Signals and Systems |l Videos

Introduction to Modeling



Why modelling?
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Ly(t) = Cz(t) + Du(t) AeR
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* Predict future evolution LIWERF (Xl«‘)j Wi “n
= Determine properties U/ C eRP
= Steer using inputs, ... LInerl SYSTEM .



Basic steps

WA
1. Identify input variables U (4) ¢ L

*  Quantities that come from outside the system

2. Identity output variables J D¢ R

=  Quantities that can be measured

]
3. Select state variables X4 eV

= Related to “energy storage”

4. Compute derivatives of the states

=  Physical laws, chemical laws, ...
=  Write derivatives in terms of states and inputs

5. Write outputs in terms of states and inputs 4 4)=C k74 +DU /)
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Disclaimes

= Seems easy, but some skill is necessary
= State selection
* Dynamical equations v

= Mathematical model NEVER the same as reality
= With any luck, close enough to be useful!
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Modeling an electric circuit



RLC circuit v (1) v, (b . Given
A SN & | — v1(t), t =0
.3 R L R UC(O) E VA4 I
o gt + ir (0) Tw (ERCUIT
v (t) C %O = Find
—_— A—— ) ’Uc(t) \
- — i) U5
= |nputs: u(t) =v1(t) € R 24— w=| v, (1) ——
= Outputs: y(t) = vo(t) € Re— P=| vRr(t) |
= Model

» States:(Ax1(t),...,zn(t) €R
= Equations relating these

Ez—(—t—) =_@'_/E_1‘(t) T +@xn(t) -I—@u(t) = Solve to determine evolution
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RLC circuit

" VR(Q VL(t)_ i (t) = Element equations
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RLC circuit .
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RLC circuit LY /4 » ﬂlﬂ\
m- e
. 0 0
— #0=| 1 G |s0+]| 1 |u®
L Y e
y(t) =1 O :v(t) + Ruw
W] B

= Generally a good idea! i

ZERT n=12 \
= Note: States related to energy storage = x(t) = z1(¢) — ?C(t 6@
x> (1) iy (1












Modeling double-mass dynamics
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LinAlg Revision:
Linear Equations



Systems of linear equations

Ax =y AeR™,yeR" given
= xeR” unknown

* Many interpretations: e.g., y are sensor measurements/outputs, x are inputs or
model parameters, A is a linear model relating inputs to outputs

« m=n: unique solution iff Ais invertible H A< J\‘j 3

* Nn>m: more equations than unknowns (overdetermined), no solution in general
* Find x that minimizes ||Ax — z||: if Ais rank m, then

—x=(4"4) ATy

* n<m: fewer equations than unknowns (underdetermined), infinitely many solutions
» Find x with minimum norm: if Ais rank n, then )
y

— X = AT(AAT










LinAlg Revision:
The 2 Norm



The 2-norm is a measure of “size” or “length”

Definition: The 2-norm 1s a
function ‘R" — R that to each

n .
x € R" assigns a real number

W5

&= [:—:_X/ \| x|} = S%\l ¥ x, =
X

Lxil? = (o) Al [X, xz] x& X7 X




Some important facts about the 2-norm

Fact 2.1: Forall x,yeR",aeR
1. r” >0 and "1(“ =0 if & only if.wf 0

2 o] =L
sl <lof+ o




Distance between x,y € R"is |-\’— 1"

T3 N ="
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LinAlg Revision:
Linear Independance



--x_} € R"is called linearly

Definition: A set of vectors {x,.x,,

independent if for a,,a,,---a, €R

alxl+(12x2+---+am.\’m:04:)(11:azz---:a =1)

m

Otherwise they are called linearly dependent.
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Cuy Ry HSup e "

a, (1 + &g’ (\"O (-""3
[a, (y>© OGN 22
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aees ! o
a, =0 e
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Definition: A set of vectors {x,x,,--x_} € R"is called linearly
independent if for a,,a,,---a_€R

1>%9>

e

‘ax +ax +t-—-fax =08 g =a =---=g =90
11 Z 2 m m 1 2

m

Otherwise they are called linearly dependent.

v _ \
X.’[u] A LZI
/
o

o, x, * 22Xz " Zo}
o, L Y210 () —> 4, ~La,
o, v Ut q1.2=0(¢4\“‘5 S, = - 24, N

Q = | Qz"'Z. \\‘\ ‘/\é‘y\bq

) x’:ZxL/;V
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Fact 2.3: There exists a set with » linearly Exercise: What 1s a set of
independent vectors in R" but any set with n linearly independent
more than » vectors is linearly dependent. vectors of R"?
A= 3 | O s ol
- < | 2
oo (0], e 7]
Oy BBl X vy BT ©
\
Q = © \‘-(\Qﬁ( \{ ‘k
" ' - M
/ Q= © '\pb’la’f



LinAlg Revision:
Subspaces



Subspaces

Definition: A set of vectors S € R" is called a subspace of R”
if for all x,y € S and a,b € R, we have that ax+ by € S.

* Generally an infinite set X2

« Some examples

L=, S =Fef _
.gxcﬂl l x,:ax,\g |

% |

« Some example that are not subspaces

{)“;/Z’\ /xz*—‘(% */\ %)




Basis of a Subspace

Definition: The span of {xl,xz,. : .,xm} cR"is
set of all linear combinations of these vectors

Definition: A set of vectors {x1 S .,xm} cR" is called a
basis for a subspace S c R" if

1. {xl,xz,. : .,x,,,} are linearly independent

2.8= span{xl,xz,...,xm}
In this case, m is called the dimension of S.

* All subspaces of R" have bases, though not unique

* Different bases related through coordinate transformation






LinAlg Revision:
Range and Null Space



Range space of a matrix

Definition: The range space of a matrix 4 € R™" is the set

range(4)={y € R"|IxeR", y = 4x|

 Fact: range(A) is a subspace of R”"

* | Definition: The rank of a
matrix 4€R"™™ is the fym S

G} R IR
dimension of range(4). /

P
 Fact: range(A) = span{a,,...,a.,},
so rank(A) is the number of linearly independent columns of A







Null space of a matrix

Definition: The null space of a matrix 4 € R is the set
null(4) ={x e R" | Ax=0}

 Fact: null(A) is a subspace of R”

 Fact: null(A) is the set of vectors ortho onaHto the rows of A
T
Q,

Hf : H"‘“ [ = D
\
. T | vjxj

 Fact: rank(A) is the number of linearly independent rows of A




Example: >

’ =













LinAlg Revision:
Square Matrix Inverse



e . . . . . _l
Definition: The inverse of a matrix 4 € R is a matrix 4~ € R™

A A=A47"=1
Definition: A matrix is called Fact 2.9: If an inverse of 4 exists
singular if it does not have an then 1t 1s unique.

inverse. Otherwise 1t 1s called Fact 2.10: 4 is invertible if and

non-singular or mnvertible. only if det(A4) # 0

Fact 2.11: 4 1s invertible 1f and only 1f the system of linear

equations 4X = ¥ has a unique solution X € R” for all y € R”

Fact 2.12: 4 1s invertible if and | | Fact 2.13: 4 i1s invertible if and
only if null(4) = {O} only if range(4)=R"




So how do we compute the matrix inverse?

ne L
—l_adj(A) L _ d -b |
- _det(A) A:[Z\ d}/ A\:[-C O\]Zé\'lac,
0\
A: [o ?l A
‘ \ \/Z —|/(0\
Co 13 -1 = iz
AT ):o z]ﬁ? A l O Ys )



















LinAlg Revision:
Eigenvalues and Eigenvectors




Definition: A (nonzero) vector w e C"1s called an eigenvector of
a matrix 4 € R™ if there exists a number A € C such that

Aw = Aw. The number A is then called an eigenvalue of 4

Fact 2.17: A4 1s invertible 1f and

only if all its eigenvalues are
non-zero

An nxn matrix has n eigenvalues (some may be repeated).
They are the solutions of the characteristic polynomial

det(AI—A)=A"+a A" +a, A" +--+a =0

The n eigenvalues of A are
called the spectrum of A







A\N = k\}\)
1=3, Aw=
=D [2_ ?K[v‘] ?'Swz.
:> ZV)| \01: S\N\
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LinAlg Revision:
Symmetric positive (semi)definite
matrices



Symmetric positive definite and positive semidefinite matrices

Definition: A matrix is called Definition: A symmetric matrix
symmetric if 4= A" is called positive definite if
Ri; = &ji x" Ax >0 for all x # 0.1t is called
positive semi-definite if x" Ax > 0.

» Fact: Symmetric matrices have real eigenvalues and orthogonal eigenvectors

 Fact: A symmetric matrix is positive definite (semidefinite) if and only if it has real
positive (non-negative) eigenvalues

« Fact: If Ais positive definite (semidefinite) there exists a matrix A2 > 0 (A2 >= Q)
such that AV2A"2 = A

R ——

. Notaton: H =0 A » O





















ODE Revision:
State Space Models



State Space Models: Inputs, Outputs, and States
« Mathematical model of physical system
* input variables Wag Uay = § Am € [

* output variables 3, 'ﬂ” ) jp e 14

- state variables  X,, X, , ..., Xn € L Gé
_ [%,7]
’L«,j o j‘j P X ]
 Stack into vectors for compact notation " ‘M- ?/K / J = ‘3‘1 e [ﬁ | = : € ?
' X
L"\u\J Lj? / i h !

* Number of states, n, called dimension or order of the system




Dynamics
« System dynamics give relations between variables

» Differential equations: evolution of states as a function of states, inputs, and
possibly time 1

{L() _. [(ZAX”{M*K& —-—9[(2 ZEX:U') = :FL (\([é), MU'),(')

* Algebraic equations: output as a function of states, inputs, and possibly time
h: (") - R, R Y (1) = 4; (xze, uzé)/ﬁ)

» Often come from “laws of Nature”
* Newton’s laws for mechanical systems
« Electrical laws for circuits
* Energy and mass balance for chemical systems



State Space Models

* Again, stack into vectors for compact notation

. " ?
AN A T & ) s R, =R

.("(\c,u,t) _ [
flemt) - | \wert) =)

R (awrt] y L\.',(x,u;f) )
» State Space Form b

!

4 K(‘é) =((X(é]/ u.(ﬁl,-(-)
Ut

Ju) = (et =81
3 |
« a system of coupled, first-order ODEs and algebraic equations
» dynamics function sometimes called a vector field




System Classifications

« Time invariant ﬁ%({\ = -r(\((f‘/““’) , j“) - [\(xl{'b"(f)>

* Autonomous A (¢ = o (x lél) ' 3”) = l\(’de))












ODE Revision:
Higher Order ODEs



Converting Higher Order ODEs to State Space Form

« Sometimes dynamics expressed in terms of higher order differential equations

- Aalt) Ay 14
g dE @ )= b
At

« Can always convert to state space form by defining state variables in terms of
lower order derivatives



Example: Linear ODE with an input

" 1 ('{\ '( Lf)
4 R L W toa., ﬁ"‘? R Y 4 (+)
T et
Dg(i\( ¢ tute  var Q{’lt
Xi = j“\ - % * 3“): i
Xy = n. U) =) )22 =j“:) = s
." \L X ) - = a.'(ju __%J“) + %(6)
X = '(/.31‘) =2 = W 3L> ’4'-';‘\‘,\!- b
- d{’-'!



Example: Linear ODE with an input
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ODE Revision:
Solutions of State Space
Equations



Solution of State Space Equations

* For now focus on autonomous time invariant systems
' () = A=)
)(((-? = f(scé(-}) j

* What is the solution of the system? sy, ¢ W_“
» Given dynamics and output function, initial condition: X (’C") i
« What does the state and output do from now until some future time?

« We want functions that “satisfy” the system equations and initial conditions

X (-} - [ea,’c]"’“ﬂf 3('3 '- [to, £ = 7



Solution definition

Definition: A pair of functionsx(e): [to,tl] - R",y(): [to,tl] - R’
is a solution of the state space system over the interval :to,tl]
starting at x, e R"if
L. x(t,)=x, 2.%(1)= f(x(t)), Vte|t,t
3. 9(t) = h(x(1)), Vit e[to,tj )

» Hard part is finding state trajectory, just substitute to get output trajectory

» For autonomous systems, initial time unimportant



Existence and Uniqueness Issues
* Does a solution exist for some time interval?
* |s the solution unique, or can there be more than one?
* Does the solution exist for arbitrary time intervals?

o ([:‘CV\ /

» Can the solution be computed? Analytically? < Lar g s

» Unfortunately, things can go wrong for all of these questions!

* Problem is then with the model



ODE Revision:
Solutions of State Space
Equations



e Iranstormations

are many equivalent ways to express dynamics

happens when we change coordinates? Why would we want to dc

der linear time invariant (LTI) systems

;’ﬁ XM _ P(\d‘\ F Buld j(+) = (Cx (8 + Dul#)

change of coordinates



Coordinate Transformations

* We will get another linear time invariant system:

L = TR = x| = TR0

| ) y
) = TRt = T(wetena) gl = CX)HF T

-t A " ‘
= TRT &4 + TBult) 3[*5) = EW x(d + v=ct)

"5( B

« Why? Transformed system may take some useful or simpler form with an
interesting interpretation.






Linear time Invariant systems:
solutions



Linear time invariant systems

iy [ — X () (O)I ]"’BW

X(t) AX(t)'l'Bu(t) {plutzow G ;T __‘m
= | y(¢) =Cx(t)+ Du(?) . N T

X(o)’—"Xo

— XO = Rn = & > O \/515(114) =/-)7<(*‘)+@“”) ] ’VL\“G(O;T_)

u(®):[0,7]1— R"” yuy = Cxih + DUM

\_/—\/',\ —

C ONTULAN WOUS
A A
= State transition matrix (I) [) = eAt = ]-|-At+7++ k' + e Rnxn
AN 1 ‘ . s e
| N — e




Properties of the state transition matrix

K4k
Fact: The state transition ma;rix — (I)(t) — eAt = |+ Aft+  + A't +
satisfies w R o e K!
1. ®O)=/ — \¢lo>:1+9/o'+--+ﬁkl+_\:1 v
. 93(4&—(
o A !
2 %(D(t):AcD(t) )f‘; +z4;+._+9“’4____
:A[I-*--."',_}r:f“ _____}:A‘fm il
3. ®-bH=[DD]"’ o G
4. Dt +1,) = DE)D(L,)| G grp=r > H AT
N A g p]- -0



Linear time invariant systems: Solution

= State solution
x(1) = (1), + | O O(t - 7)Bu(t)dt “—

e e A e —
—
* Output solution Y(z)= CX(H +Du A

/’\}/\\A

y(t) = CO(t)x, + | O’Ccp(t - 7)Bu(r)dr + Du(t)




LTI systems:
solution proof



Linear time invariant systems: Solution proof
t
* Candidate solution x(t) = ®(t)x, + J.O O(t-7r)Bu(r)dr

= Show that it satisfies X(0) :i(Q.-—\ X (o) = Mi‘J'MV‘“‘)J“‘ o Loy e Hs v
X(t)= Ax(t)+ Bu(t) Vte[0,T]

= Leibnitz rule

g j “It,r)dr = I(t, g(t))—g(t) It f(t))—f(t)+ [~ é/(t r)dr

f(t) f(t) O

D ————




Linear time invariant systems: Solution proof

d ro
— [ Itnde =it g(t))—g(t) It f(t))— Fi+]° a_l(t r)dr
d d

= Differentiate candidate Ex(t) = E(D(t)xo + Ejo O(t—-7)Bu(r)dr

. X = .e_ -~
X 14) ’—'G’;W\)Xo + 9‘(4-«‘)%%% - ¢ﬁ_—_<i)_§wo)- (0) +}0 %gﬁ/’ht}@uh\d‘(
~ S 5 m
A oK) =
X (4) = A[%(AK“*- J:¢l+-‘r\{3w—r)4‘<‘ + B

()= AR TE MH‘\J ¥t€(o,T )

X1#) -]

—




I em! I

LTNEAR 1w Xe

Linear time invariant systems: Solution o ¢ ygea® STU
= State solution CI)(t)xol j D(r— ‘L’)Bu(T)d T
ey =0
Zero Zero
Input + State
transition transition

= Qutput solution

- C<I>(t)x0| HC [ @(t—7)Bu(t)dT + Du(r)

—

\———/—\f
Uul¢)=0° %= ©

Zero Zero
Input . State

Response Response |




LTI systems:
Computing the state transition matrix



Linear time invariant systems: Solution

— x(1) = P(2)x, j; O(1—7)Bu(t)dt

= Key ingredient: State transition matrix

222 k ,k
d(t)=e” =I+At+A—t+...+A t
e 2! k!

+ E ]RHXH

= Compute based on eigenvalue/eigenvector decomposition



Diagonalizable matrices

= Eigenvectors: w, € C",w, #0: Aw. = Aw, forsome 4. €C,i=1,...,n

= Matrix diagonalizable if eigenvectors limearly independent

| n

= Matrix W=|i W o... W

"is invertible

} E CI?X

- ' e WO
A'V\/ _ AFW‘ ___W“’X =CAW' __Hwn: D.w‘ F—A“W“—kh[\_‘,\r—/T[AD\)”‘—]

Qet [31’ -A =

e i
L et (0EFS

L ~A (ZOOﬂ )i 66

¢ oM @ X
canvJucrTE

W
)W;é({

COMPUREX ==
c(:‘(ﬁ' F\\\\Y\* 1
s ASWAW




State transition matrix computation: Diagonalizable matrices

A= WAW' — A-bvaw lwnw™)owain’ - ffawn™

e e
I

= Substitute into the state transition matrix

At ALtX
et = | + At + — +.+ =— 4.
2! k!
_ wew”  wAdW e WA e —

X H!

A7V w ) v
Corw wX A 1
e =W




State transition matrix computation: Diagonalizable matrices

At

1+Alt+...+

k  k
At B
TR

-—

0 i ;
A 0
lktk O e;'nt
Attt ——4u L .
p
— e 0
e = ' - w!
0 et













LTI systems:
Structure of the solutions



\

Solution structure ¢ = WM W' - e M
. | B}

At }ehf- ¢4 5 /58’\'4 - Ao~ (wf)

w=0

e
= Linear combination of @ ' @ —

o~

= @
— . o wt .WW{‘
-ﬂ:i O-ijﬁ) TV. (nwtt)

a Ll
. At
o>0=¢e" —)@ o ! .

5(“')*
la)ZOZA,ZO'-‘ O’:O:elzl Yo

£




What does this mean about the solutions?

p— //// [
c>0= |e"'t| S S ~
mw{, Amw it I~U\¥
0 S (X UMATIIV(

2l .
ei"t=1 =N /’\ .
L RVAVENE

0204 0=0=




Summary
















LTI systems:
stability definitions



State transition matrix: Diagonalizable matrices

=W = . W

= Zeroinputtransition X([) = eA’xo

—_—



Phase plane plots X(t) = Ax(f) \

X(I)ERz X(O): X
.

X

Stable node ¢

x1
Saddle pomnt <




Phase plane plots: Complex eigenvalues

7L1=c+jco,7uz=o-jco;c<0 & =i, 5=l £=0

X
X, =20 => XH)=0 VT 1
Stable focus ey= ARH) =0 Center

ng:r,w'ﬁff—&VM | l



Phase plane plots X(t) = Ax(f)
;X(I)GE:ERZ )““)):: X%

lr12<0

i \\YP
': ﬂ)\\

)(1 X1

Stable node ¢ Saddle pomnt <—




Stability definitions

= Zero state transition X({) = O(1)x, = eAtxO

Definition: The system 1s called stable 1f for all £€> 0
there exists 0 > 0 such that

1f ”’%”55 then ||x(t)”$£ forall 7=0.

Otherwise the system is called unstable.

N \ Definition: The system 1s called asymptotically stable
\ 1f 1t 1s stable and 1n addition

”x(t)” —0 as t >










LTI systems:
stability conditions



Stability conditions: Diagonalizable matrices

STWG LE A S yYmP@Ischler
YSTREN SMAY SRl —p
STRAY Smwil ¢ R é_.—-/——_ COVVEL(E
e — ¢ ggy/ @ O
19

Theorem 3.1: System with diagonalizable A matrix 1s:

> » Stable if and only if Re[1]<0,Vi

>+ Asymptotically stable if and only if Re[1 ]<0 Vi
—— « Unstable if and only if Ji:Re[A |>0 B




Intuition




Non-diagonalizable matrices

« Repeated eigenvalues 4, =1, =...= 1 =0/t jo

- . . 2 ] -
= State transition matrix contains terms of the form € ",z_‘g’t”,...,t €

W
k At 1
.O'>O:>|te’ — OO U NVSTRG LE M
MI-CMM STHS & / R ¢
R =)
STABLE

n 0. O < 7 k4 <)| ;( * s

\‘C)l e N {(ﬁ,w‘l ’fwtjq‘o\) % T\
- 0<0=|t'e"'| >0 A“M"“m \L

J}llmq |



Stability conditions: Non-diagonalizable matrices

Theorem 3.2: The system 1s:
—— + Asymptotically stable if and only if Re[A]<0 Vi
»» Unstable if Ji:Re[A,]>0

STRGT Lery ] T

~













Controllability:
basic defintions



Controllability: Basic notion

= Steer the state from where it is to where you want it to be using the input

= \ P W
Wk " | K(4)= AXIAF U e ); % ) TF
QK = KO+ )| o Al
sTEEC—
ST W6 L1y: Co A3 —ATC

Definition: The system is called controllable over [0, /]
if for all x(0)=x, € R initial conditions and all

terminal x, € R conditions there exists an input
u(-):[0,/]— R"™ such that x(7) = x




%o \——d. X,

Controllability: Equivalent notions

B ey

t
- Vo, 21 Ju(-) : [0,t] - R™ : \:E_l — eAtiE_o —|—/ eA(t_T)Bu(T)dJ
0

{
V t

Vzy Ju(-) : [0, — R™: @: / e A=) Bu(1)dr |
0

Repurh 8O LT

%

t
Vg Ju(-) : [0,¢] — R™ : eAt’a:_O +/ eA(=7) Bu(7)dr =0
0



.
- . o - W, 20  CostmVE
Controllability Gramian EPJ—C—‘- C W ) e DEF

¢ WA :> E"VALMEg Ccehl 20 -

W (t) = e:ITBBTe.-'ITT dT g‘/ﬁ =) XchH)* 20 ’v‘7<éﬂz o
) AN w, (4 TWELTESE = g
\V >0
/ (m &“"”‘ il o (VR )
m'ﬂ

Theorem: The system is controllable
over [0, 7] if and only 1f W () 1s invertible




Controllability matrix Rarvee (@) = ¢ rovee ()
2 n—1 nefu W) TVWERTLGLE
P=[B AB A’B---A"'B] |¢K q "
/) —— Wﬁ(wt(f)k [
MmN I “
r ¥ o omgee (1= F
| Q¢ I?Mm & ({N"f&@ﬁ \\ N
W = CO" P \T ((MV\" C?’Bc
GINGCVE oy NI UE o€
TARWY /{\)
o IN&@\—sﬁbﬁ.

Theorem: The system is controllable over [0, 7] 1if
and only 1f the rank of P 1s n













Controllability:
minimum energy controls



Summary of controllability definition and conditions

f
‘v:;l:_(_),:f_l E|_u_(_) : [0,¢] = R™ : T = eAt@ +/ GA(t_T)BU(T)dT
. 0
|
f
Vary Ju(-) : [0,t] > R™: z; = / e A7) Bu(7)dr
0

/JI RE ACHABT (ATY

t .
/ e’ TBB' e Tdr invertible & RANK [B AB ... A" 'B] =n
; |




Reachability

f
eA(t—T)Bu(T)dT

Vo, Ju(:) : [0,t] > R™: x; = /
i 0

) \/\‘ «\?.A(M\‘\Ku’:“ T+ W) XIS

X(‘)z_o —~D) XMH)< X|

/-\/?‘ — SYSTEM goMmccwoe 2
s W )= -
r1 € RANGE [BAB ... A" 'B] ™19 0 hux i eeramstc.

(NgTeM NVoT gank (93 2N
co V<L CUPRILE ‘U/ "
arrvee() & iR

K@&MAGL&" SrAreS )gmggpﬁcf

o7 I



Minimum energy controls

t
/ eATBBTeATTdT invertible for some t > (
. T

—
]
ganwn (€=M

SN

\

f
/ eATBBTeATTdT invertible for all ¢ > 0
Jo

NDT $NV°WE ’(




Minimum energy controls

u(-) : [0,4] > R™, Ln\ / Ju(r |2dj
EnwE QLY Inv Um

Theorem: Assume that the system 1s controllable. Given B s
x, € R" and 7 > 0, the input that drives the system from W )
x(0)=0 to x(1)=x,; and has the minimum energy 1s given by /

)

T s = = e
A, (t)=B"e* "W (£)"'x,, for T €[0,¢] poarvet =L ooy

Wc(ﬂ re ge'e 4 >0

f W, (h) i\
- W) 2 W 9 _—

\IW‘HJJ Z(W(’f)












Observability:
basic definitions



Observability: Definition

= Infer the value of the state by looking at the input and the output

/ \
. “
X \[X/n: A~ iH+Bu h‘l\ @\ Mt ;;fs«w%

5H):C7“'”*°"‘"”_ /:NF\T;K

Definition: The system 1s called observable over [0, 7] if given
u(-):[0,/]— R” and y():[0,7] > R" we can uniquely
determine the value of x():[0,7] — R”

- t
x.é?g?/(f’” 2‘,2 ht) = eAT_:p_o +/ eA(t_T)B@dT
0

TA g
W Xt):(0,¢] > —



U IV oQSECVARLE . N g

" S\ 0= 9
Remarks re T gihre (XN DUK) o
= :\\\ iy
N N : —%
ul JQ AW 1

§(r) = A*:fco " / CeA Bu(r)dr + Dalr)

Y1) - g\ = ce? (%) =0 eael
‘\_— UNO‘SStz'WQOE



w

AT
Dnobsaivablastales  T0UF NIERPSEER S5 RGSE v e (s 4

X=06 P LWAY] UMSBIERVACHK .

onLY UG aSEUvAC T SThoE

37 x40 LNV eBSELLAGE ~— K=0
‘ 1en 6Q SERVAGLE.

&= Y S

‘j(ﬂ Ce ~,< O V-re('o)-i]

g (o) = ce ' x= k=0 ]
n-1

U(o) cAe’qx CAR=0

= Cé\rx- >

CAszu Y¥R= 0, ’)"—)

A VNOBSELVARA (=)

A0 Go TV N=n-\

(= ---
k\, < EwouwlH

> — B
gz c A% =0 ) Pl dpiFl B R o ==

( cAYLEY %Amiu,\’b/v)



Observability matrix

. i
(L B @ Theorem: Set of
| [SNE@AR i i unobservable states
2 : \ equal to Null(Q)
: o
) CAn—l _|<— ﬁf‘

Theorem: The system 1s observable over [0, 7] if and only 1f
the rank of the matrix Q 1s n

=w (= @ TwVERTCLE
P=| g (R) o7 (O£ O

STNELE OWPPUT












Initial state estimation

04 Energy Controllability Observability



¥ : ]
Observability condition C g Ve ¥
CA
= System observable on [0, t] if and only if RANK , =13
1{ MRl U — Ewaned O e Csnvsom ¢t W CA.”—I

= Observable for some t if and only if observable for all t!

= Consider differentiating Y_(l) along solutions of :(t) = Ax(t) -+ Bu(t)
y()=Cx(t)+ D

P(t) = Cx(¢) + Du(t) = CAx(¢)+ CBu(t) + Du(t) > £=°
$(t) = CA’x(t) + CABu(t) + CBu(t) + Dii(t)

\ é(o0.& —=  ComfUuTE (o) yl%) -
e g"‘“ i )4 = ]} wo),);{ﬁ;wlo?




Reconstructing the state using derivatives

y(0)
y(0)

y"0)

—

YeR

Y= Q Kny+KU

7T

U Ny iww

KwvownN

C
CA

] CAn—l

x(0)+

|

e
Qe R

I

Krvew N

SoLvE

Ranww (Q)::.v\

=]

SILLE
onTPUUT

D
CB
CAB

D
CB

{ CAn—ZB CA,,_3B
W"‘)“(ﬂ-m)

4

KelR

SYSTEM
Fo “K(o) OGSEM(S:& P >
_ <y =(q'q) Q (Y -KU

u(0)
u(0)

u(n—l) (O)

\f_\g’;
U e R

B )
Dot U - I MVERSE of Q

thvm“__g ZBrvn (Q\"-’-V\ (=) ©® IwVve
.l _
X0 = & (Y——KU)

(P=4 103



Reconstructing the state using derivativ
K O \5(4'\

g —, Ny ¢ fELEMIRT IV
AMPULFLE]

;_ ’_(_ 7 2 NeSCSE !

—

y T e
S Y\/ﬁ ’:«

T YesnvEex IN Percacr.



Observers

04 Energy Controllability Observability



e € LSRR

Observers /
= Recursively construct estimate :Z‘(t) c R" W LD
{ﬂ*\ \ \(I’QP‘L . +
(it v | B s i
—‘3 {w & #(t) = Az(t) + Bu(t) )
_ rS ™
[oesn <H) y(t) = Cx(t) + Du(t) ¢ gorer SO
s ﬁ\wco“"""‘(“t Y e
__a&(t) = AZ(t) + Bu(t) + L(y(t) = §(1))
§(t) = Cx(t)+ Du(t) | A
[ | 1 e ovel
oueuT STATE Tg:{%ﬂ_ bW g



Observation error evolution

= Observationerror e(t) = x(t) — Z(t) € R™" o®%sewvmcm £QQR .

—

é(ﬂ = %H\—;’((f\ = AXH+ QAE) — AXI »G/m —LN(BH)—UW) &IVN
_ A (o) — L cxeroutd — o = xR L N

=(A-L¢) (%0-7H))

£-vaLag A-LC

& Crer= (A-LO) €W) J\A z,".rrvfm;.esszrEM ASY MO a0 TL CALET STREE JVE( AL VE

i -LC) Len( CRACT,
e( LALSE 0 ) —> (A-A\)__-(J—)m\-:DET{AI (o)
e e S
eH)—> 0 #s A= SEVER W o LHER

Theorem: If the system 1s observable, then L can be chosen
such that eigenvalues of (4-LC) have negative real parts.







Revision of Laplace transtorms

05 Continuous LTI systems in frequency domain



Laplace transform

= Convert real valued functions of real argument to complex valued functions of
complex argument

g v g fiy: € —¢
é() %4\_’5;2”\ (_&_/ < l-"""F(S)
4\-(

F(s) = L{f(t)} = /0 " (et

= Assumed f(t) such that integral well defined
= Can also be defined for vector/matrix valued functions element by element

NXxw

§O:K—F — > Fs6—= ™™

— 4 T




Laplace transform properties

= Linearity /,Lﬁ a, 4, [+ q.lﬁlm} = q,fl‘fd\fﬂ'}—# 41111?.,,4@0% a,kls) +a, K fs)
= s-shift Mg,ﬁ.e‘“} = F(s+4)

= Time derivative if;tm} - sFl) —30

= Convolution ig(gag)m} = F(9-66)

' ' : LEmtT
= Initial value theorem Lt = drvn S8 Au S
A ~>0 S»V ERELT

= Final value theorem < 1?(0-_-;(/i~v—s1fff>)
o4 =0 -0



Laplace transform of common functions

o\.—-f-'

= Dirac impulse el =1 \W{z] e
l
= Step function iﬂ%] =/ ———‘!: 94
= Exponential function 4?5“} = 5}-,—;(
S
: . : . sl W csfwd) = 2
Sinusoidal functions {?gw( O} o ] 3 o

= All rational functions
= Very useful for linear systems (coming up!)
= Compute inverse Laplace transform by partial fraction expansion



LTI systems in the
frequency domain



Laplace transform of linear system equations

t(t) = Azx(t) + Bu(t) x(t) € R", u(t) e R™
y(t) = Cz(t) + Du(t) y(t) e RP, t € R
X(0)=Xe {?(AM\’S = i? A X4 -\-@VH‘)} = Lﬁ)(m}.\. 74 'Lﬁul(-\—} = AXGE) + 95 U;K)

W

4 — ~AYX) = XAV )= ¢ Kis)+ DUGK)
SAGRA] - Ko =D (ff_f‘W” o+ /(s)= € Kls
- (QI—AY‘/ /
X(s) = (sI — A 'zg+ (sI — A)~'BU(s)
— Y(s)=C(sI —A)"'ao+ [C(sI — A)"'B+ D] U(s)
— X(s)eC", U(s) eC™, Y(s) eC", seC




Comparison to time domain solution

/MX(M - /UFM(X“ + ,Lgr(ellu t\@wﬁ&t}
. H{4-7) TMenLst TUANTAT SV
- ~ S
\_’\r(l-’% w) (4 C:Wvowqow
@(H*VB(()} . J\? Hlé)} Afu H)}
:Lieﬂ"'ga.‘u’{ﬂ \L J

= 4 §eM €U«
1fe"] . At} 4




Yg - 0
Transfer function e (sT-AY'S U )
V()= € X() + QUIK) = (c (s1-4) ® + D]Ulg)
\N_/

= Zero state response

N9 = G(3): Uls)

G(S) — C(SI — A)—lB + D T epnsFed FuNV AT

g 5 - 6 I—A
(SI'A')\'; AD) (d-M —> EmUEsS = & NROETE UMI VAT v (s >
dbes —7}) (“-M(v‘-l) { B ThesT |
bl R - Qo1yrenmepy of o@vE

oLy NOYMIAL o¥0ER N VUEX  EATT it TuN U oF séf

O PR C TEALAS(SL foLS. - F
06 A L™ 5L1< a
($-0) — —(g"?‘n\
~— 7

T-wvaLues f



Transfer function properties

05 Continuous LTI systems in frequency domain



Transfer function and impulse response 1 mOaSE.

e

* Impulse response K (7) = Cel'B + (1)
/‘d K(A]:jjc e"‘a%—» m(ﬁ} 4 L(e’“z @ + D«.{{m} = c(sI—A)-\@H) = G ($)

P~ e net
(s1- A) I
owv oL lons
Ny
= Zero state response TraPULSE InPuUT

t 5 Qes NN )
y(t) = C /O e A =7) Bu(7)dr + Du(t) = (K * u)(t)

V)= 4 $KkxDWY = S ] Afum = 65y UL



Transfer function and stability K < W

= Transfer function = proper rational functiolr% \/g_gaa g
S—ZN8—Z. -8 —2Z
= Single input-single output G(s) = ( l)( 2) ( k)
(SISO system) (s—p)s—p,)(s—p)

o o

wxh
QoleS ~  namene ecsore @oey A ellC
g
= Denominator = Characteristic polynomial of matrix A E-VALUES of A

= Poles - eigenvalues of matrix A (unless there are pole zero cancellations!)
* Real part of poles determines stability
= Unless there are pole zero cancellations! &




; Y YANN
Transfer function and frequency reponse Qo Ll FOOTTR.

g

| o4G(s)

r—

= SISO system > Transfer function complex number GG(s) = |G ()]

———

= Apply sinusoidal input 2 output settles to sinusoid of same frequency
gt 5> A 160 sim(wh e+ 4 6(i)

]
E NE W / SAME ]\[\&w THRASE

y P ) w((!“’r Q\

— >
A MR UL TWOE FREQuEN LY
— )+ 615y U, (S
A& Nme SRy U‘(ﬂ*U—b(g\ . / 6’[4)4(}?, Q ) U, 3

S PPRUE. . , 6/5\,



Continuous LTI systems In time
domain:
Block Diagrams




Cascade interconnection
z(t)
y(t)

U\

= Ax(t) + Bu(t)

_Co+puy P O
N, 1)

" Gis) [yl Gals)
c(s)?

L.

J16)

\/1{ S>

Nis)y= G()-ULs)
>) ﬂ)!

C(sI — A~ 'B+D

Y, 15)= U, (5)
pam (%) = Osm (V20)

e

Y )= 656 =y Y =00 Y, ()= 64 () 515 = €405) 6 5) -1, $)
C(S\ /—\

Yo !5)

—1 G,(s)G(s) S




Parallel interconnection

/ v, 10 Y,0) \\
U((\ Gl(s) | 3
U, 316D ‘ i
1 Gy(s)
<rs)? ]

Y(5)

Dem [UM Y = D1m (U, 15))
DLm fY,(q)'} = Q1im (-\I-,(Y)3

\(| £)= 4 K}-ﬂ\/ﬁ') < 6'| (S) UunhK)
N ()= () V) = &y (DU IS

\/(3): \/\(S) +\I7_(S')
VI = ©6 + ) )T

N~
G (%)

vin Y15)
G,(s)+G,(s)




Feedback interconnection

5 WRWT.

VA e OV AL
e<5hions ce®
J / Q LANT
RI<) I\ﬁ 4 uls)

\\\Hs\

>

G,(8)

C o NTPUALR—
€S

C2SED ooV SYSreEm.

\/(Q): (\K) U ()
'—_‘ = (\(Q.f¢{g~ 61&)\/(&):)

(T+ 66 66) Vi) = 6 sy € 1s)

\__,_\/"’—— .
N (5)= [I + 6, (5) 67(93} . 66 -Ris)
A s

£(5)

@ 1¢)

L

[1+G(s)G(8)]'G(s)

)




Sampled Data Systems



Embedded computational systems on digital computers
* Measurements of physical quantities measured by computers
* Decisions of computer applied to the physical system
Analog-to-Digital conversion (ADC) and Digital to Analog conversion (DAC)

Value and time quantization ESSENTIAL

=t 4




Value and time quantization
» Often, value quantization is accurate... Focus is then on time quantization.
* Assume

* For ADC, we sample every T seconds
» For DAC, we apply a zero order hold A Q‘W

Mub

/N
’} C
Fy/ ON I

1‘:\’__% + (),13 K s A . ~7+



Yk

Uj.

|

yABN

v

\ SYSTEM
x(t) = Ax(t) + Bu(t)
y(t)=Cx(t) + Du(r)f | v(1)

/’

A

-

‘sv
















Sampled Data Linear Systems




What does a linear system with sampling and zero order hold look like to a digital
computer?

"%(t) = Ax(t) + Bu(?) AeR™ BeR™

ty(l‘) = Cx (1) + Du(t) C e R DeRP™ )
1_1_(1_) =u, forall r kT, (k+1T)

Yy =Y(T)

Look at solution at at time t.
+e LT, (kT

R e N W T
x(+) = g/\/\_/

=3 zs7




x(0) = e D x(kT) + J:T e Bu(t)dt

T = (k+I\T s
P Kr VT —
X((k“\_‘_) o e_‘\Tx (L(T> -rD eA((KH\T -‘T\ EA,T](AV\
/ g

:aXTx(kT\) +IST

o

—

CA— (T‘TYB—A’T:‘ U w

—= D u(KT
(kT F Tx(eT) + g DulKT



vt 74\&\ %
// ) // /_T\__/(/\
x((k+l)T) = f,AT@+(Jo e"”’”ﬁdt)&
\ B

y(kT)= Cx(kT)+ Du(kT)

v N\
Y Ca Aw D w

W



Discrete Time Linear Systems

Th4-1 = A:Dk + By Tl € R™ Up € R™, 4y € RP
- ) C € RPX", D ¢ RPX™












Discrete Time LTI Systems:
A primer



Modelling

Tpt1 = Amk + Buk Tl € R™ Ul € R™, y € RP
e = Clti 4 D A € RnXn, B ¢ RnXm
C € RPX" D ¢ RPX™

What's interesting?
1 — Discrete time variable rather than continuous time variable

2 - The controller is restricted to zero order hold input strategies



Solution
Given X, e R"and u, € R". k=0,1,....N—-1

k—1

Z A'B u,

i= @

- Both discrete time and continuous time variants have two distinct parts
ZIT and ZST

What's interesting?

- Hard part is the computation of A¥



Stability

Theorem 6.1: System with diagonalizable 4 matrix 1s:
« Stable if and only if V7 ‘/11‘ <1
«  Asymptotically stable if and only if Vi ‘/%I <l
« Unstable if and only if 37 : ‘/11‘ > 1

Major difference from stability analysis of a continuous time LTI System?
Continuous Time — real part of eigenvalues less than or equal to 0

Discrete Time — absolute value or eigenvalues less than or equal to 1

E' Gnny | -01:34/04:13 \




Controllability

Consider the controllability matrix P

P — [B AB AZB o AH—IB] = Rnxmu

Theorem 6.4: The system is
controllable if and only if P has
rank 7.

How is this different than a continuous time LTI System?

It's Not!



Observability
Consider the observability matrix Q
C
CA - Theorem 6.5: The system is
= - €R observable if and only if Q
o has rank 7.
— CA —

How is this different than a continuous time LTI System?

It's Not!



Moral of the story?

Analysis tools for continuous time LTI systems and discrete time
LTI systems are often similar, and sometimes exactly the same.
But mistaking a continuous time system for a discrete time
system or vice-versa can be detrimental to a safety critical
system, or your exam grade.






Discrete Time LTI Systems:
An example



Consider the following discrete time LTI system

Tp41 = Azp + Buy h=f e B:Lol
Y = Cxp + Duy 5 ° |

C,::Zl |} D":IO-}

Let's address the following:

Is the system stable?

Is the system controllable?
Is the system observable?
Compute A¥,

N =



Stability A [‘1 \l B- [?]

3 6
- Olc+(7\T A) C ) £' \3 D" [03
o\t‘\'/[%‘;— Z\XB
= 77' + 2 A -3

O - (2+3)(R- N = 7\_ -3

|2
} stab
-317 | = ==



Controllability A= [ o\
3
P:L@ A%]:)}? c;] c =]

det(Pd= 01170



Observability AL °
A’LB "\X b= [ '1
O [CCAI; U 1\1
c =L V] D= [e]
()&(&}: | = = &
>  can |

(\\0“’ obSe (\/o\\'({

—




Compute Ak e L; :X B= [?1
f
A‘\\t/)/\:,qu A=o3 c=[r V) b= (o]
Ak-. /\
- A7 Lf \l
23, Aw =AW P



Compute Ak A L"L \} °
| {500
- \/ — 3 |
= 2w, & Juap T WY (. £' \} D= [03
3(»\ = Ve



Compute Ak e L;— b\} B= [?1
A = WAW T c =01 ] D=[o]

e Y

o

_ [<-3*»(3«\ ko () AT

« L
A

o
K=0 = A
ug\-—3 A|=



Discrete time LTI Systems:
Coordinate Change



Consider the following discrete time LTI system

LThe41 — A:Ck + Buk
Yp — C:I?k + [)’LL;c

Assume that: Assume x, = Tx, for some invertible 7 e R™”

——

Prove that: . 5.
X, =Ax + Buk

Y, =Cx, + Du,

with




= A e 5
Proof TLTyK '”TQV\ ~ [;V\:T Xw

X\L*( % A)(k + @\A\k
T T S TAT 5 T3

* A B 2
A A A= -\ e i
)QK-H: Axw* Bu‘*: A TAT / b \8
YK:' C,XK + DMK
ik ~.\%:E‘;\<v~ + DUx
G 2 U i . C.T— / o - >


















Nonlinear Systems:
Introduction



Linear dynamical systems are modeled by linear differential equations

x(1) = Ax(t)+ Bu(t) x(t)e R" u(t) e R",y(t) e R?
v(t) =Cx(t)+ Du(t) AeR™ BeR"™.C e R”" DeR"™

Recall that this is a special case of the more general state-space form of dynamical
systems modeled in continuous time

x(@O)=f(x@u®)|  x(r)eR".u(f)eR",y(f) e R”
(1) = h(x(1),u(t)) [R"XR" > R"h:R"XR" - R”




Here we focus on general nonlinear dynamical systems and in particular

«Autonomous, time invariant systems
JT(r) = f(x(rjl (In the linear case x(1) = 4x(1))

» Under the assumption that the function f is Lipschitz

3>0,Vx,2eR", |f(x)- /@< A|x-

I/W e gd’ S \ qulo\ \r‘\'y



Invariant Sets (A generalized notion of equilibrium)

Definition: A set of states § < [R"1s called invariant 1f

Vx, €S, Vt20, x(f)eS

._/




Invariant Sets (A generalized notion of equilibrium)

/5 _ 5

J)













Nonlinear Systems:
Modeling a Pendulum



df 7£r\'c4\'aﬂ CO{ép"C\Qfﬁ

*Derive the equations of motion for a simple pendulum

*Put the equations of motion for a simple pendulum into state space form



M Deriving the equations of motion: Newton’s Second Law of Motion

g GO
€
m
AN 5= 10
- vs 6
mg the
F = MA = —d\/ = mf)iff)e *

)—W’\}@ e - mjgin@




M State Space Representation: Defining the states

(4 = F(x®) xWeR

xH
x () ["*“\ ,_\

m

XI('h: @3’("'\
¥, (+) = 6(“\



W State Space Representation: Final Form

Lm GO IO rv\c)sir\(B(ﬂ}] ¢

Sty : | x (57 B
w, (D= O

NIRRT X, () = % (D= X2 ()

/5(’—m g _}%,_ M - %s\‘n(em\
1—\ T 3 k) = —2— sin (x (YD
™

[ w@y=| \]

- ,,‘é’ XL(*\ - % Sin (x, (3D

aa p

m













Nonlinear Systems:
Equilibrium Points



Equilibrium points are invariants sets

Definition: A state x € R”is called
an equilibrium 1f

f(x)=0

Linear systems have a linear subspace of equilibria
Sometimes only x=0 is an equilibria

More generally, the null space of the matrix A



Equilibrium points are invariants sets

Definition: A state x € R” is called
an equilibrium 1f

f(x)=0

Nonlinear systems are a bit more complicated

They can have many isolated equilibria



Pendulum dynamical system

x, (1)

(1) =
x(7) _ixz(f)_gsinxl(f)
- /

x (#H=0= . (=D

m

_ . A B |
A X, (1= 0 = - 2 A sin )
W = KTW /{/

(
Xp= O = g(n/x‘(-l—\\‘- O

\&éZ‘) —— 54((43: ke  WKE 4




Pendulum dynamical system

x, (1)
x(1) =
—ixz(r)—gsinxl(f) ®
m

X’L As O













Nonlinear Systems:
Stability



For a nonlinear system

Definition: An equilibrium X is called

stable if for all £>0there exists 0>0
such that

<6=>Hx(t)—£~‘<e V=0

Ix, -3

Otherwise equuilibrium called unstable.




For a nonlinear system

Definition: An equilibrium X is called locally asymptotically stable
if 1t 1s stable and there exists A/ >0 such that

on x| <M =limx(t)=x
[—o0
It 1s called globally asymptotically stable 1f this holds for any M >0.

The set of x, such that limx(7) = x is called the domain of attraction
of x o




X

"’ O - . - -9 ° - - -




Linearization x(_g = -f(x(ﬂ\/ _C(’)‘(): O
AWfox Ly limac Syrlem
§(x) = (%) * M

AS 9%
- (x\ ""“X

_ Q\) - ‘higbf oy 4emr of (v%}



Linearization

Il = x(-% © K

A g5
A

—
qod Affro- WO S smell



So, for a good linear approximation

dox(1)
dt

= Aox(1)

Theorem 7.1: The equilibrium X is

1. Locally asymptotically stable 1f the eigenvalues of
the linearization have negative real part

2. Unstable 1f the linearization has at least one
eigenvalue with positive real part




Pendulum dynamical system

x, (1)
x(t)=
- —%xz(r)-%mxl(r) _
m

A 20

A S x(+) c
A D - —= <"'\
X" [o} . It L‘b/ﬂ -2 o

\_{I\/

VSRS TR

..; NQS. cec) PN'*S = l:w“\/ A




Pendulum dynamical system

X0
xX(t) =
_4 () -Esinx, (1)
o m i l -
m
e )
A o lgxm
At [Hle A m
iy ’/L?- ¥ %7\ -9 ﬁg\o\uﬁ-
* e












