An Introduction to Persistent Homology

Siddharth Setlur

ETH Zurich

April 4, 2022

Siddharth Setlur (ETH Ziirich) An Introduction to Persistent Homology April 4, 2022 1/5



ZUCMAP

%UQMQJF.QJ“M%. a5
E\/@Vé Moﬂd)aa — ]& ]5 H(‘h (71 3

Net Week = Tn Do Lock
P’m]Sf (& I,r\Poch )\)eomﬁ MQ]Lwefks



Goal: Latrodyce Per&b*eﬁ Momolo&\ 0 an Inuitive.
MNer S hiamal/d s loowew éé
OQl'ScUss\'r\% O. fecent- o\,\o‘g\imﬂm.

Dfm{ NG

1) Mokuokon
9) Totrehicin o Persideot Hondkegy o a0 eJenple
@ A ?)\cm ce  of O YeCent 0\\9\9\,\\(,03‘\\5’\

LD The theor 4 U/\dlerlo?m{(\g }Jemis}erﬁr IAomo}om



’Do\\‘Q, h@s BV\QVQ :

/\/\,—/' | ¥
Y aite Jasec e yhe
Ft»(t\* ¢ loud doto— G X (R)‘)\

[ ]
® ®
’ . wi £

g

.....
[ ]
o ©®
[

o
B

Ir\ Locsy dimengiony wWe  n ‘%Qe_(' J(\,\{3) %u’f olatot

9 \)Buaﬁ% hinh dives aned, | For ‘QM\MT)LL )rm+n‘~en1‘
CXCA'\'O\ AT0 S)YU 3 d(SQou:s{) Qv r|r\ r"\&"\e,v{aQ
SQANRY.



Smhghm O S;mknc:aQ Cmr\%

G]Q(\Qrd.ﬁl'ic&l&(\ T% CL +F|aﬂ ]g "ka N2 O &‘MS

Y

0- almla ey 1- S'M)qk)c A9 VVlex 3- Sm’?’f)c
‘\@r]clxiz\g“ %‘m‘p\kcs Jrocz)d(\f\er LTS BIMV\‘U‘RQ

om! F/ exeJ

Vo Ve
\,S
Y “2
Vs

A by oF Co S\Mkl\(_c& Cmvhx Y N o
Se‘}umte of &chomw{x&)

KC}(CKC ,-QK‘EK

] e N e A<Je A



) olo

D\)tﬁ‘\a\g an &chz)ebm}c, 'W\U(Nian‘} Yo SNkllcla,Q,
OomVlexe_j |
"o SmpComp—Ab nel,,
¢ —> U (W)

e worle Over 2/%/ 30 \“\D(Y\) % ﬁ)’att |

\/u'audla M= FF ol “Eonnq”c"r«acﬁ w«r
M, = # % oo ps ) ,
H o=t i Voidy  (think S)A)Anem) :

4 \



D\Y&O‘V\O\O‘B\% ly \\B\\no\‘ohgg 10yar ant
— g\/\«\oe. of  dabo.

Qf: %A

omole \ Une For
9 8{% j o Junch .
Ko7 el — 1Y)
)S ‘—DCVIQT '\Caje\ n CO)\%*ML{:\I\B bo.\r(;o&g
5 '\M}f\i ool Homalooy, 15 combrobL
- &é?(aﬂ;}] (OW fﬁ:dhf\




C?to\'r\é back to the ori ca\'ﬂﬁ& )rfoblem -
The ’roko(eaxa Bz Pm‘n’r clood et

J\‘r s;itslr lance | appblain Sim}’ln‘ciag homo(o
'\b )ﬂoin’f Cié)u('l éod‘f.k aﬂa .'%,Qch no ‘mhre&iffw}%

resol® . Coasi devr ,
H°= ,Z;(# t'z }avm,'s)

o Ho B ddvidd Y00

o’ L ee
.
o 0%

.
.

. .,

®e 1

@uﬂ' Uhooﬂa e ee CL c\tclq/ SO W tk}o«:f-

Hl = Z;L l %E‘\ .
Fi\ljrefgt'l Homolos ?ersis\mte LN g"‘mﬂt
DO‘*“— >, %\N\)ﬂ\ltiefﬂ L 3 MO(ﬂ,U\Q) /
Qﬂ'y\{)( 0)\ H K\)&; Y (K.r\
S e MR- HIKY

97 D



from Poin)’ Cl‘)u(‘& ®m+a Yo &Mk,fu'(x.Q CGMPL(')@
Consfer‘ a SEMVQ Qz(o,v»’v?]e UJJH/\ ) }oo‘\n'i“é .
)\&JY >< &Qnofe )ﬂ«o. (i(ﬁcx sef -

=)

Hn=O Unso.

10

LQ\L €>O)'ﬂ\en We gw?ne Ce %.\Mk])‘cf&g Qon{x
\}Q(,X, ‘?.) ds Followy

@T]'LQ, yerticeS  Qre sl The laofnt
?(om X Fé

@ ket & dunole oo Sluplc gfpned
l’a Sk ... "L,:i eX. Then OJQVQ(X,EJ

A )< i



A0 the (ade D¥ oof xample

opdo
T
OLO
Ot |
) ! HNE)= 2
H (.X €|) = 22) ? * T
M (X ) =(o Un>o H‘%\}X,‘ft‘) =)
s
a
25
i (% &)= 2.
M Lk e) = 7 (% )= 2,



\ 7/ W"\“ i
gy

w{r 0




U

\\E g

Gorcode Tor H( Wogrm

/ﬂ'l,e Shorjr }rﬁemﬂs can (92 ‘\(\herkrﬁed cQ (lO\'se-

Fw RXOM \e ﬂme Lycle '\,\/\0\\' ib 1)0«4 ot Q:
onad  dlids lmm?ol{aﬂ% ather ot 9_9\){5 caused

5;) he Two f\ou's7 ovtliers
D/\ 'n/(_l Y{,ﬁl‘b*‘ﬁnCQ rD\\C‘A YQV\’\/ V“-'QUQJ C\D(),Q '\“0
T &"O\DOM& e sz



| J\n Avdicodion |
De of fhe Yirst (eSO, thnen L dookeed on QY ~

Determining clinically relevant features in cytometry data a£ 3
using persistent homology

Soham Mukherjee!"®, Darren Wethington®*?, Tamal K. Dey!, Jayajit Das?345"

St A (Hu&ﬂ/\} i Tolected

CD38

CD38

SRS
© }:& o -
D A S(’;\' - (P{ o\)\ 20 Q)(V(QSB\ N %\O\ W Cer*ﬂ‘lﬂ

i1 o bxr cllly - rous‘\(\z) NS Fro‘\iQr\s 0

PO\‘"HCULON‘ . p—
T o Persistence. Db
fotien *Q)(Y’QSS\D/\ Fram {0 endn Aoy o0

{Cl.d/\ &b/\of'

>

—) QCN\&OM\;) SQ,Q,Q(‘;\' ra‘\ ls D& 'Q('hl\ef‘
.He&ma-wam - Y H
Mot = Libected = U T

a(pMWre N distonces of s }ffrsfs)fﬁnce,
d_‘\o,ca(aw\s 'P-br .Qacbt Ya'nl‘

s A Qistabotion Q AisYances for HxH
7(‘}??‘%0,7‘-2{\'} ‘Y’Aan %\2_ grSi(llbu“‘fz)l\ ke HX'P’Z






A .U

2510
£’
- |
= 15 .
g b
c ‘...‘ LA
o 0‘5 ° ” .. ::...O
8 000'0 .' .
g 0 pn o"'.é.
3P L
505

-1L "

0 1 2 3 4 5 6

I-l Wasserstein Distance . 1°

«10* H\s\‘o@mm QQ' Ymr 1

0 |-
/ & 0 1 2 3 4 5
<\< 63((1 T-bet Expression «10%
‘\v ?Our
E
%10°
2.
g,
<
o -
10
«10* 5 4
)(‘104
Eomes

Parsishent “omolaay [ QUQQ%

s . M
3 15 .
v .
§ 1 . L . ..'
= * :5. ¢ - *
£ 0.5 ® .o S .g’:¥'.= .:
8 * o .\ 0'. : *
g8 ° - L9
g-o.s' .
-1t
0 0.5 1 15
H, Wasserstein Distance . 1o*
HGS‘\‘oaqu ot hml‘ (;L
2 i
15
1
05
0,
0 1 2 3 4
T-bet Expression «10*
F P(Il[ —)\,
10°
3
2
™~
©o
€ 1
0.
20
.10 10 A 4
a0 ot .10*
Eomes 0 o

Thet

New  Tnneadiyn |



3

>

Difference in Mean PD-1

:

0.7r

06

0.

0

0

0

0.

TCF-1

5 }

4

3

2]

1 !

10

§ . B

g &

B
. 2000 .
“ 01000, . *
* e . . [+ ¥ 2 % ®
O.' - .‘.' c . o '~ .. .
..... ' 8 . i v
{:é:rg) = 0 *s 3,:5_-; e’ @
:. o‘ -o. E . ‘. ‘.. .l o'
0 W3 * o VT .
AR 8 -1000 KRR
: g . ®
. & 2000 ', .
o
- ’ -3000 - :
0 0.5 1 1.5 2 1 2 3 4
H, Wasserstein Distance . 1o’ H, Wasserstein Distance . 1o*
D
06
05
04
03
0.2
0.1
J 0» J
-6 -4 -2 0 2 4 6 -6 -4 -2 0 2 4 6
PD-1 Expression PD-1 Expression
F
10
-
-
0. _
PD-1 10 5 5y 0
CXCRS PD-1 - CXCR5



De? (f\ S\M&Oltx) Lot iv \/f)g be a¥¥10613

l(\dLPQf\dm‘r ‘Ooxfﬁrs \A R The n- &m}alu N annfd
17\3 ?Vo .- \/% N 'h'\e_ C ohuex \’lUlI % ‘n/\@'Q FQ\‘\'}S-

Vonjfs gr Hﬂg%”"\‘
: /\v 7=l N €My,

M,
Gwer\eraﬁlm%m % o erm to ny 0 AW

. b ¢

0- 'o'-mlgky 1- s-M)p\Qc A-S VV\QX -SmP/f)(
\\g‘}'tclﬁi(\g“ %‘\N\V\I‘QLS “\'D%Q,J(‘/\Q\F gr\brlv\.S B:M#?h‘u“kﬁ

N Fl xS

DQ ( W\t\luaﬂ (DmV(Qk} A BlMY\lclaQ CQMVI{)( \b & vef K
52) verticey Q) On & Mactivn 3 % byt 52 Kooste
J3ieS ¥uek st Lig
D) eS ond T DT @f%‘%ﬂg‘,i‘l/%f

Ve Qre_ N\

A 350, sl v
M “3 i g{f v, ./?’ﬁ 33‘5

Vs,




&M&i‘- O(\Q USuo»QfZ{] Q,Qso }m'cks o orieahhb/\ ¥of‘ Qoch
BiM%y\Q.Y oo s il com ley U:Vs, vy, Uz ) for €\<,>/éd
?or Dor }/orFDmS %\e oyig(\}ajﬂ'of\ {3 (rreQQ\nn“}«

T_D& (Sdbcam]v(ay / ?fum\‘(w\) J\ &)L’)Qowﬂf)\ﬁx L 0*}

o S]MF\ic‘\&Q kal()c K s o sobsel L <K

(U\I\I‘c‘/\ 5 oo SiM,I?ll'cn'wQ CM}"Q\(.

\A ?(Hm‘rfar\ bz K, (y o BQ"/UQ!I\CQ Q cw}vl{xes‘-
Kog K’QKLg_'«—*gK,A‘K

¢ / @A‘QMQW

De?(c\m\n Dm‘p)'- Lt L be a g?th‘u‘o& COM\?(()( Then
cin Nn- C,‘/\odr\ 1 »Ql.(\eaj‘ COM()l‘I\Q‘hb(\ 0? (\‘S\.Mk(ffaf
C:ZC_LOJC , G € '8/2, =l € K an "'Si“k,{k

Cholce ? C’D&“\‘c{et\hl
Cq (K) 5 The \;\%e obelian %Vbu]o Cbenero:\ed (96
- C‘/\Qf(\S (acg&l‘\'l‘e‘\ 'S Vo;t\"“w:o&‘).

A/A G\H%QC,CK)
_ Tomeq (W)
QZeM: Szor COQW&('@/U[) 0\ ?[1 ‘(Of W\a X;fe,lo{) C,\(K)

. . /
15 O \)e_c'fov Shace. | Since ukf 1y O~ g[‘kz Mw@ﬂ,l)({

Lk&%{g V\-%iﬂb\fcej ~lf\/ K) pUer & ¥‘¢Q& %\.



Dﬂ.? (EOU‘\C&GT V\ON\O\V\Of kLlSN’S DQ N2 \/\OMOMof}ah'gM
9 C, 3 C, CJLC{)H\\Ma \\‘ W n B\MFl)cg
°“) S K ond *‘2)<+€'\£&\ (\C(’) N (\Q(}x l\\,)

O = Zu)[ Vi Vo

"

0 (- l}smlgmc ot V- remoued

Z-L) o
ZL°’ AT ]
Fasy u@,v;?a Mot Y, = O

( Over

—C—5----
-
5 oo Chah @m}’er
C:0¥nyL
n
C— G
¢ vy e & ¢ ¢ e, 0 Q (
v, ‘1100000
) =¢/0 v|o 112000 0} 9=0
+ & 0 v |4 01100 0} ©
Gl D 3 oo O}/
Qﬁ O ) lV¢1 o 000 "L
¢\ 1 \/5@001’]_00
§1) w888t
4 v, \0 O
’+
gbu(\&(m} \'\QN\DN\W\O\I\\N\I\B ore Naear \N\Q\VS '



D%(C']cfa, Eouncﬁavi%/ HI)Mo[ocaa} et
ZOCK)= ker)n andk 6,\(M

ﬁo\k\olﬂr ;(_)

C,Zc,(&3
gir\ce DO'QMI =) we have (S(\ C Zr) S0

H,,(K)*- )WD}’%"/ ‘s well defined
M0

WM day ba

|
\——-V\_’—ﬂ—-
Homo\@ca? — bHver z)\ o\ clugh'on)r Uﬁc{‘or SraCQ-
e 6 ¢ Qe e ¢
v V., \’:‘1{1?0805066* ra:e(o
. v, %o v[0o 11000 0 gugzg
S - o 3
./ \& ” 69'v$4_01'10(090 J 8
v e 3 1 4 1
' k ulo 0o 410 ¢\ 1
C Y V.| o Ooo’l’li t
Uy \0 000 01

C‘ﬂeck‘. luz,rg| = <€,+€z+13/ ‘e_slf€6+€.+‘7/ \N\Dg: <Qs+€e"€7>

= M =<eretey =,

\/n'aquULa . Hoi + 52) uéonnq':;’\‘qcﬂ Cmr
H' = :H: UA 00?3 , )
HL T % Voidy  (Think Sﬁ}hefz) :

%OM}%U*\A S‘MF‘\CI&Q ll\ow\glt)oota O\\(Vld)ﬂE *0 [QM%U‘)'I\na
Yernedy 7 8y 1090 D& Medrices — e(LSZf ‘
—)QO\M reducton  on (Qn 7|8[(‘1§ Zn: kerréﬂ and. BIH:”V’B,.-,



Ld— X(’:TR“ be o Q\lm‘)re/ OQ\‘&cre‘)le &)b&e'\)’ﬂqeni
DuRlle) s (X <) ¥z <e,

@ \/Q(XI Q): \)QQ@ 2N> he some.
2M>0
Thug \/Q,(Xl 9,> defines o lndion oF
S‘M}ﬂ]fc;(bQ COMWLX :
The i lrockion v Bode . New s\‘m)o\\‘cgs ore. achled
QI\l‘a ot %I\ﬂ‘elaa Wlm’\\é Himey.

SO %i\l{’,ﬂ %\H‘e FO;[\\' 0[0001 dlCd‘CL XC_-»(IR‘\
wWe  have o Tilterd sml/\fu‘aQ COMW{)(

0 2
el 'cl <o\




J\WO‘V\ e cygr
H(K) — Y (K)—---— 1 ()
Nebation: M, ()= Ky z(K)z 6[)6

(?QXS\&*Q(\*‘ homolo ) The ]a VQrs\s’rerﬁ
)fromo %r ou\g FL \L s -

K- cqceles K Z([{
PL 2% ! OZ) )

—
-

- AN
k- l)QW\dGY'IQ b .

‘P k-coc\e ¥ Phot c»fe
QX( bozn(q;wj.z; cn ‘K,L

ME - w\l\uoj\/\ C_cZ(,(Qs ) K L g ){lo r‘\ozrf:;r\‘r

e

‘hne_ zeooP n amsii}s.



Thos cledaling persivence o bols down Fo

?'\ﬂcﬂ:f\a oY Commen  bodis Bcres) ,,
H ) D W K) - = R,

De? (?Q(B\'bjﬁ(’,‘\(.e Nocou\%) Let R be o rif\c(), Then  aC
]Qersiﬂcr\(e Medule M7 15w ¥amil7 3 K -modoles

.

M *oci)dker with howwmor)gl,\im N Mi—% MM’VL(
A Q?ers\‘ﬂel\c@ nedole s o Tade )'3'% L

3N s LPnll\’\“-/))/\ﬂr\ 15 an 130 e a2 N,
Clea(l(»} HLLI(")——?Hn()(')ﬂ———f—)HK(m (>
O Y;mfﬁ%w Modlule DZ; ke *3\0{-

OO*F '\QSLL .\b N\ow JYD Some how Cl&%%ﬁé })ﬁﬁ-

modo\e>  of Viaite vas\oc_



A,%brm T.c\)\erQu de
\00(7(\'0M|0LQ “\8 ardarol od\(\ )\ejr F Q)e VY
Pild oad  FLOE) b@ z ol nomial Mé)’ hen
Stand. %rodub FLE)-= F Fet

LeN

Cleael, %Eég.““ﬂﬁ " e Sum




IM orlant gov AR Le{‘ M b giz;(\- m‘&e&
F {.3"N\00LJ\{ ) h’\Qﬂ . ﬁ{m %

W%

Mz prirme ®T TR

‘“\”rm 7()( Fit) denokes on oL - STt UVWOWL
N Y %)mdlox’ro\’ﬁ\m\) %L‘/X,)'/Y\()ei/

ﬂ'ﬁs N Comkle’rdé Okﬂc&&%@us Yo Tha non f()wtdad Code’
let M b o S‘r'u\.cam. R-medole. ouer o PED
R/ ﬂ’\ﬁﬂ M

Mz @ © %

Il\ aﬂa\erlo\r I¥ Q: }2’/ ‘hqen we \raue'h/m ?avvn'hw
Theorem PDF gl:f\ %Q(\. OL(D{);G\O (bﬁou}as

X D DY
&:?ﬁ@b@/@



Cbmsefmopmcg

W\eomm L@L ‘,)VL (M &P ) be oo }jer%o\‘Qt\cc module
bz) ?m be 3\0{ heo ) O H (K&

&(J’Q OM @dmol w
(oo, o ) = (0,80 () £07).., )
(M/M, ) = (e, 0, 29°n°) ¢ F'(m) 7"7"“()
R AARES

;D 1[ln\’\TQl O-Qr\ede‘ecﬂ non necz) amde
eah(;lu;\/\es OC Q?Uluqfeme COU}QDOWQ

Ey—

The  Shodhre A‘“’-ONW\ Men Selivers o claay {\\co\\w\
bt wly when R s o Bdd T T coxe 5?)
g Foc QKQMV«Q %LQ N f\o* o PID o

we have o B’kfucjup@ )(\r\eor{w\ Tor Pl 6—(

\\/\g&u Quae Y !2."\2(0\9\ Vi
HQUJQN%Y‘ \? m(é worl ouer G QLQQX F (Wte g).‘

(ML) = @Z L) © @Z“’L*



@)Grco
) |‘.—3 ~ 7. +n;\§ < deadh Yime .
e Z T
o 1 L 3 ¢ 7 /C—‘
shep
63
Ninn & g P U
mkaFLBtB AAAAD ‘AKP]()\(\;) P- Hi(KB_’B Hl(,K’l)
o M=(HK), )

7 FOb)
/f, > diey  ia KFL
()_lea;q t once |

’rahQ%MQ to O
CMO& b)



J 3 A () SFLE)
Pl (K H R e B2
)20 Alame o) offlyng b
cliex \n )CL R O(UQ Bukgm? 0 E

O (med] ﬁ)

lﬂ xﬂar)n‘ cJar we Con f ead? o?? %\e ()Of e
o D *; " & =7 6]
M* ®T Ftﬂ®b@z %

ml]dev?yoe:% (\‘H//:p__ I/\g;\/ud_; ot
LOL Q) L3, %;10,)

(5 67



