
1 Wellengleichung

utt = c2uxx

Separationsansatz: u(x, t) =X(x)T (t)⇒ X′′
X = T̈

T c2 = ↵
1.1 ↵ = 0
1.1.1 ↵ = 0 ⇒ X ′′ = 0

X(x) = Ax +B
X ′(x) = A

1.1.2 ↵ = 0 ⇒ T̈ = 0
T (t) = Ct +D

Ṫ (t) = C
1.2 ↵ > 0
1.2.1 ↵ > 0 ⇒ X ′′ − ↵X = 0

X(x) = Ae√↵x +Be−√↵x

X ′(x) =√↵Ae
√
↵x −√↵Be−√↵x

1.2.2 ↵ > 0 ⇒ T̈ − ↵c2T = 0
T (t) = Cec

√
↵t +De−c√↵t

Ṫ (t) = c√↵Cec
√
↵t − c√c↵De−c√↵t

1.3 ↵ < 0
1.3.1 ↵ < 0 ⇒ X ′′ + ↵X = 0

X(x) = A sin(√↵x) +B cos(√↵x)
X ′(x) =√↵A cos(√↵x) −√↵B sin(√↵x)

1.3.2 ↵ < 0 ⇒ T̈ + ↵c2T = 0
T (t) = C sin(√↵ct) +D cos(√↵ct)

Ṫ (t) =√↵cC cos(√↵ct) −√↵cD sin(√↵ct)

2 Wärmeleitgleichung

ut = c2uxx

Separationsansatz: u(x, t) =X(x)T (t)⇒ X′′
X = Ṫ

T c2 = ↵
2.1 ↵ = 0
2.1.1 ↵ = 0 ⇒ X ′′ = 0

X(x) = Ax +B
X ′(x) = A

2.1.2 ↵ = 0 ⇒ Ṫ = 0
T (t) = C
Ṫ (t) = 0

2.2 ↵ > 0
2.2.1 ↵ > 0 ⇒ X ′′ − ↵X = 0

X(x) = Ae
√
↵x +Be−√↵x

X ′(x) =√↵Ae√↵x −√↵Be−√↵x

2.2.2 ↵ > 0 ⇒ Ṫ − ↵c2T = 0
T (t) = Cec

2↵t

Ṫ (t) = Cc2↵ec
2↵t

2.3 ↵ < 0
2.3.1 ↵ < 0 ⇒ X ′′ + ↵X = 0

X(x) = A sin(√↵x) +B cos(√↵x)
X ′(x) =√↵A cos(√↵x) −√↵B sin(√↵x)

2.3.2 ↵ < 0 ⇒ Ṫ + ↵c2T = 0
T (t) = Ce−c2↵t

Ṫ (t) = −Cc2↵e−c2↵t

3 Laplace-Gleichung

∇2u =�u = ux1x1 + ux2x2 + ...
Ansatz: u(x, t) =X(x)T (t)⇒ X′′

X = −Y ′′
Y = ↵

3.1 ↵ = 0
3.1.1 ↵ = 0 ⇒ X ′′ = 0

X(x) = Ax +B
X ′(x) = A

3.1.2 ↵ = 0 ⇒ Y ′′ = 0
Y (y) = Cy +D

Y ′(y) = C
3.2 ↵ > 0
3.2.1 ↵ > 0 ⇒ X ′′ − ↵X = 0

X(x) = Ae√↵x +Be−√↵x

X ′(x) =√↵Ae√↵x −√↵Be−√↵x

3.2.2 ↵ > 0 ⇒ Y ′′ + ↵Y = 0
Y (y) = A sin(√↵y) +B cos(√↵y)

Y ′(y) =√↵A cos(√↵y) −√↵B sin(√↵y)
3.3 ↵ < 0
3.3.1 ↵ < 0 ⇒ X ′′ + ↵X = 0

X(x) = A sin(√↵x) +B cos(√↵x)
X ′(x) =√↵A cos(√↵x) −√↵B sin(√↵x)

3.3.2 ↵ < 0 ⇒ Y ′′ − ↵Y = 0
Y (y) = Ae√↵y +Be−√↵y

Y ′(y) =√↵Ae√↵y −√↵Be−√↵y
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3.3.3 Anmerkung:

E1e
√
↵y −E1e

−√↵y = E2 sinh(√↵y)
E1e

√
↵y +E1e

−√↵y = E2 cosh(√↵y)
3.4 Allgemeine Lösung der PDE

u(x, y) = [C cosh(kx) +D sinh(kx)][A cos(ky) +B sin(ky)]
3.5 Superposition eines Dirichlet Problem

Lösung für A:

u1(x, y) =�∞n=1An sin(n⇡x
a
) sinh(n⇡(b − y)

a
)

An = 2

a sinh(n⇡ba ) �
a

0
f1(x) sin(n⇡x

a
)dx

Lösung für B:

u2(x, y) =�∞n=1Bn sin(n⇡x
a
) sinh(n⇡y

a
)

Bn = 2

a sinh(n⇡ba ) �
a

0
f2(x) sin(n⇡x

a
)dx

Lösung für C:

u3(x, y) =�∞n=1Cn sinh(n⇡(a − x)
a

) sin(n⇡y
b
)

Cn = 2

b sinh(n⇡ab ) �
b

0
g1(y) sin(n⇡y

b
)dy

Lösung für D:

u4(x, y) =�∞n=1Dn sinh(n⇡x
b
) sin(n⇡y

b
)

Dn = 2

b sinh(n⇡ab ) �
b

0
g2(y) sin(n⇡y

b
)dy

Lösung für A+B+C+D=(*):

u = u1 + u2 + u3 + u4
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