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Solutions Serie 3

1. Find the inverse Laplace transform of the following functions.

a) F (s) =
e−2s

s2 + 4
Solution:

The function

G(s) =
1

s2 + 4

is the Laplace transform of

g(t) =
1

2
sin(2t)

and it’s multiplied by some exponential, thus we can apply the t-shifting theorem
and find

e−2s

s2 + 4
= e−2sG(s) = L(u(t− 2)g(t− 2))(s)

from which

f(t) =
1

2
u(t− 2) sin(2(t− 2)).

b) F (s) =
e−s

(s+ 1)3

Solution:

As before we want to recognize the term multiplied by the exponential as the
Laplace transform of some function. We have

G(s) =
1

s3
, g(t) =

t2

2!

and so by the s-shifting theorem

1

(s+ 1)3
= G(s+ 1) = L(e−tg(t))(s).

So, with h(t) = e−tg(t), using the t-shifting theorem

e−s

(s+ 1)3
= e−sG(s+1) = e−sL(e−tg(t))(s) = e−sL(h(t))(s) = L(u(t−1)h(t−1))(s)

and the final inverse transform is

f(t) = u(t− 1)h(t− 1) = u(t− 1)
e−(t−1)(t− 1)2

2
.
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c) F (s) =
1

s(s2 + 1)

Solution 1:

We can use the properties of the convolution, because we have a product of two
functions we can recognize as Laplace transform of some other functions:

L−1

(
1

s(s2 + 1)

)
= L−1 (L(1)L(sin(t))) = 1 ∗ sin(t) =

t∫
0

sin(τ)d τ = 1− cos(t).

Solution 2:

We can also use the integration property

L

 t∫
0

h(x)d x

 =
1

s
L (h(t)) =⇒ L−1

(
1

s
L(h(t))

)
=

t∫
0

h(x)d x

with h(x) = sin(x) and we get the same result:

L−1

(
1

s(s2 + 1)

)
= L−1

(
1

s
L(sin(t))

)
=

t∫
0

sin(x)d x = 1− cos(t).

d) F (s) =
1

(s2 + 1)2

Solution:

We have, with h(t) = sin(t),

F (s) =
1

(s2 + 1)2
= L(h)L(h)

and therefore
f(t) = L−1(F )(t) = (h ∗ h) (t)

which can be computed explicitly. For this is useful to remind the following trigo-
nometric identity

sin(α) sin(β) =
1

2
(cos(α− β)− cos(α+ β)) (#)

and

(h ∗ h) (t) =
∫ t

0
sin(τ) sin(t− τ)d τ

(#)
=

1

2

t∫
0

cos(2τ − t)− cos(t)d τ =

=
1

2

sin(2τ − t)

2

∣∣∣∣∣
t

0

− 1

2
t cos(t) =

1

2

(
sin(t)

2
− sin(−t)

2

)
− 1

2
t cos(t) =

=
1

2
sin(t)− 1

2
t cos(t) =

1

2
(sin(t)− t cos(t)) .
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e) F (s) =
s

(s2 − 16)2

Solution 1:

We use the differentiation rule L′(f) = −L(tf(t)), so we need to recognise our
function as the derivative of a Laplace transform. In fact:

s

(s2 − 16)2
= −1

2

(
1

s2 − 16

)′

And this function is the Laplace transform of

−1

2

(
1

s2 − 16

)
= −1

8

(
4

s2 − 16

)
= −1

8
(L(sinh(4t))) .

Hence

L−1

(
s

(s2 − 16)2

)
= −1

8
L−1

(
(L(sinh(4t))′

)
=

1

8
t sinh(4t).

Solution 2:

The second solution is to use the integration rule:∫ +∞

s
L(f)(s′) ds′ = L

(
f(t)

t

)
(s)

where our function is L(f). We plug the function into the integral on the left-hand
side of the integral equation. This gives

+∞∫
s

L(f)(s′) ds′ =
+∞∫
s

s′

((s′)2 − 16)2
ds′ = −1

2

(
1

(s′)2 − 16

) ∣∣∣∣+∞

s

=
1

2

(
1

s2 − 16

)
.

According to the integration rule this is equal to the Laplace transform of

1

2

(
1

s2 − 16

)
= L

(
f(t)

t

)
.

But we recognise this as the Laplace transform of:

1

2

(
1

s2 − 16

)
=

1

8

(
4

s2 − 16

)
=

1

8
L(sinh(4t)).

Finally we get

f(t)

t
=

1

8
sinh(4t) ⇔ f(t) =

1

8
t sinh(4t) .

which agrees with the result we found before.
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2. Compute the following convolutions.

a) eat ∗ ebt (a, b ∈ R)

Solution 1 (direct computation):

Let’s first consider the case a ̸= b, in which

eat ∗ ebt =
t∫

0

eaτeb(t−τ) dτ = ebt
t∫

0

e(a−b)τ dτ =
ebt

a− b
e(a−b)τ

∣∣∣∣t
0

=
ebt

a− b
(e(a−b)t − 1) =

eat − ebt

a− b
.

Instead for a = b we have

eat ∗ eat =
t∫

0

eaτea(t−τ)dτ = eat
t∫

0

dτ = t eat.

Solution 2 (Laplace transform):

We can use property (2) of Laplace transform (see theory reminder of serie 3).
Therefore, we get,

eat ∗ ebt = L−1
(
L(eat)L(ebt)

)
= L−1

(
1

s− a
· 1

s− b

)
= L−1

(
1

(s− a)(s− b)

)
Now in the case a ̸= b we use partial fraction decomposition and

1

(s− a)(s− b)
=

1

a− b

(
1

s− a
− 1

s− b

)
=⇒ eat ∗ ebt = eat − ebt

a− b

while in the case a = b

1

(s− a)2
= L

(
teat

)
=⇒ eat ∗ eat = t eat.

b) sin(t) ∗ cos(t)
Solution:

With the following trigonometric identity

sin(α) cos(β) =
1

2
(sin(α+ β) + sin(α− β)) (∗)

we have

sin(t) ∗ cos(t) =
t∫

0

sin(τ) cos(t− τ) dτ
(∗)
=

1

2

t∫
0

sin(t) dτ +
1

2

t∫
0

sin(2τ − t) dτ =

=
1

2
t sin(t)− cos(2τ − t)

4

∣∣∣∣∣
τ=t

τ=0

=
1

2
t sin(t)− 1

4

(
cos������

(t)− cos(−t)
)
=

1

2
t sin(t).
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c) tm ∗ tn, m, n ∈ N
Solution 1 (direct computation - not recommended):

∫ t

0
τm(t− τ)n dτ =

∫ t

0
τm

 n∑
j=0

(
n

j

)
tn−j(−τ)j

 dτ =

=
n∑

j=0

(
n

j

)
(−1)jtn−j

∫ t

0
τm+j dτ =

n∑
j=0

(
n

j

)
(−1)jtn−j · tm+j+1

m+ j + 1
=

= tm+n+1
n∑

j=0

(
n

j

)
(−1)j

m+ j + 1
=

m!n!

(m+ n+ 1)!
tm+n+1.

The last combinatorial identity follows from the identity:(
m+ n

m

)−1

= (m+ n+ 1)

n∑
j=0

(
n

j

)
(−1)j

m+ j + 1
,

which is very hard to prove without knowing there is such kind of expression for the
inverse of the binomial coefficient. That is way this method is not recommended,
as one would probably just stop at second to last step, without finishing the
computation.

Solution 2 (Laplace transform):

L(tm ∗ tn) = L(tm)L(tn) = m!n!

sm+n+2
= L

(
m!n!

(m+ n+ 1)!
tm+n+1

)
=⇒ tm ∗ tn =

m!n!

(m+ n+ 1)!
tm+n+1

3. Find the solution f(t) of the following initial value problem:{
f ′′(t)− a2f(t) = a, t > 0,

f(0) = 2, f ′(0) = a,

where a > 0 is a positive constant.

Solution:

We apply the Laplace transform to the ODE in the initial value problem. We denote
by F = L(f) the Laplace transform of the function f , and we denote the variable in
the new domain by s as usual (so F = F (s)).

The first term to transform is the second derivative f ′′, for which we use the formula:

L(f ′′) = s2F − sf(0)− f ′(0) = s2F − 2s− a.
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The second term gives
L(−a2f) = −a2F.

Using the formula 1) in the Laplace transform table we find the right hand side

L(a) = a

s
.

In conclusion the ODE becomes the following algebraic equation:

s2F − 2s− a− a2F =
a

s
=⇒ F =

a

s(s2 − a2)
+

2s

s2 − a2
+

a

s2 − a2
.

The last step is to take the inverse Laplace transform of F . For the first term we use
the hint and the convolution property (Property 7 on page 17 in the Lecture Notes):

L−1

(
a

s(s2 − a2)

)
= L−1

(
L(1)L(sinh(at))

)
=

∫ t

0
1 · sinh(at′) dt′

=
cosh(at)

a
− cosh(0)

a

=
cosh(at)

a
− 1

a
.

For the second and third term, we use the usual formulas for the Laplace transform.
Therefore we have,

f(t) = L−1(F ) = L−1

(
a

s(s2 − a2)
+

2s

s2 − a2
+

a

s2 − a2

)
= L−1

(
a

s(s2 − a2)

)
+ 2L−1

(
s

s2 − a2

)
+ L−1

(
a

s2 − a2

)
=

cosh(at)

a
− 1

a
+ 2 cosh(at) + sinh(at)

= (2 +
1

a
) cosh(at) + sinh(at)− 1

a
.

Hence,

f(t) = (2 +
1

a
) cosh(at) + sinh(at)− 1

a
.

6 Look at the next page!



4. a) Use the Laplace transform to find the solution of the following initial value pro-
blem: {

y′ = g(t)

y(0) = c

Solution:

Computing the Laplace transform of both sides of the differential equation we get

sY (s)− y(0) = G(s) ⇔ Y (s) =
c

s
+

G(s)

s

To transform back the second summand of the right-hand side we use again the
convolution property:

L−1

(
G(s)

s

)
= L−1

(
1

s

)
∗ L−1 (G(s)) = 1 ∗ g(t) =

t∫
0

g(τ)d τ

from which we get

y(t) = c+

t∫
0

g(τ)d τ

b) Find the solution y : [0,∞) → R of the following integral equation:

y(t) +

t∫
0

y(τ) cosh(t− τ) dτ = t+ et.

Solution:

Let us start by rewriting∫ t

0
y(τ) cosh(t− τ)dτ =

(
y ∗ cosh

)
(t).

Now we apply the Laplace transform on the ODE. The left-hand side is:

L(y) + L(y ∗ cosh(t)) = Y (s) + Y (s)L(cosh(t)) = Y (s) +
s

s2 − 1
Y (s) =

s2 + s− 1

s2 − 1
Y (s)

The right-hand side is:

L(t+ et) =
1

s2
+

1

s− 1
=

s2 + s− 1

s2(s− 1)
.

Setting these expressions equal and solving for Y (s) gives:

Y (s) =
s+ 1

s2
=

1

s
+

1

s2
,

and the solution is the obtained by applying the inverse Laplace transform:

y(t) = 1 + t.

7 Please turn!

https://en.wikipedia.org/wiki/Integral_equation


5. Find the solution f = f(t) of the following initial value problem:{
f ′′(t) + ω2f(t) = ω δ(t− a), t > 0

f(0) = 1, f ′(0) = ω,

where ω, a > 0 are positive constants.

Solution:

We apply the Laplace transform to the ODE in the initial value problem. We denote
by F = L(f) the Laplace transform of the function f , and we denote the variable in
the new domain by s as usual (so F = F (s)).

The first term to transform is the second derivative f ′′, for which we use the formula:

L(f ′′) = s2F − sf(0)− f ′(0) = s2F − s− ω .

Then we have L(ω2f) = ω2F (by linearity) and finally the term in the right-hand side
becomes:

L(ω δ(t− a)) = ωL(δ(t− a)) = ωe−as .

In conclusion the ODE becomes the following algebraic equation:

s2F − s− ω + ω2F = ωe−as =⇒ F =
s

s2 + ω2
+

ω

s2 + ω2
+ e−as · ω

s2 + ω2

We recognise the first and second term as Laplace transforms of cosine and sine, re-
spectively, while for the third term we can use the t-shifting property, and obtain,
applying the inverse Laplace transform:

f = f(t) = L−1(F ) = cos(ωt) + sin(ωt) + u(t− a) sin (ω(t− a)) .
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