 2D-Poissongleichung: 22y + 8%y = f(z,y)
oz2 ay2 ’

e 2D-Laplacegleichung: 2%y + 22y _
dz2 ay2

2 2 2
3D-Laplacegleichung: 27% + g?“ + gj% =0

3.2 Namensgebung

Allgemeine Form einer PDE 2er Ordnung:

Augy + 2Bugy + Cuyy = F(x,y, u, ug, uy)

Form der Kurve:
Az? + 2Bzy + Cy2 =F(z,y,u, ug, Uy)
e AC — B? < 0 = Hyperbolische PDE (Wellengleichung)
e AC — B? = 0 = Parabolische PDE (Wirmegleichung)
e AC — B? > 0 = Elliptische PDE (Laplace/Poisson)

o Vorzeichen dndert sich mit z,y = Gemischte PDE

3.3 Koeffizientenvergleich

Als Beispiel betrachten wir hier die Warmegleichung:

utt = Pugs
u(0,t) = u(L,t) 0
u(z,0) = 0
ut(x,0) = sin (L )

1. u(z,t) =
2. u(z,0) = Bpsin (% z) =0 = B, =0
3. ut(z,t) = 302 B - Bc-cos (B ct) - sin (B x) =
4. ut(z,0) = By % c-sin (% z) =sin(Fz) == n=1

* _ L * —
5. By = 2% und Bn>2 =0

6. u(z,t) = ﬁsin(%ct) sin (L)

o2 1[Bn cos (Ant) + By sin (Apt)] sin (BFz), Ap

n
L

Tc

3.4 Wellengleichung

utt CZ”.‘IJ.’I)
u(0,t) = u(L,t) = 0
u(z,0) = f(z)
ut(z,0) = g(=)

3.4.1 Herleitung

1. Ansatz: u(z,t) = F(z)G(t)
2. Einsetzen in uy = c2u1m:

a) F(z)G(t) = 2F (z)G(t)

b) cg;G :FT”:]C, k € R, k = const.
3. Separation: F’/ = Fk und G = Gk
4. Fallunterscheidung:
a) k= 0: u(z,t) = 0 = triviale L&sung
b) k> 0: F(z) = AeVE® + Be~VFe = triviale Lésung
¢) k<O
F(z) = Asin (v/—kx) + B cos (vV/—kzx)
G(t) = Csin (\/act) + D cos (/act)
5. Randbedingungen «(0,t) = u(L,t) =0
a) u(0,t) = F(0)G(t) = F(0)=0= B =0
b) u(L,t) = F(L)G(t) = F(L) =0 = -k = &
c) G(t) = Csin(Ant) + Dcos (Apt) = Glc=Ap
6. Zusammensetzen mit B, = AD, B:L = AC:
un (z,t) = [Bn cos (Ant) + B, sin (Ant)] sin (5F )

7. Allgemeine LOsung:

u(@ ) = 3 un(a,t)
n=1

8. Fourier fiir PDE: (Auch Koeffizientenvergleich mdglich)

a) Ap berechnen

L
b) B, = %gf(z) sin (%Fz)dz = f(z) = u(z,0)

L
c) By = ﬁ ({g(z) sin (T z)dz = g(z) = ut(z,0)

3.4.2 Direkter Weg

1. Allgemeine L&sung:

u(z,t) = § [Bn cos (Ant) + By, sin (Ant)] sin (%)

n=
2. Fourier:

e )\, berechnen

e B, = % jf(x)sin(%x)dw = f(z) = u(xz,0)

L
. B;’ = Lin gg(z) sin(%z)dw = g(z) = ug(x,0)

3.5 Wellengleichung nach d’Alembert

utt = Cz“:cm
u(z,0) = f(x)
ut(z,0) = g(z)

x+ct
u(z,t) = L(flz +ct) + f(z — ct)) + & J ) g(r)dr

3.6 Warmegleichung

Cz’umz

u(0,t) = u(L,utg = 0
u(z,0) = f(x)

3.6.1 Herleitung
1. Ansatz: u(z,t) = F(z)G(t)
2. Einsetzen in u; = C2u:1:.r
a) F(z)G(t) = 2F" (z)G(t)
b) %:%":k, k €R, k = const
3. Separation: F// = Fk und G = Gk
4. Fallunterscheidung:

a) k= 0: u(z,t) =0 = triviale L8sung

b) k> 0: F(z) = AeVhe + Be~VET — triviale Lésung

c) k < O0:Set k= —p?
F(z) = Asin (pz) + B cos (pz)
G(t) = Cec Rt
5. Randbedingungen u(0,t) = u(L,t) = 0:
a) u(0,t) = F(0)G(t) =0 = F(0)=0= B=0
b) u(L,t) = F(L)G(t) =0 = F(L) =0 = p = %
2(

3 2
©) G(t) = Ce™ ¢ ULt mit k= — (%)2 N

6. Zusammensetzen mit B, = AC:

2
un(z,t) = F,Gn = By, sin(%z)e_’\nt, Ap = 2%

7. Allgemeine L3sung:

x A2y
u(z,t) = > Bp Sin("Lﬂ'x)67 n
n=1

8. Fourier fiir PDE:

a) Ap berechnen
L
b) Bp = + fL f(@)sin (2Ez)dz = f(z) = u(=,0)
3.6.2 Direkter Weg
1. Allgemeine L&sung:
x 2
u(z,t) = 3. By sin ("T”ac)e*knt

n=1

2. Fourier:

e )\, berechnen

L
e B, = %7‘& f(z)sin (" z)dz = f(z) = u(z,0)

3.7 Laplace-Gleichung - Dirichlet Problem auf einem Rechteck

Au=V3u = ugy + uyy

Stationdre Temperaturverteilung (@ = 0) auf einer Platte (Rechteck)

Randbedingungen:
e An 3 Seiten: Temperatur = 0

e An 4ten Seite: Temperatur = f(z) (oder g(y))

Au = 0
uw(0,y) =u(a,y) = 0
= u(z,0)
u(z,b) = f(z)



3.7.1 Herleitung mit Separationsansatz
1. Ansatz: u(z,y) = F(z)G(y)

2. Einsetzen in uzy + uyy =0

a) F'"G+FG=0= F'G=—-FG&
b) F” = _g = —k, k €R, k= const.
3. Separation: F// = —Fk und G = Gk

4. Fallunterscheidung:
a) k=0: u(z,y) = 0 = triviale L&sung
b) k < 0: u(z,y) = 0 = triviale L&sung
c) k> 0:

F(xz) = Asin (\/yx) + Bcos (\/7z)
G(y) = Csinh (%Fy)

5. Randbedingungen:
a) u(0,y) = F(0)G(y) =0= F(0)=0= B =0
b) w(a,y) = F(a)G(y) =0 = F(a) = 0 = /7 = 2%
6. Zusammensetzen mit A, = AC:
un(@,y) = FnGn = Ay sinh (%2 y) sin (25 )

7. Allgemeine L&sung:

u(z,t) = Z Ap sinh (% y) sin (2 z)

n=1

8. Fourier fiir PDE: Mit der Randbedingung u(z, b) folgt
o
u(z,b) = 3 Apsinh (2Fb)sin (G z) = f(z)
n=1
e Ap sinh (%7b) ist der Fourier Koeffizient

o Ay = m f(x)sin (% x)dx

a

0\9

3.7.2 Direkter Weg
1. Allgemeine L8sung:
x . .
u(z,t) = nz:l Ap, sinh (% y) sin (2T x)
2. Fourier:
a) A, =

a
ammnmrgy J (@) sin (%Fz)de
a 0

3.8 Superposition fiir ein Dirichlet Problem

u(x,b)=0 u(x,b)=6(x)
o [(A)
Y - s Y - &
3 Viu=0 < § Viu=0 <
5 i S
ulxb)=hx) : © N s
<[
3 (%) 5 U(x,0)=h(x) Ux,0=0
S <
B Viu=0 I EB
IS *;(\ u(x,b)=0 u(x,b)=0
S S
z[© +|(D) <
u(x,0)=f(x) & s I E
§ 8 3 s
i Vi-o [ 3| VY=o |i
s L s &
5 <

u(x,0)=0 u(x,0)=0

o0
P ae . . b—
e Losung fiir A: uy(x,y) = n;l Anp slnh(%)sm(w)

=2 nwx
An = i | [ f1(2) sin (222)de

)
e Losung fiir B: us(x,y) = 21 By, sinh ( n;rm ) sin (%)
n=

Bp= —2 [ fo(a)sin (222)do

a sinh (220 ”'"b )0

e Losung fiir C: ug(z,y) = E Cy, sinh (M) sin (274

— nmy
Cp = o t)dy

e Ldsung fiir D: uj(z,y) = Z Dy, slnh(n"w)sln(nwy
n=1

Dy = n;ry )dy

e Losung fiir A+ B+ C+ D: u=uj +ugy + uz + ug

3.9 Wairmegleichung fiir einen unendlichen Stab
ut = C2’U4:L-m
u(z,0) = f(z)
1. Ansatz: u(z,t) = F(z)G(x)
2. Einsetzen in u; — CQHII =0

a) FG - c?F’'G=0= FG =c%F''G

b) c2G:FT”:k’ k € R, k = const.

3. Separation: F’/ = Fk und G = 2Gk
4. Fallunterscheidung:
2
a) k=0: u(x, t) =e ¢ Ft(AeV kT L Be=V—ke)
u wird grosser wenn t steigt = physikalisch unmdglich
b) k> 0: k := p?
Fp(z) = A(p) cos (pz) + B(p) sin (pz)
2.2
Gp(t) = e P78

5. Allgemeine LOsung:

u(e, t) = .:fo[Aw) cos (pz) + B(p) sin (pa)le =P tda

6. Randbedingungen:
a) u(z,0) = f(z) = ZO[A(”) cos (pz) + B(p) sin (p)]

7. Fourier:

+oo
o A(p) = %7f f(v) cos (pv)dv

e B(v) = % +focf(v) sin (pv)dv

8. Endresultat:

w(a, 1) = 5 j{:f(v)cxp - G)7] @

3.9.1 Mit Fourier-Transformation
1. Fourier Transformation von u; = c2uw,,. und R.B. u(z,0) = f(z)
a) F(ut) = f<52“ww>
b) Fluge) = —w?a

i +oo ) 1 4 +oo )
— iwT — d twx
o F(ut(z,t)) = \/ﬂ £c ute de = Vo dt ,'£o u(z, t)e

= Lrat)==>4a
d) La=-c*w?a

e) a(w,0) = f(w)
2. Neue DGL fiir i(w,t) 186sen

3. a(w,t) = ... FHa(w, 1) = u(z, t)

3.10 Dirichlet Problem auf einem symetrischen Gebiet

Laplacegleichung auf einer Kreisscheibe

— ) — /2 2
Polarkoordinaten r=reos (9) = r=vaett z
y = rsin (0) 0 = arctan()

Au = Uggy + Uyy = 0 ,12+y2<R2
u=f 2’ +y?=R>
In Polarkoordinaten:
Uy + T%ugg +1u.=0,r€0,R), 0 € 0,27
u(R,0) = £(6), 0 € [0,27)
3.10.1 Losung mit Separation der Variablen
1. Ansatz: u(r,0) = F(r)G(0)
a) u, = rF/'(r)G(0)
b) upr = r2F’ (r)G(0)
) ugg = F(r)G"(6)

2. Einsetzen in u,, + %ugg + %u,,, =0:
s

a) F'G+ HFG" + LF'G=0
-

2 g1t / "
b) %:*%:k k € R, k = const.

3. Separation: r2F’ +rF' —Fk=0und G + Gk =0
4. Fallunterscheidung:

a) k=0: F(z) = 0 und G(6) = const.

b) k < 0: u(z,t) = 0 = triviale Lésung

c) k> 0:

Fp(r) = Ppr™ 4+ Qpr~ ™ mit Qp = 0, weil Scheibe beschrinkt
Gn(0) = A}, cos (nf) + B} sin (nf)

5. Zusammensetzen mit A, = P, A}, B, = P,B}:
un (r,0) = Fp,Gyp = r"(Ay cos (n) + By sinnf)

6. Allgemeine L&sung:

w(@,t) = S r™(An cos (nd) + B sin (n6))

n=

7. Randbedingung u(R,0) = f(0):
oo
a) f(0) = Ag+ Zl R"™ (A, cos (nf) + By, sin (n0))
n=
8. Fourier:

o Apg = &

3= J fle)de

oy

27
e Ap = R’}‘Lﬂ, gf(cp) cos (np)dy

2m
* Bu= s [ S(e)sin(no)deo

9. Endresultat:

1 R2 12
w(r 0) = 37 ({ = BT 3Rrcos (=g 2 ) (P)P

3.10.2 Direkter Weg

. . R2_r2 _
1. Poisson Integral Kernel: BT 3R cos (0-9) 172 (= K(r,0,R, ¢))
R2_r2
2R cos (6-p 121 (P

3.11 Mean Value Principle und Maximum Principle

Harmonische Funktionen erfiillen die Poissongleichung Au = 0. Auch wenn
die Losung u des Problems unbekannt ist, kann man mit dem Maximums-
prinzip wichtige Aussagen treffen.



3.11.1 Mittelwerte - Maxima - Minima
\4

Geoies D

iwm  Geoier D

Rudius o

u(zo, yo) =

= 5= [ u(a, p)de (Mittelwert von u(a, ¢))
0

® u ist eine harmonische Funktion auf dem Gebiet D
e (zp,yp) ist ein beliebiger Punkt auf D
® a € R so dass ein Kreis mit Radius a vollstdndig in D

= Der Funktionswert in jedem beliebigen Punkt P = Mittelwert der Funkti-
onswerte auf jedem beliebigen Kreis, wenn P der Mittelpunkt des Kreises ist
= Minima und Maxima von u sind auf dem Rand D oder u = const.

3.11.2 Beispiel Inhomogene Wellengleichung

2
Uttt = C Uz vttt = sz.tm

u(0,t) =3 v(0,t) =0
Inhom.: u(mw,t) =5 Bekannt: v(m,t) =0

u(z,O):z2+%(277r2)+3 v(z,0) = f(x)

ug(x,0) =0 ut(z,0) = g(z)

1. v(z,t) = u(x, t) — w(x)
a) v(0,t) =u(0,t) — w(0) =3 —w(0) =0 = w(0) =3
b) v(m,t) =u(n,t) —w(n) =5 —w(r) =0 = w(r) =5
¢) vt = Pvge — Utt = 2 (Upy — Wag) = Weg = w'’ =0
d) w(z) ist von der Form w(z) = Az + B
2. w(z) = Az + B
a) Mit den RB aus 1. = w(z) = 2 +3
b) f(2) = v(@,0) = u(=,0) — w(z) = 22 — 7@
c) g(z) = vi(z,0) = ut(x,0) —we(z) =0
3. Aufgabenstellung neu formulieren
vtt = szzw
v(0,t) =0
a) Neue Aufgabe: v(m,t) =0

v(z,0) = z? — 7z
ut(z,0) =0

b) v(x,t) berechnen
c) u(z,t) =v(z,t) + w(x)

4 Anhang

4.1 Laplace
1. Beide Seiten der Gleichung L(...) = L(y(t)) = Y (s) etc.
2. Die erhaltene Gleichung nach Y (s) auflésen

3. Erneut auf beiden Seiten £71(...) = £71(Y(s)) = y(t) ete.

4.1.1 Beispiel

t
y(t) + 5 ({y(f) sin (V2(t — 7))dr =t
t
1. Y(s) + ﬁﬁ(ofy(-r)sin(\/i(t —7)dr) = %

t
a) ({y(f) sin (V2(t — 7))dr = fx g = L(f *9) = L(f) - L(g)

2
2. Y(s) + % =5 = B =YE+ o) = Y6 = S
1 1 242 s242 2 1
3. L7 (Y(s)) =L 22413y ) T 32(:213) — 352 T 3(s2+43)
sin (V3t)

4. y(t) = 3t+ 5

4.2 Fourier
1. Ist die Funktion periodisch (2.) oder nicht (5.)?

2. Periode p und daraus L bestimmen (p =27 =2L = L = g =)
3. Ist die funktion gerade (even) oder ungerade (odd)?
a) Even: f(z) = f(—x) = By =0
b) Odd: —f(z) = f(—x) = Ag, An = 0
4. Ag, Ap, Bn, bestimmen und einsetzen
5. Das Fourier Integral aufstellen

6. Ist die funktion gerade (even) oder ungerade (odd)?

a) Even: f(z) = f(—z) = B(w) =0, A(w) = % Zof(v) cos (wv)dv

oo
b) Odd: —f(z) = f(—z) = A(w) =0, B(w) = % [ f(=)sin (wv)dv
0
7. Existenz des Fourier Integral iiberpriifen

+oo
J f(@)ldz < o0

—oo

4.2.1 Beispiel
f(z) = x(m — a) for € [0, 7], foda(x) is the 27 periodic extension

1. The function is periodic
2. p=2r=L=m

3. The function is odd Ag, A, =0
L T

4. B, = % J f(z) -sin(BF - z) = % Jz(m — z)sin (nz)dr = ...
e 0

oo

oo _(_1\"
foaa(®) =% ¥ U=CDD) gin (nz) = & 5 Gty sin (25 + Da)
n= i=

4.3 Trigonometry

4.3.1 Sinus und Cosinus

[24 B % % % % i T | 0-Stellen

0° | 30° | 45° | 60° | 90° |180°

sina| 0 | Y J% f% | 0 ler. k-x

cosa | 1 \E,, ﬁ/z % 0 -1 |27 £+k T
tana| 0 \/_% 1 W 0 x| ke
cota| - | 3| 1 ,/53 ® | — | B %-»-k-:r

cos(z) = 3(e” + e)  cosh(z) = 3(e* +e77)
sin(z) = 2(e* — ™) sinh(z) = 1(e® — e77)
€% = cos(2x) +isin(2z) e X = cos(2x) — isin(2z)

=

_ 2cos(z)
68(,(3’,) = m
T 5 i 27 T z i
Ry
. V2-1
sin i 1 2 0 0 0 0
2 T—2 ™ s T—2 T
2k 8 |4 2 |7 |5 | &
sin® 8_152‘/5 % % 0
;4 3m—8 3 3 3 3n—8| 3w 3T
S 32 6 |8 | 4 6 | 8 | 4
cos % |1 |0 |oO v2 12 |0
2 247 s s 24w s
cos S 1 ) 79 “a ] //8
3 _5_ 2 5 _| 4
cos = 5 0 0 55 | 3 0
cos 8+3m | 3w 3 3r 8+3n| 3w 37
32 16 8 4 16 8 4
sin-cos | % i /0 |0 |0 |0 O
735 1 i 1 2
sin” - cos | % 3 0 0 3| 3 0
T 2 4—2 | 1 2
sin - cos = o 3 0 0 0 0
4.3.2 Additionstheoreme und Identitdten
e sin (a £ b) = sin (a) cos (b) £ cos (a) sin (b)
e cos(a £ b) = cos (a)cos (b) F sin (a) sin (b)
___tan (a)Ztan (b) 2 _ l—cos(a) _ _sin(a)
e tan(a+b) = Fi@tan ey’ 20 (5) = Sm(a) = T¥ces (@)
e sin (a)sin (b) = %(cos (a +b) — cos (a — b))

cos (a) cos (b) = %(cos (a + b) + cos (a — b))

e sin (2a) = 2sin (a) cos (a)

e cos (2a) = cos? (a) — sin? (a) = 2cos? (a) — 1 = 1 — 2sin? (a)
e sin (3a) = 3sin (a) — 4sin® a, cos(3a) = 4cos® (a) — 3 cos (a)

3 tan (a)—tan® (a)

e tan (3a) = s tanZ (@)

o sin? (&) = 17e20(@) | (62 (a) = Lteos(a)



4.3.3 Weiteres

ix —ix ix —ix
cos (z) = % und sin (z) = %

sin (nm) = 0 und cos (nw) = (—1)"

1,n = 2k + 1 (ungerade)
o sin (5f) = —1,n = 2k + 3 (ungerade)
0,n = 2k (bzw.n : gerade)
—1,ngerade
0, nungerade

sin(372”')sin(%):{

4.4 Hyperbolische Funktionen
e cosh (z) = % und sinh (z) = #
e arcosh(z) = In (z + v/z2 — 1) und arsinh(z) = In (z + V2 + 1)
sinh (z) _ eT—e™ %
cosh (z) = exTfe—=x

e tanh (z) = und artanh(z) = % In ( }t:)
4.5 Wichtige Integrale

+L { 0,n#m

J cos (T z)cos (I z)de = L,n=m3#0
_ 2L, n=m=0

+L 0O,n#m
o [ sin(%Tz)sin (LT a)de = L,n=m#0
L 0O,n=m=20

4L
o [ sin(%fz)cos (" x)dz =0

—L
. f  cos (nx)de = cos (7L1})+1:L2(L' sin (nz) +C

(n222-2) sin (nz)+2n= cos (nx) e

[ @2 cos (nz)de =
n

o [ asin(ne)de = sin(nz)fr;na: cos (nz) |

[ 22 sin (na)de = (2—71212) cos (nz)+2nz sin (nx) +C
n

1 —
o [ 722 dx = arctan(z) + C

4L
o [ e "% cos(wa)dx =

PR | S—
w2 fw?

+oo “+oo
o J S@ut-ade= T @)

5 D’alembert with o

Ut = Ugg => c =1
cos (z), |z| < 27

ue,0) = @) = { o3l

0,|z| <27
wr(e,0) = o) = { 027 S 27,

5.1 Find (0, )
x+ct
. u(z,t):%(f(z«kct)«kf(zfct))«k%c [ g(r)dr mit c =1
z—ct
o u(0,7) = 2(f(m) + f(=7) + % }r g(r)dT mitz =0 < 2m, t =7
e u(0,7) = %(CDS (7) + cos (—m)) = —1
5.2 Find lim u(a,a)
a— oo

o lim u(a,a) = lim $(f(2a) - £(0)) + %(?’To@zr +J e

6 Special Case Wave Equation

Find the solution of following wave equation with homogeneous Neumann
conditions (= the derivative uy, on the boundary is zero):

’U,tt:CQ’U,zx z € [0,7],t >0
ugz(0,t) =ug(m,t) =0 t>0

u(z,0) = 1+ cos (4x) z € [0, 7]
ut(z,0) =3 z € [0, 7]

u = u(z,t) s.t.

Use the method of separation of variables, showing all the steps.

F'(z) = kF(z)
{ G(t) = k2G(t)

2. Nontrivial solutions = the homogeneous Neumann conditions imply

uz(0,t) = F/(0)G(t) =0= F'(0)=0 t>0
{ ug(m,t) = F'(m)G(t) =0= F'(nr) =0 t>0

3. We have obtained a well-defined initial value problem for F = F(z):

{ F''(z) = kF ()
F'(0) = F'(x) =0

4. k>0
o F(z) = AeVE® | BeVke
o F'(z) = VE(AeVE® _ BeVFa)
o F/(0) = VEk(A — B)
o F/(n) = VE(AeVE™ — Be=VET)

e No nontrivial solutions!

5 k=0
e F(z) = Az + B
e F/(z) =B
e F/(0) =B
o F/(t) =B
e Fo(z) =B
6. k < O0:

e F(z) = Acos(v/—kz) + Bsin (vV—kz)
o F/(z) = VEk(—Asin (vV—Fkx) + B cos (vV—Fkz))

e F'(0) =+/—kB
o F'(m) = V/—k(—Asin (vV—Fkn) + Bcos (vV—Fkm))
e for k = —n? = F(z) = By, cos (nz)

7. Solve G(t) for the values k = 0 and k = —n?
e k=0= Go(t) =Ct+ D
o k=-—n? = G,(t) = Cp cos (cnt) + Dy, sin (cnt)
8. With superposition we get
)
u(z,t) = Fo(z)Go(t) + > Fn(x)Gn(t)
n=1
9. Renaming the constants we get
oo
u(z,t) = Apt + Bo + > (An cos (cnt) + By, sin (cnt)) cos (nx)
n=1
10. The time derivative is
)
ug(xz,t) = Ag + >, cn(—Ay sin (ent) + By, cos (ent)) cos (nzx)
n=1
11. Now we have to find these constants by imposing the initial conditions
oo
u(z,0) =14 cos(4z) = Bg+ Y. Apncosnz Bp=1, Ay =1
n=1

3

oo
ut(x,0) =3 = Ag+ > cnBjycos(nz) Ag
n=1

12. The final solution is
u(z,t) = 3t + 1 + cos (4ct) cos (4x)

7 Laplace Equation and Maximum Principle

Consider the solution of the following Laplace problem on a disk Dy centered
in the origin, of radius R > 0:

@.9) { V2u =0 inDp
u = u(z,y) s.t = R 2 2 .
u = 26R2 (z“ —y*) indDp

Find the unique R > 0 such that the maximum of u on the disk is 7:
maX(z,y)eDRu(z, y)=m
1. Find the maximum of z2 — y2 in the region z? + y2 = R?
2. 22 — y2 = R?(cos? () — sin? (¢)) = R? cos (2¢)

3. The maximum is R? = R? = 22 — y2
R
4. In umax = ™ = 28R2 R2=n

5. ¢! =27 = R =In(2n)

8 Heat Equation via Fourier Transform
Remember that the solution of the heat equation

u¢:c2czw zER,t>0
u(z,0) = f(z) x€R

has Fourier transform
~ 2,,2
A(w, t) = flw)e Tt

For some particular cases of f, this 4 can be recognised as the Fourier trans-
form of some function, and the original solution u = u(xz, t) can be found.
Find the solution u = u(z, t) of the following:

uf,:cz'u,—”c z €R,t>0
u(z,0) =e 27 z €R
— 2
—ax2 1 —e . 1
axr® — — 1
1. e = \/%e 4a in this case a = 5

2
—w 2.2 w2l 2
2. Az, t)=e 2 e" Wt =T (3+e™t) (still a gaussian)

3. For some a > 0 we want
1

1 2 1
142 =L =1
3 te da 7 T 3440y

4. u(z,t) = F ' (a(z, t)) = F L (eiwz(%JrCQt))
2

w? 2 L
=+2aF ! \/%E_H = V2ae— 97" — ﬁe 2+4c2t
a V c

9 PDE with Fourier Transform

Find the solution uw = wu(z,t) of the following equation using the Fourier
transform:

Uy +ur +u=0 z€E€R,t>0
u(x,0) = f(x) r € R

1. Take the Fourier transform with respect to the x variable of the PDE
and the initial condition and transform them into an ODE.

2. Solve the ODE

3. Take the inverse Fourier transform of the solution of the ODE to find
the solution of the PDE

1. Transform into ODE
a) F(ug +ut +u) = Flug) + F(ug) + F(u) =0
b) Flug) = iwi(w,t), Flut) = La(w,t), Flu) =i(w,t)

o) | Za(w,t) = a(w, t)(—iw — 1)

2. Solve the ODE:
a) a(w,t) = A(w)e tlw+D)

b) @(w,0) = f(w) = A(w) = f(w)



c) t(w,t) = f'(w)e_t(i“’"'l) = e tpe Wt

3. Inverse Fourier Transform

a) FH(a(w, 1) = u(z, ) = = j; a(w, t)e' T dw

b) = A= _Z et fw)e’ e dw = _"f e tf(w)e* (@D dw
) = | FTHT e dw = FTUFE )@ - 1

d) =ef(@—1)

4. | u(z,t) =e tf(z —1t)

10 Fourier Series 1

Compute the real Fourier series of the function f(z) = sin (5"TT ) +cos (4’2—" )+
|z| on the interval [—L, L]. Where |z| is the absolute value of z.

1. The first two terms have already the form of a Fourier series, so we don’t
need to compute their coefficients.

2. The function |z| is even = by, =0

oo
3. |z| =ap + X ancos(%z)
n=1

L
4 ao—%f\x\dw:%L
0
2 b n 2L n
— s —
5. ap = f({xcos(Tx)dac = m((—l) —1)

0 n = 2j
6 an=9 _4L L, —9j41

L

STy €08 ( (2]‘-21)-” x)

o0
7. f(z) = sin (222) + cos (422) 4 L _Eo (2],;*1

11 Fourier Series 2

Solve the following integral equation using the Fourier transform
o
f@)=V2rg(@)+ [ flz—y)g(y)dy
—o0

where

—2y >0
_f ey
g(y)f{o, v <0

1. Fourier on both sides and bring f(w) omn one side

a) F(f(@)) = f(w) and F(g(2)) = §(w)
b) f( T fa- y)g(y)dy) = F(f »9) = VERf(@)3(w)

o) flw) = V2rf(w)g(w) = V2rg(w) = f(w)(1 - vV2rg(w))
2. Solve for f(w)

Flw) = V2mg(w)

T—vVZr5(w)
3. Compute g(w) = m and calculate f(w)
Var—>L1 1
Flw) = ”\/2w(2-{-m) _ ZFiw _ 1
=TT = Thio-T — 114
YT 2 Fiw) T Fiw e

4. Compute f(x)

f(z) = \/% I fw)e'®dw with f(w) = H»%

12 Fourier Series 3
The Fourier series of the 2L-periodic extension of the function
f(g) =2z x€[-L,L)
is given by
S n412L
f(x) :1:721(—1) = sin %z)
Compute the value of the following numerical series
oo (—l)k
Sk+1

k=0
0
(-1)F n=2k+1

3
Il
N
>

1. We chose zg = % = sin (1) = {

2. For the whole equation we get

oo o) k
_ L _ _1y2k+2 __2L _1yk _ 2L (=1)
v =35 = X (=1 T(2k+1 i T,
k=0 k=
3. Solve for 002 <71)k =
W= 2RI P

13 Heat equation with c(t)

Consider the following time-dependent version of the Heat equation on the in-
terval [0, L]. We also impose boundary conditions and we look for a solution
u = u(zx, t) such that

{ ur = (1 4+ tuga z € [0,L],t € [0,00)
u(0,t) =u(L,t) =0 t € [0c0)
u(z,0) = f(x) z € [0, L]

where f is a given function. Assume that the Fourier series of the 2L periodic
odd extension of f is given by
x 2
1@) = 5 ey sin(a)
Find the solution u(z, t) using separation of variable.
1. Ansatz: u(z,t) = F(z)G(t)
2. Einsetzen in u; = (1 + t)uge
a) F(z)G(t) = (1+ t)F" (2)G(t)
b) £ =5l =k keR, k= const
3. Separation: F”/ = Fk und G = (1 + t)Gk
4. Fallunterscheidung:
a) k=0: u(z,t) = 0 = triviale L&sung
b) k> 0: F(z) = AeVE® + Be~VFe = triviale Lésung
c) k< 0:Set k= —p?
F(z) = Asin (pz) + B cos (px)
G(t) = Ce—P? JA+DAt _ Ce—pz(tﬁ—%)
5. Randbedingungen u(0,t) = u(L,t) = 0:
a) u(0,t) = F(0)G(t) =0= F(0)=0= B=0
b) u(L,t) = F(L)G(t) =0 = F(L) =0 = p= 2%

ni 2
¢) Gty = ce” T _ g,

6. Zusammensetzen mit B, = AC:

nw 2 t2
wn(@,t) = FnGn = By sin (2Fa)e” (L) (HF72)

7. Insert the boundary conditions:
= nm X 7\'2 nm
u(z,0) = By, sin (% zx) = sin (2 x
(z,0) nZ:)l n sin (- @) n§1ﬁ+”> in (%)

2

8. Compare the coefficient: = B,, = (817)2
n

x nmy2 2
9. The solution is: u(z,t) = Y -7+

2
7 sin (%Fz)e
n=1

((8+n)

14 MC-Questions

e Find the Laplace transfrom of f(z) = { kastsb

O otherwise
b —st k —sa —sb
:>L{f(ac)}:k:({e dt = Z(e —e )
t,o<t<1
e Find the Laplace transfrom of f(z) = t—21<t<2
0 otherwise
(1—e—*)?
)

= L{f(z)} = Cj)l‘te—“dt + f(t —2)e tdt =

e TO BE DONE!



