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Goal: Prove such results for arbitrary ratios
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A theory of the real numbers

Definition (Elements V.5)

“Magnitudes are said to be in the same ratio, the first to the second
and the third to the fourth, when, if any equimultiples whatever be
taken of the first and third, and any equimultiples whatever of the
second and fourth, the former equimultiples alike exceed, are alike
equal to, or alike fall short of, the latter equimultiples respectively
taken in corresponding order.” (trans. Thomas Little Heath)

When is a/b equal to ¢/d? For any integers m, n, consider
ma, mc, nb, nd.
ma = nb <= mc = nd
> >

i.e.a/b=c/diff forallm,n,

VIIA

3|3
VIIA

n
m

[opl )
Qlo



The method of exhaustion



The method of exhaustion

Theorem (Elements XlI.2)

If two circles Cq, Co have diameters d4, dp and areas a1, as, then
a1/ap = (d1/d2)%



The method of exhaustion

Theorem (Elements XlI.2)

If two circles Cq, Co have diameters d4, dp and areas a1, as, then
a1/ap = (d1/d2)%

Proof by contradiction. Fix x # aj such that a1 /x = (d1/d2)?.



The method of exhaustion

Theorem (Elements XlI.2)

If two circles Cq, Co have diameters d4, dp and areas a1, as, then
a1/ap = (d1/d2)%

Proof by contradiction. Fix x # aj such that a1 /x = (d1/d2)?.
Suppose first that x < ay.



The method of exhaustion

Theorem (Elements XlI.2)

If two circles Cq, Co have diameters d4, dp and areas a1, as, then
a1/ap = (d1/d2)%

Proof by contradiction. Fix x # aj such that a1 /x = (d1/d2)?.
Suppose first that x < ay.

Lemma: If we bisect an arc of a circle, the area of the triangle is at
least 1/2 the area of the circular segment.




The method of exhaustion

Theorem (Elements XlI.2)

If two circles Cq, Co have diameters d4, dp and areas a1, as, then
a1/ap = (d1/d2)%

Proof by contradiction. Fix x # aj such that a1 /x = (d1/d2)?.
Suppose first that x < ay.

Lemma: If we bisect an arc of a circle, the area of the triangle is at
least 1/2 the area of the circular segment.

C1 C2



The method of exhaustion

Theorem (Elements XlI.2)

If two circles Cq, Co have diameters d4, dp and areas a1, as, then
a1/ap = (d1/d2)%

Proof by contradiction. Fix x # aj such that a1 /x = (d1/d2)?.
Suppose first that x < ay.

Lemma: If we bisect an arc of a circle, the area of the triangle is at
least 1/2 the area of the circular segment.

C1 C2




The method of exhaustion

Theorem (Elements XlI.2)

If two circles Cq, Co have diameters d4, dp and areas a1, as, then
a1/ap = (d1/d2)%

Proof by contradiction. Fix x # aj such that a1 /x = (d1/d2)?.
Suppose first that x < ay.

Lemma: If we bisect an arc of a circle, the area of the triangle is at
least 1/2 the area of the circular segment.

C1 C2



The method of exhaustion

Theorem (Elements XlI.2)

If two circles Cq, Co have diameters d4, dp and areas a1, as, then
a1/ap = (d1/d2)%

Proof by contradiction. Fix x # aj such that a1 /x = (d1/d2)?.
Suppose first that x < ay.

Lemma: If we bisect an arc of a circle, the area of the triangle is at
least 1/2 the area of the circular segment.

remaining area
<ay —X

C1 C2



The method of exhaustion

Theorem (Elements XlI.2)

If two circles Cq, Co have diameters d4, dp and areas a1, as, then
a1/ap = (d1/d2)%

Proof by contradiction. Fix x # aj such that a1 /x = (d1/d2)?.
Suppose first that x < ay.

Lemma: If we bisect an arc of a circle, the area of the triangle is at
least 1/2 the area of the circular segment.

a, —pp<az—x

o
v
SN

=

C



The method of exhaustion

Theorem (Elements XlI.2)

If two circles Cq, Co have diameters d4, dp and areas a1, as, then
a1/ap = (d1/d2)%

Proof by contradiction. Fix x # aj such that a1 /x = (d1/d2)?.
Suppose first that x < ay.

Lemma: If we bisect an arc of a circle, the area of the triangle is at
least 1/2 the area of the circular segment.

ap —pz<az;—x \

N /
o
v

SN

=

C



The method of exhaustion

Theorem (Elements XlI.2)

If two circles Cq, Co have diameters d4, dp and areas a1, as, then
a1/ap = (d1/dy)>.

Proof by contradiction. Fix x # aj such that a1 /x = (d1/d2)?.
Suppose first that x < ay.

Lemma: If we bisect an arc of a circle, the area of the triangle is at
least 1/2 the area of the circular segment.

ay —p2 <az —x S X
o A
Pt d ar G / \

X

2 (%) - O /

=

C



The method of exhaustion

Theorem (Elements XlI.2)

If two circles Cq, Co have diameters d4, dp and areas a1, as, then
a1/ap = (d1/dy)>.

Proof by contradiction. Fix x # aj such that a1 /x = (d1/d2)?.
Suppose first that x < ay.

Lemma: If we bisect an arc of a circle, the area of the triangle is at
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The method of exhaustion

Theorem (Elements XlI.2)
If two circles Cq, Co have diameters d4, dp and areas a1, as, then
a1/a2 = (d1 /dz)z.

Proof by contradiction. Fix x # aj such that a1 /x = (d1/d2)?.
Suppose first that x < ay.

Lemma: If we bisect an arc of a circle, the area of the triangle is at
least 1/2 the area of the circular segment.
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The method of exhaustion

Theorem (Elements XlI.2)
If two circles Cq, Co have diameters d4, dp and areas a1, as, then
a1/a2 = (d1 /dz)z.

Proof by contradiction. Fix x # aj such that a1 /x = (d1/d2)?.
Suppose first that x < ay.

Lemma: If we bisect an arc of a circle, the area of the triangle is at
least 1/2 the area of the circular segment.
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Piz:% — \\//

Butaq > p1, sox > py! Swap Cy and C; to deal with x > a5.
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Archimedes

e Area vs. circumference of a circle

10 1
3ﬂ<7r<37

Area of a parabolic segment

Center of mass of a parabolic segment

Volume and surface area of cylinder vs. sphere

{Volumes, centers of mass} of {ellipsoids, paraboloids,
hyperboloids} of revolution
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Archimedes's spiral

Since all the sectors have the same angle, their areas are
proporitional to their radius squared. So this all boils down to

n 1
1
Ziz AN / x2dx = —
i=1 0 3
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