ETH Ziirich Ramsey Theory—Spring 2024 Homework #5

1. (a) Prove that r(7T';q) = O(gn) for every g > 2 and every n-vertex tree T.
*(b) Prove that 7(T'; q) = ©(qn) for every ¢ > 2 and every n-vertex tree 7T

2. Prove that the off-diagonal graph Ramsey number r(Cjy, K}) satisfies the bounds

for some absolute constants ¢, C' > 0.

Hint: You may assume the results of exercise 6 from Homework #3 and exercise 3
from Homework #4.

3. Prove that r(K ) = 2k if k is odd, and r(K; ) = 2k — 1 if k is even.

4. Let kK5 denote a matching with &k edges, that is, a disjoint union of k£ copies of the
single-edge graph K. Prove that r(kKsy) = 3k — 1 for all k£ > 1.

*5. Let P, denote a k-vertex path. Prove that for all k > ¢ > 2,

r(Py, Py) = k+ EJ - 1.

6. Prove that for every integer k and for every n-vertex tree T', we have

r(Kp, T) = (k — 1)(n — 1) + 1.

7. Prove that the two definitions of degeneracy in Definition 5.4.3 are equivalent.
8. Prove that there exist absolute constants C| ¢ > 0 such that the following holds for all
n. There exists an n-vertex graph H with degeneracy d > clogn and r(H) < Cn.

Note that this result is close to optimal; by Theorem 5.4.4, such an upper bound on
r(H) cannot hold if ¢ > 2.

©w

(a) Prove that every 2-coloring of [N]? contains a monochromatic k x k subgrid,
where k = Q(log N). Here, a subgrid is a collection of points {(z;,y;)}5;_,, for
SOme T, ..., Tk, Y1, -, Y € [N].

(b) Prove that the 2-coloring in part (a) is somewhat of a red herring. Namely, show
that if S C [N]? has size |S| > N?/2, then S contains a k x k subgrid, where

k = Q(log N). Thus, part (a) simply follows by letting S consist of the larger
color class.

* means that a problem is hard.
? means that a problem is open.
4> means that a problem is on a topic beyond the scope of the course.
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(c¢) Prove that the result in part (a) is tight up to a constant factor, in the sense that
there exists an absolute constant C' > 0, as well as a 2-coloring of [N]? with no
monochromatic k£ x k subgrid, where &k = C'logn.

x10. Prove that
21k < T(Czk+1; C]) < C’(q + 2)']€,

for some absolute constant C.
*x 11. Prove that r(Kj;) = O(2"logk).

4>12. In a red/blue coloring of E(Ky), denote by degy(v), deggz(v) the red and blue degrees,
respectively, of a vertex v.

(a) Prove that the number of monochromatic triangles in such a coloring is equal to

%) [(degg(”)) N (degQB(v))} ) @ .

(b) Prove that every 2-coloring of E(Kg) contains at least two monochromatic trian-
gles, and in particular obtain a new proof that r(3) < 6.

(c) As a function of N, what is the minimum number of monochromatic triangles in
a 2-coloring of E(Ky)?

*(d) Prove that no analogue of (%) is true for cliques of order k > 4, or if the number of
colors is ¢ > 3. That is, in either of these settings, the number of monochromatic
copies of K} cannot be expressed only in terms of the vertex degrees.

413. For a set S C Z?2, let us define its k-square density to be

o SN (A x B)]
R - [
|A|=|B|=k
and its silly density to be
dsiuy(s> = kh—>rgo dk(S)

Prove that the limit defining dgy(S) exists, and that for every S C Z?, we have that

dsiny (S) = 0 or dgny(S) = 1. Conclude that this is a pretty silly way to define the
density of a set.



