D-MAVT Prof. A. lTozzi
D-MATL ETH Ziirich
Analysis 111 Autumn 2024

Solutions Serie 6

1. Let g be the 2L-periodic extensions to R of 22 from [~L, L).

a) Sketch a graph of this function.

Solution:
period:QLA
> g9(z)
-3L —2L —L L 2L 3L

b) Prove that the Fourier series of g is

L2 X412 ,
flx) = 3 + (—1) 3,9 cos (Tx)

n=1

Solution:

g is an even function, so it will have just a,, coefficients. We have

1 1 L?

= — = — 2 = —

ao_zL/g@)d"” L/"’: do =3
—L 0

The other a, coefficients can be either found explicitely by integrating twice by
parts (left to you), or using the following trick.
The b, coefficients of the derivative ¢’ are related to our coefficients by
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From Serie 5 exercice 3 b) we know that that the Fourier coefficient of the function
x are given by

2L
bn(z) = ——(-1)",
(1) = 2% (1)
And using b,(¢") = 2b, () we get
L 2L AL?
n :_71771 ! :_7bn =(-1)"—5—=
an(0) = ~obu(g') = ~ b (x) = (1)
from which .
2 X, 4AL? nm
f(z) = 5 + n:1( 1) 2,3 €08 (Tx)

c) Because g is well-behaved and continuous everywhere, its Fourier series G converge
to it in every point. In particular

L? = g(L) = f(L).
Deduce from this equality the value of the Riemann Zeta function ((s) evaluated

at s =2
+0o0

(@)=Y

n=1

Solution:

From point c)

2 4L2 nm 12 X412
f(L) 3 + nz:l( ) 2,2 08 4 4 3L 202
L? 412 2 L? 2
— =2 )= (r2-=—\)==2
gt =z@ = @=pn 3) 6

2. For a > 0, consider the function cosh(ax) on the interval [—m, 7) and extend it on all
R to a function of period 2.
a) Compute its complex Fourier series.
Solution:

The coefficients of the complex Fourier series are

“on o 2

—T —T

™
1 . 1 ax —ax )
Cn cosh(ax)e™"" dx = — <e+e> e "dr =

:E “4r \ a—in a+in

7 ) ) (a—in)x —(a+in)x
1 (e(a—zn)z+e—(a+ln)m> de — 1 <e e )

—T

:E —

1 eane—imr o e—aweinﬂ e—awe—inw o eawei'mr
a—1mn a+in
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[To proceed remember that /™ = —1, therefore e*™™ = (—1)" ]

1 (e —e o7 1 1 1 2a
=(-1)"— = (—1)"—sinh(an) 5—— =
(=1) 27r< 2 >(a—in+a+in> (=1) o (mr)n2+a2
asinh(am) (—1)"

77 n?+a?

Therefore we obtain complex Fourier series:

a sinh(am) +§ (=)™ oinz
T n?+a?
n=-—oo

b) Use this result to find the value of the following series:

- (-
Zn2+a2 =

n=1

Solution:

The complex Fourier series will be equal to cosh(az) for each x € [—m, 7], or
equivalently:

“+o00

TFCOSh Z 957 Vo € [—ﬂ,ﬂ']. (1)

a smh n? + a2

In particular for g = 0 we obtain something very similar to what we need. Observe
that the right hand side becomes

DI S S S SRS
n2 + a2 ~~ n2+a a2 2 +a2 a2
n=—oo -1 n=-—00 ~—~ n=1

ferm

where S is the sum we wanted to compute. Therefore equation inxyg =0

becomes: )
T

—— = — + 25,

asinh(ar)  a?

from which

1" T 1
S = = - —.
nz::l n?+a? 2asinh(ar) 2a?

. The function f(z) = ’cos % ’ is periodic of period 27.
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a) Compute its Fourier series.

Solution:

The function is even, therefore it will only have a,, coefficients. L = 7, so:

ap = ;ﬂ/ﬂ ‘cos (g)) dr = io/ﬂ‘cos <g)‘ dx

™

where the equality (%) is true because for x in the
cos (%) > 0 is already nonnegative. For the other
formula 2 cos(a) cos(5) = (cos(a + ) + cos(a — f3)):

% /7r ‘cos (g) ‘ cos (nz) dz

(o

T
sin (M) sin <w>

™

Gn

™
0

(2n+ 1)z
2

™

2 / cos (%) cos (na) da
> + cos <(2”;1)$)> da

s

= /cos <§> dw

™
0

*)

interval [0, 7], the function
coefficients we will use the

1 1

m+1 2n—1

>:

(nx)

2
o on+ 1 on —1 .
sin ((2n—51)7r) sin ((2ngl)ﬂ'>
- T 2n +1 + 2n —1 -
2 [/ (-1)" —1)ntt 2
2 Y 2,
T \2n+1 2n—1 T
- 4 (_1)n+1
o 4n?2 -1
Therefore the Fourier series will be:
+o00
9 4 (_1)n+1
; + — Z ﬁ COS

T
n=1

b) Use this result to find the value of the following series:

N~ (=)
9
Z 4n2 —1
n=1
Solution:
4
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The function is continuous everywhere, therefore

x 24X (—1nt!
‘cos(2)‘—7r+7r;4n2_lcos(nx), Vx € R. (2)

In particular choosing the special g = 0 we have
+oo +0o0
2 4 —1)nHt R |
=20y e Y=y
T 7Tn:14n—1 14n—1 4 2

4. Compute the Fourier integral of the function f(x) = e 7%l and use it to compute the

values of the following integral:
/ C(;s(wxg Ao
R w4+

(for each x € R).
Solution:

The function f(z) = e ™l is an even and continuous function, so its Fourier integral
contains only the cosine term and it is equal to the function on each point:

+00
/ A(w) cos(wz) dw = eIl Ve e R. (3)
0

We compute the coefficient A(w):

+00
1 2
Alw) = / f(v) cos(wv) dv = — / e ™ cos(wv) dv =
™ JR ™
0
2 [e™(wsin(wv) — m cos(wv)) e _2 & 2
T w? + 72 o o7 W24 w242

When we insert this result in we obtain that for each z € R:

“+o00

o) o
w? + 72
0
One last observation is that the function in the integral on the left-hand side is an
even function of w, therefore the left-hand side is actually equal to the integral over all
w € R, which is what we need to compute:

cos(wz) , - —nlal Ve e R
]ROJ2+7TQ ’ )
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5. Find the Fourier transform f: F(f) of the following functions:

GZixv -1 S X S 1

o o=

Solution:

0, otherwise

For w # 2 we have

+00 1
9 1 i 1 . 1 ) 1
= — R ix(2—w) de — — — in(2—w)
™ \/%_4 fema \/ﬂ_/le YT Vemie-w L
S (- — i) 21 ) i)
CV27i(2 —w) “Vr i 2-w) %

_\/Esm(?—w)
VT 2—w

z, 0<zx<1
b) f(l‘): —z, —-1<zx<0
0, otherwise.

Solution:

1
1 —wr 1 ) —iwx 1
= — —xe —./C_wadl'—'—x : +/€ wadx _
2 —tw iw iw i
_ k8 /
iw 0 Ciw 1
= L 67 + 1 —iwT . € 1 iwr
or \ iw - (iw)? . W (iw)? .
1 w —iw 1 1 '
= —=(=-° —(1—e") = — (™ -1) ) =
2\ tw w (iw) (iw)
1 sin(w) 2 »
= 2 (oW W -
m( SO gt (e e >>
_ 1 [,sin w) 2 2cos(w) _
2m w w? w2
/2 (cos(w) +wsin(w) — 1
=/ =



