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Goal Introduce persistent homology in an intuitive
manner S highlight its power by
discussing a recent application

Outline

1 Motivation

2 IntroducingPersistent Homology with an example

A glance at a recent application

4 The theory underpinning persistent homology






































































































Data has shape
T
Point cloud data finite

discretesubset

of R

up
L

In low dimensions we can see this but data
is Usually high dimensional for example patient
data to study diseases or in material
sciences






































































































Simplices S Simplicial Complexes

Generalization of a triangle to
n o dims

Gta the
O simplex 1 simplex 2 simplex 3 simplex

Sticking simplices together forms simplicial
complexes

thats
a q

87

A filtration of a simplicial complex K is a

sequence of subcomplexes

K K E KE E K K

e e e s age






































































































Simplicial Homology

1 Assigns an algebraic invariant to simplicial

complexes

Mn Simpcomp Ab NEIN

K A Hack
We work over 22 so Halk is a vector space

Visually Ho of connected comp
H of loops
Hz of voids think Sisphere

i
1 2123 4522 Mo Zz
1 0,020 H Z H o Hoka H 212

Hyon Ha a 42 22 Hyon 2
Hpotn 2






































































































1 Homology is homotopy invariant

Shape of data

I

2 Homology is a functor

X F Y ans Hy
f
s th ly

Critical in constructing barcodes

3 Simplicial Homology is computable

Basically row reduction






































































































Going back to the original problem
the topology of point cloud data

At first glance applying simplicial homology
to point cloud data yields no interesting
results Consider

Ho ZI of points
Mn is trivial In o

Wh

But visually we see a circle so we expect

H Zz
Data Filtered Homology Persistence HisBarco

Simplicial Modules
Complex

Keke ekn Milk Milk't Milk
49 G






































































































From Point Cloud Data to Simplicial Complexes
Consider a simple example with 10 points
Let X denote the data set

o

th o kn o

Let e 0 then we define a simplicial complex
VR X E as follows

The vertices are simply the points
from X
Let denote the simplex spanned

by na an EX Then eVRIX e

iff deni upset i j






































































































In the case of our example

E H X E 22
Ho X E 21,19

H lx EH X E l o kn o
Noise

I 4g

all.it
111114 10144444

Ez
Ho X E ZL e

Ho X E ZH X E ZE
H X E Zl






































































































iii illia
EN

Ho X E Z
H LXEn 0

I I I I s
7
E

Barcode for Ho






































































































i i m a
My

it 114 ftp
dl
th

I 2 3 4 S

Death
s

1351
r

4
12,33

Z

1 BirthI i n i s th's i's1 2 3 4 5
Persistence

Barcode for H Diagram

The short intervals can be interpreted as noise

for example the cycle that is born at E
and dies immediately after at Ea is caused
by the two noisy outliers

On the persistence Diagram values close to

the diagonal are noise








































































































An Application
One of the first results when I looked on arxiv

ago

Transforf

Healthy Infected

Scatter

Plot
earlier
paper
Data set Protien expression data of a certain
kind of cells focusing on 3 protiens in
particular

PersistenceDiagram
Protienexpressionf foreacheach donor

Randomly select pairs of either

Healthy Healthy MxM

Healthy Infected Hxp

Compute the distances of the persistence
diagrams for each pair
Is the distribution of distances for HxH
different than thedistribution for HXP



Healthy Infected

Ho Ho

H H

yuh
Ho H

yup




















Ho H

1 2

Histogram of pair 1 Histogram of pair 2

teams

infected pair 1 Pair 2

Persistent Homology reveals new information













The same analysis but for B cells






































































































Def n simplex Let u v be affinely
independent points in R The n simplex spanned

by Evo y un is the convexhull of these points
Points of the form

N Eti Vi Eli l tieRyo
i O

Generalization of a triangle to
n o dims

tt the
O simplex 1 simplex 2 simplex 3 simplex

Sticking simplices together forms simplicial
complexes

Def Simplicial Complex A simplicial complex is a set K
of vertices S a collectionS of subsetsof K s t

1 u ES tu e k Ure Ynetided

2 Nes and Te Tes faces ofsimplicesin the complex
are in the
complexIMAGE S v31 24vis.EK.us get3a q triangle 4.4.433






































































































Remark One usually also picks an
orientation for each

simplex in a sin licial com lex Ersb uz for ex but
for our purposes the orientation is irrelevant

Def Subcomplex filtration A subcomplex L of
a simplicial complex K is a subset LEK
which is also a simplicial complex
A filtration of K is a sequence of complexes

KE K E KE E K K

e e e s age
Def Chain group Let K be a simplicial complex Then
an n chain is a linear combination of n simplices

C ECiti Ci E22 E K an n simplex

Thoiceof coefficients

G k is the free abelian group generatedby
n chains addition is pointwise

a gogo are C K
s e g K

Remark for coefficients inZa or anyfield G k

is a vector space since it is a free module
basis n simplices in K over a field Zz






































































































Def Boundary homomorphism Define a homomorphism

2 C G by defining it on n simplices

de K and extending linearly
2nd É EIIF.siviremaed10ver
IDEtva vi is

Easy to verify that In O

_ai n
I EouNpgEeYG.ca

G Cen e
Cn O kn 2

en G
ey y Cj Vo V77 4 76o e e e4 e Ea e ly es la ly

I 0 0 0 0 0

I

2 18
e o

24 1 01 10 o o

G O o o 0 0 0 0 0

Us O O O 1 1

8888
Boundary homomorphisms are linear maps






































































































Def Cycles Boundaries Homology Let
Zack kern and Brutality

Since 2,2 1
0 we have B E Z so

H.lk ker

IFy is well defined

tomologyofer Za a quotient vectorspac
1 O O

e
a

pe e Mate 2 v 1 01 10 0 0

0 1 1
I

Check Ker Letestes Este te in22 Leste tey
H se teate Z

Visually Ho of connected comp
H of loops
H of voids think Sisphere

Computing simplicial homology amounts to computing
kernels S images of matrices easy
Row reduction on 2 yields Ziker and Bnf in






















Let XER be a finite discrete subset then

UR X E EVR X Ea Fe ee

VR X E VR X en for some

En 0

Thus VR X E defines a filtration of

simplicial complex

The filtration is finite New simplices are added

only at finitely many times

So given finite point cloud data XER
we have a filtered simplicial complex

Ke KIKE E K

i

iiiiii.is as.ietiiiia



Applying Ha we get

Hackl Hulk s talk
Notation Hulk Hi Zack Zi Bulky B

Def Persistenthomology The pth persistent

Katelyn group of
Ki is

µ is
Zi

cycles ofKi zacki

k ÉdarBikini
of Kith k cycles ofK that are

boundaries in Kitp

H which cycles in K survive in kith no longer
persist

i p m in

o Iii 114 q
ftp.IIIhllift

Hi EH EY since
the loop still persist



Thus calculating persistence groups boils down to
finding a common basis across

Hulk 7Hulk Hulk

Def Persistence Modules Let R be a ring then a

persistence module M is a family of R
modules

M together with homomorphism y Mit Mit fi

A persistence module is of finite type if
FN sit 4 MDM't is an iso for n N

Clearly Hulk Hack 7 Huck is

a persistence module of finite type
Our task is now to somehow classify pers
modules of finite type



Algebra Interlude

Polynomial ring w standard grading Let f be a

field and fit be its polynomial ring then
stand grading F It En Fi Fi Ft

at Btm apt e FamClearly
E Tm



Important for us Let M be a fin gen graded
FEET module then m

ME FELT to EFFIE
where Fit denotes an a shift upward
in the gradatation ri ri nj e Z

this is completely analogous to the non gradedcase

Let M be a fin gen R module over a PID
R then

ME Rn E Yr
In particular if R Z then we havethe familiar

theorem for fin gen abelian groups

G E Z ÉMn



Correspondence

Theorem Let Me Mi y be a persistencemodule

of finite type then Hulk
LCM IOM endowed with

t.cm mim3 m 10,49m9,4 mDY'CmY YYmny

E m9m im o o 949m01 Y Y m 977mn

is a finitely generated non neg graded
REET mod

establishes a equivalence of categories

f yfinGradRi

The StructureTheorem then delivers a classification
but only when R is a field In the case of
Z for example ZEE is not a PID and
we have no structure theorem for fin gen
modules over general rings
However if we work over a field F like22

x M E DIE Fit O g YFEE



i

ay my id

if 144 É I lo 2 3 4
Barcode H 8 birth time

Y ji z thy death time

Y I EFEE
0 1 2 3 4

Eft
Applying t misapplying fi HICK

HCKY

in Ftt to M HICK fi

EFE m
dies in K

applying
t once

takes me to 0
Mod t



M alk

f H CK 7 H KY as E FEE
f l 7 0 Same as applying t

dies in K in 4M but this goesto
0 mod t

In particular we can read off the barcode

i
of the form the form
di x Oj 8jtnj

669


