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Solutions Serie 7

1. Discrete Fourier transform (DFT)

Let N =4 and f be a function whose the following values,

fo) =2 f @7;) —0, f (23\7) _6 f (;;3\7;) _

Find the discrete Fourier transform (DFT) of the function f with the numerical values
given above. And write down the finite trigonometric representation of the function f
with the coefficients that you found.

Steps:

1) Find the value of wy.

2) Compute the entries of the matrix MZl using the formula

i[w_jk}.

M~ =
N

3) Use the formula
C=M"F,
T T
where F = [2 0 6 3} to find C = [co 1 ¢ 03]
4) Use Euler’s formula to pass from the finite complex Fourier series
2it

f(t) = co+ cre + cpe? + c3e3?

to the finite trigonometric representation.
Solution:
The measurements (sample values) are given by F = [2 0 6 3]T.

We have N = 4, then

w=wy = 6271'2/N _ em,/Z — 4.

Our goal is to find the vector C = [co c1 C 03]T using the formula

C=M"'F,
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where M~! = £ [w7*]. Since

w Ik = i_jk,
the matrix M~! is given by
w' w® W W 1 1 1 1
1 w’ wTt w™? w3 N e e S
N |w w? w?* v N1 -1 1 -1
w' w3 w b w™ 1 ¢+ -1 —
Therefore by computation we get,
w’ W’ w® w7 (2 1 1 1 1772 11
1 [w® w™t w2 w3 |0 1{1 —¢ -1 4 0 1 [(—-4+3:
p— 71 —_ — —_ - —_ -
C=M"F=3 10 w2 vt owo||6| 72|t -1 1 16| 2 5
w w3 wt w3 1 i -1 —i] |3 —4 — 3i
Hence, the finite complex Fourier series is given by
11 —4+3¢ 4, 5 95 —4—30 4
t) = = P/ / < 24t e 32t_
f(t) A L S

Using Euler’s formula e = cos(z) + i sin(z), we get the finite trigonometric represen-
tation

! (11 — 4 cos(t) — 3sin(t) + 5 cos(2t) — 4 cos(3t) + 3sin(3t))

f(t) = 1
+ — (—4sin(t) + 3cos(t) + 5sin(2t) — 4sin(3t) — 3 cos(3t)) .

. Write out the matrix Mg in terms of wg, expressing each entry as the lowest possible
positive power of wg. You do not need to write wg explicitly.

Do the same for the inverse matrix Mgl.
Solution:

The matrix Mg is given by

fw? w? w® W w® w® w® w7
w? wl w? wd wt Wb Wb W
w0 w? wt Wb WS wld w2 w4
w0 wd wb  w? w2 wl® w8 w2
M = w0 wt WS w!? w6 w20 24 w28
w0 w® wl0 w1l w20 w2 30 35
w0 wb w!?2 wl® w24 w30 36 42
_wo wl ow w2l w2 w3t w2 w49_
Recall
2mi/8
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and w® = (e?7/8)8 = 2 — 1. Therefore, we have w

w6t = (w8)%w = w. We can reduce M as follow

8+n

1 1 1 1 1 1 1 1
1wl w? w o wt w® Wt W
1 w? w* w1 w? wt w
M — 1w wh wl wr W ow? WP
T w1 w1 w1 wt
1w w? W owt w wt W
1wl wt w2 1 wh wt w?
11w’ wh w® w! W w? w!]
The next part was not asked for exercise.
Moreover we have
w2 _ (627”‘/8)2 _ e7ri/2 =,
wd = wlw = 1w,
wt = w?w? =% = —1,
wS = ww = (-1)w = —w,
w® = whw? = (-1)i = —i,
w’ = whw = —iw
1 1 1 1 1 1 1 1 7
1 w 7 w -1 —w -1 —w
1 7 -1 — 1 ) -1 —1
1 w —1 w -1 —iw 1 w
M = 1 -1 1 -1 1 -1 1 -1
1 —w i —w —1 w —1 1w
1 - -1 1 1 - —1 7
11 —w — —w -1 w 1 w |

We can further develop this matrix with the following

F on(G) s (]) = o
w=es = - isin | — ) = —
4 4

Hence, we finally have

1 1 1 1 1 1 1 1
14i —1+i 1 —1—i . 1—
L% v~ 17 7t R
1 i -1 =i 1 i -1 4
1 =14 PR = Y R G i —1—i
M — 2 2 2 Ve
1 -1 1 -1 1 -1 1
—1-i o 1=i 4 14 —1+i
L =5 i+ 5 -1 5 -t 5
1 S -1 i1 i -1 i
1- _:  —1—d 1 —14i 14
_1 72 7 73 1 73 7 7z |

w

9 _

= w". For example w? =
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For Mg I we have

f® wd WO w° w? w? w? wd
W w ! w2 w3 wt wd wb w7
W w2 w?t w b w? w0 12
0 ,,-3 -6 -9 -12 ,-15 ,1-8 , —21
M- — Liw” w w w w w w w
8 8 |wd wt wd wl2 16 =20 24,28
WO Wb w10 w15 20 25 30 35
WO w6 w12 18 w2 30 36 42
w00 w7 w2l 2 g3 42 49
Note that
wl=w"= —w,
therefore
w2 = (67271’1/8)2 6771'1/2 —i,
w3 =wtw ™ = (i) (—iw) = —w,
w = w w2 = (—i)(—i) = -1,
w O =w tw = (=1)(—iw) = iw,
w8 =w % = —1(—i) =1,
w T =w b = i(—iw) = w
Hence, we get
1 1 1 1 1 1 17
1 —w — —w -1 w T —w
1 - -1 1 1 - —1 7
M- 1 —w i —iw -1 w =i dw
8|11 -1 -1 1 -1 1 -1
1 w — w -1 —w ¢ —w
1 1 -1 — 1 ) -1 —
11w 1 w -1 —w -1 —w]

3. Fast Fourier Transform (FFT)

Compute the Fast Fourier Transform (FFT) of the same function given in exercise 1.
Check that you get the same result.

Steps:
1) Find the value of wys, where M = Z.

2) Compute the even and odd coefficients C©) and C© using the formula

(0)

(0) (e)
ce) = [Co ] =M, ', and CO= [%] = M, ')
¢
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3) Find the value of wy.

4) Compute the coefficient ¢ using the formulas for k < M
1
Ccr = 2 (c,(C °) +kac,i)) .
And for the coefficient ¢, with k > M,

Cht-M = 1 (c,(:) — w&kc,(:)) .

We have N =4 and M = N/2 = 2, hence

2mif2 _ mi__ 1

w=wy =€ e

Let us denote F = [ fo fi fo fg]T. Consequently,

©)
© _ % | _n-1go) _ L1 1]{fo]:1[fo+f2}
¢ L@] R R

(e)
© _ | | _np-tge) _ L1 1 f1]:1[f1+f3}
oo [f] e ] -4 0]

For N =4, wy is given by

wy = 627rz/4 _ em/? -

From this, we obtain from the formula

1

CO:2<()+ N(e)>_ < (fo+fo)+=(fi+ f3 :ifo+f1+f2+f3)

(
1 e
= (7 +un'd?) = 3 (30— o) - 5t -
And for the coefficient ¢ with k > M, we get
(

(
1 . .
= Z(fo —ifi — fa+if3)
(

f3)
cr= 5 (7 k) = 5 (500 + 2= 3+ ) = Jo = i+ o= fo)
f3)

)
)
)
)

= %(fo +if1 — fo —if3).

T

1 _ 1/1 1.
=5 (Cgo) - lecge)> D) (2(f0 —f2)+ §Z(f1 -

Using the numerical values given by F = [ fo fi fo fg] = [2 0 6 3]T, we have

11 —4 + 34 ) -4 -3
cn = — CcCl = = = .
0 4’ 1 4 s
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11 4430

5 .
f(®) yER— et 4 Ze%it 4

4

—4 — 37 4
I 2632t.

Using Euler’s formula e = cos(x) + isin(z), we get the finite trigonometric represen-

tation

£(t) = -

T4

i
+
4. LetC=[1 1 0 1]

e Find F using F = M,C.

e Find F using the fast Fourier transform.

Solution:

e (DFT)
We have N = 4, then

w=wnN=e¢€

2mi/N _

(11 — 4 cos(t) — 3sin(t) + 5 cos(2t) — 4 cos(3t) + 3sin(3t))

(—4sin(t) 4+ 3cos(t) + 5sin(2t) — 4sin(3t) — 3 cos(3t)) .

e™i/2 = .

Our goal is to find the vector F = [ fo i fo fg]T using the formula
F =MC,
The matrix My is given by
wg w? wg wg 1 1 1 1
e O el PR
w' w? wh w? 1 — -1 1
Therefore by computation we get,
11 1 1 1 3
FZMC:} i f i 'é: i
1 —i -1 4 1 1
e (FFT)
We have N =4 and M = N/2 = 2, hence
w=wy = e2mi/2 — emi — 1,

We have C = [1 10 1]T Consequently,

(©)
F@:@szﬁ@:F
fi 1
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For N =4, wy is given by

Wy = e27rz/4 _ eﬂ'l/2 -4

From this, we obtain from the formula (3.29) in the Lecture Notes
f — f(o) 4 0 rle) _
0= Jo waO —(Co—i-cl—i-CQ—i-Cg),

fi= f1(0) + wal(e) = (co — c2) +i(c1 — ¢3) = co +icy — co — ics.
And for the coefficient ¢ with k > M, we get
fo= 187 = w £ = (co+e2) — (1 +es) =co—e1 — ea — e,
fs= £ —wn 1 = (co — e2) +i(er — e3) = co + i1 — ez — ics.
]T

Using the numerical values given by C = [1 1 0 1| , we have

f0:37 f1:17 f2:_]-7 f3:].

We have the same result as before.

5. Fast Fourier Transform (FFT)

Let N =4 and f be a function whose the following values,
27 2 2
= —_— = 1 27 = 2‘ —_— = .
=0 r(5) =1 (%) =2 £(5%)-3

Compute the Fast Fourier Transform (FFT) of the function f with the numerical values
given above. And write down the finite trigonometric representation of the function f
with the coefficients that you found.

We have N =4 and M = N/2 = 2, hence
w=wy = e?m’/2 _ e7ri - 1.

Let us denote F = [ fo fi fo fg]T. Consequently,

(o)
© _ [ | — p-tp0 _ 1|1 1][f0]:1[f0+f2}
¢ L@] e R
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For N =4, wy is given by

wy = 627rz/4 _ em/Z — i

From this, we obtain from the formula in exercise 3,
_ Lo 0@y _ L (1 1 _1
=5 (Co + wyey ) =5 (gt )+t fa)) = (ot fitfatfs)
L/ o 1) 1 /1 1. _1 e .
o= (47 +ur'd?) = 5 (U — ) = 3ilh = f2) ) = ;o —ify = o+ i)
And for the coefficient ¢, with k > M, we get

cr= 3 (67— k) = 5 (30 f) = 3R+ 1)) = 1o — i+ fo— o

o= (&7 utd?) = 5 (300 - )+ 3iCh = 1)) = {Uo + ifi — fo— ifo).

Using the numerical values given by F = [ fo fi fo fg} = [0 1 2 3] T, we have
6 3 242 14 21 22 1
WTYTy YTy T Ty Ty Ty 8T T e

Hence, the finite complex Fourier series is given by

3 —ld4i o, 1., —1—i .
) =2 it~ 24t 3zt.
Jt) =5+ —5 e -5+ — e

Using Euler’s formula e = cos(z) + i sin(z), we get the finite trigonometric represen-
tation

ft) = <; - %cos(t) — %sin(t) - %cos(Zt) - %cos(?ni) + ;sin(St)>

1 1 1 1 1
+i (—2 sin(t) + 5 cos(t) — 3 sin(2t) — 3 sin(3t) — 3 cos(3t)> .



